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Preface

This book may be considered as the continuation of the monographs [Trif] and
[Triy] with the same title. It deals with the theory of function spaces of type
B,, and I as it stands at the beginning of this century. These two scales of
spaces cover many well-known spaces of functions and distributions such as Holder-
Zygmund spaces, (fractional and classical) Sobolev spaces, Besov spaces and Hardy
spaces.

On the one hand this book is essentially self-contained. On the other hand we
concentrate principally on those developments in recent times which are related
to the nowadays numerous applications of function spaces to some neighboring
areas such as numerics, signal processing and fractal analysis, to mention only a
few of them.

Chapter 1 in [Triy] is a self-contained historically-oriented survey of the function
spaces considered and their roots up to the beginning of the 1990s entitled

How to measure smoothness.

Chapter 1 of the present book has the same heading indicating continuity. As far
as the history is concerned we will now be very brief, restricting ourselves to the
essentials needed to make this book self-contained and readable. We complement
[Triy], Chapter 1, by a few points omitted there. But otherwise we jump to the
1990s, describing more recent developments. Some of them will be treated later
on in detail. In other words, [Triy], Chapter 1, and Chapter 1 of the present
book complement each other, providing a sufficiently comprehensive picture of
the theory of the spaces B;, and Fj, and their roots from the beginning up to
our time. But quite obviously as far as very recent topics are concerned we are
somewhat selective, emphasizing those developments which are near to our own
interests.

This book has 9 chapters. Chapter 1 is the indicated self-contained survey.
Chapters 2 and 3 deal with building blocks in (isotropic) spaces of type B, and
Fj, in R", especially with (non-smooth) atoms (Chapter 2) and with wavelet

bases and wavelet frames (Chapter 3). We discuss some consequences: pointwise
multiplier assertions, positivity properties and local smoothness problems.



xii Preface

In recent times there is a growing interest in function spaces in (bounded) Lipschitz
domains in R™. Here we split our presentation, collecting some old and a few new
results in the introductory Section 1.11 and returning to this subject in greater
detail in Chapter 4.

Wavelet representations of anisotropic function spaces and of weighted function
spaces on R™ will be treated in Chapters 5 and 6, respectively.

Chapter 7 might be considered as the direct continuation of our studies in [Trid]
and [Trie] about fractal quantities of measures and spectral assertions of fractal
elliptic operators.

Finally in Chapters 8 and 9 we develop a new theory for function spaces on quasi-
metric spaces and on sets.

Formulas are numbered within the nine chapters. Furthermore, within each
of these chapters all definitions, theorems, propositions, corollaries, remarks and
examples are jointly and consecutively numbered. Chapter n is divided in sub-
sections n.k, which occasionally are subdivided in subsubsections n.k.l. But when
quoted we refer simply to Section n.k or Section n.k.l instead of Subsection n.k
or Subsubsection n.k.l, respectively.

It is a pleasure to acknowledge the great help I have received from my col-
leagues and friends round the world who made valuable suggestions which have
been incorporated in the text. This applies in particular to Chapter 1 of this book.
I am especially indebted to Dorothee D. Haroske for her remarks and for producing
all the figures. Last, but not least, I wish to thank my friend David Edmunds in
Brighton who looked through the whole manuscript and offered many comments.

Jena, Spring 2006 Hans Triebel



Chapter 1

How to Measure Smoothness

1.1 Introduction

This chapter has the same title as the historically-oriented survey in [Trivy], Chap-
ter 1. But our aim now is somewhat different. As far as the background is concerned
we will be very brief, restricting ourselves to the bare minimum and referring to
[Triy], Chapter 1, for more details. We are now mainly interested in a description
of the theory of function spaces from the 1990s up to our time. Quite obviously
we are somewhat selective, emphasizing topics of our own interest. Furthermore
we prepare to some extent what follows in the subsequent chapters.

The function spaces By, and Fj;, on R"™ and on domains with respect to the full
range of the parameters

seR, 0<p<oo, 0<qg<oo, (1.1)

were introduced between 1959 and 1975. They cover many well-known classical
concrete function spaces having their own history. In Section 1.2 we give a corre-
sponding short list. These two scales of spaces and their special cases attracted a
lot of attention and have been treated systematically with numerous applications
given. We mention in particular the following books, reflecting also the develop-
ment of this theory: [Sob50], [Nik77] (first edition 1969), [Ste70], [BINT75], [Pee76],
[Trie] (1978), [Trig] (1983) and [Triy] (1992). Special aspects but related to our in-
tentions have been studied in [AdF03] (Sobolev spaces; first edition 1975), [Maz85|
(Sobolev spaces), [Zie89] (Sobolev spaces) and [ST87] (periodic spaces, anisotropic
spaces and spaces with dominating mixed smoothness). The two surveys [BKLN88]
and [KuN88]| cover in particular the Russian literature. More recent developments
of the spaces B, and Fj, in the last decade may be found in [ET96], [RuS96],
[AdH96], [Trid] (1997), [Trie] (2001), [HeNO4] and [Har06]. More detailed references
especially to the original papers may be found in [Triv], Chapter 1.
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The recent theory of the above function spaces is characterised by the extensive
use of building blocks such as atoms, quarks, and wavelets. Hence it seems to be
appropriate to complement the above literature by some more specific references.
Atomic decompositions of the spaces B;, and Fy, go back to [FrJ85] and [FrJ90].
Descriptions are also given in [FJW91], [Tor91], [Triy], [ET96], and [Trid], Section
13. The theory of subatomic or quarkonial decompositions has been developed in
[Trid] and, in greater detail, in [Trie]. Wavelet expansions (bases or frames) are
a fashionable subject, preferably with respect to La-spaces or Ly-spaces where
1 < p < oo. Other types of function spaces such as classical Sobolev or Besov
spaces are also treated but not as a major topic. We refer to [Mey92], [Dau92] and
[W0j97]. In this book the theory of diverse building blocks such as atoms, quarks,
wavelet bases and wavelet frames, and its applications to some problems of the
spaces By, and F,, play a central role, both in this introductory survey and in

prq
the subsequent chapters.

1.2 Concrete spaces

The systematic study in this book begins with Chapter 2. Then we collect the
notation needed in the sequel in detail. On this somewhat preliminary basis we list
a few special cases of the spaces B, (R") and F;, (R") without further comments.
In particular we postpone the (Fourier-analytical) definition of these spaces to
the following Section 1.3. Our aim is twofold. First we wish to substantiate what
has been said in Section 1.1. Secondly, as far as the classical function spaces are
concerned we fix our notation. Of course, R" is Euclidean n-space and L,(R") is
the usual complex Lebesgue space with respect to Lebesgue measure. Otherwise
we use standard notation. In case of doubt one might consult the list of symbols at
the end of the book and the references given there. We will be brief. More details
may be found in [Trif], especially Section 2.2.2, pp. 35-38, and [Triy], especially
Chapter 1.
(i) Let 1 < p < 0o. Then
Fl,(R") = L,(R"). (1.2)

This is a Paley-Littlewood theorem, see [Trif], Section 2.5.6, pp. 87-88.
(ii) Let 1 < p < oo and s € Ny. Then

FR(R™) = W7(R") (1.3)

are the classical Sobolev spaces, usually normed by

IF W @)= | D IDf ILy@®Y)|” | (1.4)

la|<s

This generalises assertion (i). We refer again to [Trif3], Section 2.5.6, pp.
87-88.
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(iii)

Let 0 € R. Then
Lo f=(©7F) . (15)

with (€) = (1 4 |£]?)*/2, is a one-to-one map of the Schwartz space S(R")
onto itself and of the space of tempered distributions S’(R™) onto itself. Here

fand fV are the Fourier transform of f and its inverse, respectively. Then I,
is a lift for the spaces By (R") and Fj (R") with s € R, 0 < p < 00 (p < o0
for the F-scale), 0 < ¢ < oo:

I,B;,(R") =B, °(R") and [,F, (R")=F, 7(R") (1.6)
(equivalent quasi-norms), [Trif], Section 2.3.8, pp. 58-59. In particular, let
Hy(R") = I_sL,(R"), seR, 1<p<oo. (1.7)
Then one gets by (1.2), (1.3), and (1.6),
Hy(R"™) = F,(R"), seR, 1<p<oo, (1.8)
and
Hy(R") =W, (R") if s€Ny and 1<p<oc. (1.9)

We call Hj(R"™) Sobolev spaces (sometimes denoted as fractional Sobolev
spaces or Bessel potential spaces) and its special cases (1.9) with (1.4) clas-
sical Sobolev spaces.
We denote

C°(R™) = B: . (R"), s € R, (1.10)

as Holder-Zygmund spaces. Let
(ALS) (@) = f(z+h) = f(z), (AFF) (@) = A (ALS) (@), (L.11)

where z € R", h € R", | € N, be the iterated differences in R". Let 0 < s <
m € N. Then

1F1C° (R lm = sup [f(@)] + sup [h[~* | AR f ()] (1.12)

where the second supremum is taken over all z € R"™ and h € R" with
0 < |h|] <1, are equivalent norms in C*(R™). For more details we refer again
to [Trif], Sections 2.2.2, 2.5.12. Hence if s > 0 then C*(R") are the well-
known Holder-Zygmund spaces. We extend this notation to all s € R.
Assertion (iv) can be generalised as follows. Once more let 0 < s < m € N
and 1 <p <oo,1<¢q<o0. Then

1 1Bpg(R™) [l = ILf [Lp(R™)]|
1/q
dh (1.13)

3 O R ST T

[n|<1
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(with the usual modification if ¢ = co) are equivalent norms in By (R"). As
for details we refer to [Trif], Sections 2.2.2, 2.5.12. These are the classical
Besov spaces.

Remark 1.1. There are further concrete spaces which fit in the scales Bj, (R") and
F;,(R™). For example, the (inhomogeneous) Hardy spaces hy,(R™) with 0 < p < oo
can be identified with F(R"). Furthermore for all of the above spaces one has
numerous equivalent norms and characterisations. We refer to the literature in
Section 1.1 and in particular to [Trie], [Trig], [Trivy].

1.3 The Fourier-analytical approach

Recall that this introductory first chapter should be seen in continuation of Chap-
ter 1 in [Triy] with the same title. We do not repeat the history presented there.
Just on the contrary, we restrict ourselves to those ingredients needed later on and
which are the basis of the theory of the spaces B,  and Fj, up to recent times. In
particular from now onwards we incorporate immediately distinguished results of
the last decade.

We use now standard notation which will be detailed later on beginning with
Chapter 2. In case of doubt one may consult the list of symbols at the end of
the book and the references given there. In particular, S(R") and S’(R") are the
Schwartz space of all complex-valued rapidly decreasing C*° functions on R", and
the dual space of all tempered distributions. The Fourier transform of ¢ € S(R")
is denoted by @ or Fy. As usual, ¢V and F~ly stand for the inverse Fourier
transform. Both F and F~! are extended to S’(R") in the standard way. Let
wo € S(R™) with

wolx) =11f || <1 and ¢o(y) =0if |y| > 3/2, (1.14)
and let
or(x) = 0o(27F2) — po(27F 1), zeR", keN. (1.15)
Then, since
1= iapj(ac) for all z e R", (1.16)
j=0

o~

the ¢; form a dyadic resolution of unity in R". Recall that (¢;f)" is an entire

o~

analytic function on R" for any f € S’(R"). In particular, (¢; ) (z) makes sense
pointwise.

Definition 1.2. Let ¢ = {cpj};-";o be the dyadic resolution of unity according to
(1.14)—(1.16).
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(i) Let0<p<o0,0<g< o0, s R, and

- 1/q
1F 1B (Rl = | D2 (05 /)" | Lp(R™)|? (1.17)
j=0
(with the usual modification if ¢ = 0o ). Then
By,(R") = {f € S'R") : |[f|Byy®")], <oo}.  (L18)
(ii) Let0<p<oo,0<g<oo, s€R, and
- 1/q
f [y R e = ||| D227 (ps /)Y ()] |Lp(R™) (1.19)
§=0
(with the usual modification if ¢ = 00). Then
Fp (R ={feSR") : [fIE,R")],<oo}. (1.20)

Remark 1.3. The history of these definitions may be found in [Trivy], Section 1.5,
especially on p. 29, which will not be repeated here. Some distinguished special
cases have been listed in the preceding Section 1.2. The huge corresponding lit-
erature, mostly books, may be found in Section 1.1. A systematic study of these
spaces in the above generality has been given in [Trif], [Triy], and more recently
in [Trid], [Trie], including many references.

It is convenient to complement these definitions by some maximal functions. Again
let ¢ = {¢;}72, be the above resolution of unity. Then we introduce the maximal
functions

, , € S'(R"), a>0. 1.21
yern 14|27yl f &) (1-21)

Maximal functions play a crucial role in diverse types of function spaces as demon-
strated in [Ste93]. The above version and its use in connection with the spaces
introduced in the definition goes back to J. Peetre, [Pee75], [Pee76]. But other-
wise we refer to [Trif], [Triy] for history and literature. Recall that (1.21) always
makes sense, accepting that the right-hand side might be infinite. More precisely:
Let ¢ € S(R™) and f € S'(R"). Then for x € R",

(fro)(@) = f(o(z =)
:/@(x—y)f(y)dy:/@(y)f(x—y)dy (1.22)

R R”
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is the convolution, appropriately interpreted (as far as the writing as an integral
is concerned). Recall that there are numbers ¢ > 0 and N > 0 such that

freeC®MR") and |[(f*¢)(z)| <c(l+|z>)N, zecR" (1.23)
In particular, f x ¢ € S(R™). Furthermore,

(@)Y (@) = @m) ™ (fx¢¥)(z), zER™ (1.24)

A few more details and in particular references to the classical literature about
these fundamental properties may be found in [Tria], Section 2.2.1, p. 152. The
counterparts of (1.17) and (1.19) in terms of the maximal functions in (1.21) are
given by

1/q
17185 R g0 = | _ 27 |95 f ILp(®D)]" (1.25)
3=0
(with the usual modification if ¢ = co) and
- 1/q
1F 1E R g.a = ||| D27 [(#5.0) )" |Lp(R™) (1.26)
§=0

(with the usual modification if ¢ = 00).

Theorem 1.4. Let p = {cpj};-";o be the dyadic resolution of unity according to
(1.14)(1.16). Let @5 . f be given by (1.21).
(i) Let
0<p<oo, 0<qg<o0, and seR. (1.27)

Then B3, (R™) is a quasi-Banach space (Banach space if p > 1, ¢ > 1) and
it is independent of ¢ (equivalent quasi-norms). Let, in addition, a > n/p.
Then

By (R") = {f € S'(R") : [|f[Bjq(R")]lpa < o0} (1.28)
(equivalent quasi-norms).
(i) Let
0<p<oo, 0<qg<oo and s€eR. (1.29)

Then F;,(R™) is a quasi-Banach space (Banach space if p > 1, ¢ > 1) and it
is independent of ¢ (equivalent quasi-norms). Let, in addition, a > min’(Lp 0
Then

Fs (R") ={feSR") : |f|FsR")|pa < o0} (1.30)

(equivalent quasi-norms).
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Remark 1.5. A proof of this theorem may be found in [Triv], Section 2.3.2, pp. 93—
96. In particular, the spaces B, (R™) and F;, (R") are independent of ¢. This may
also justify our omission of the subscript ¢ in (1.17) and (1.19) in what follows.

Remark 1.6. The quasi-norms in the above theorem and in the explicit norms for
the concrete spaces in Section 1.2 look rather different and one may ask whether
there is a unified approach. This was one of the major themes in [Trivy|. For ex-
ample, the basic ingredients of the norm in (1.13) can be written as

B AR @) = 1 (@ =)™ F) (@), (131)

~

i f)V as in Definition 1.2 but with
1.22) one has with ¢ = (27)~"/2,

With |h| ~ 277 one gets expressions of type 27 (¢;
different functions ¢;. Furthermore by (1.24) and (

(0 D@ =c [T & jeN (132
Rn

If the p; are given by (1.14)-(1.16) then ¢ are analytic functions on R". In
particular in order to calculate (1.32) at a given point € R"™ one has to know f
on the whole R™. This is in sharp contrast to the derivatives and local differences in
the classical norms in (1.4), (1.12) or (1.13), (1.31). Hence it would be desirable to
shift the compactness of the support from ¢; to <ij in (1.32). This is possible and
results in local means are discussed in the next subsection. But first we describe a
rather satisfactory recent result which covers both the original approach and the
just indicated local means.

We modify (1.14)—(1.16) as follows. Let € > 0 and L € Ny. Let
o € S(R™),  fpo(z)| >0 if || <2, (1.33)
and
W’ e S(R™), |@x)|>0ife/2<|z[ <2 and (D0)(0)=0  (1.34)
for || < L. If L = 0 then the last assumption is empty. Let
o ={p}i% with @;(2) =¢°(272)if jeN. (1.35)

Then it follows by (1.24), (1.23) that (@jf)v is well defined for any f € S’(R™).
It is a C'*° function in R"™ of at most polynomial growth. In particular, (1.21) and
also (1.17), (1.19), (1.25), (1.26) make sense for any f € S’(R") (accepting that
the outcome might be infinite).

Theorem 1.7. Let € > 0 and let ¢ be given by (1.33)—(1.35) with L € Ny.
(i) Let

0<p<oo, 0<qg<oo, L>se€R and a>n/p. (1.36)
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Then
By, (R") = {f € S'(R") : |[fIB}(R™)],, < oo} .37
= {f € SR 5 |If B3R < 00} |
(equivalent quasi-norms).
(i) Let
0<p<oo, 0<g<oo, L>seR and a>min7(1p7q)' (1.38)
Then
FpR") = {f € S'(R") : [If|Fpy(R™)]lp < 00} (139

={f €S ®R") : |f|Fpg®R")llp.a < o0}
(equivalent quasi-norms).

Remark 1.8. This theorem has a little history. In [Trivy], Sections 2.4, 2.5, we
studied for the F-spaces and B-spaces, respectively, to which extent the defining
system ¢ according to (1.14)—(1.16) can be replaced by more general systems
such that one gets equivalent quasi-norms in the spaces considered. Both the
support conditions expressed by (1.14), (1.15) as well as the a priori assumptions
p; € S(R™) are weakened in a substantial way. The replacement of ¢; € S(R")
by weaker assumptions is of great interest. We shift this discussion to a later
subsection. But even for systems ¢ belonging to S(R™) our restrictions in [Triv]
for L in connection with (1.34) are stronger (and less natural) than in (1.36).
Furthermore we gave in [Trivy] also some characterisations of type (1.39). But there
remained some gaps as far as the parameters p, ¢ are concerned. These gaps were
sealed in [BPT96] and [BPT97] including an improvement of L as it stands now in
(1.36). The above version is essentially due to V.S. Rychkov in [Ry99a] who gave
a streamlined proof and corrected a minor error in [BPT96]. However it should
be mentioned that [BPT96], [BPT97] deal with the more general case of some
weighted spaces of B, and Fj, type. Otherwise one may consult Remark 1.48
in Section 1.6 where we give a few additional references, especially in connection
with other types of function spaces.

Remark 1.9. For given s € R, the two conditions for ¢° € S(R") in (1.34), (1.36),
(1.38) can be reformulated as

| (x)| > 0ife/2 < |z| <2 and (D“¢%)(0) =0 if |a| < [s], (1.40)

where [s] is the largest integer smaller than or equal to s.
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1.4 Local means

Let B ={y € R" : |y| < 1} be the unit ball in R" and let k& be a C*° function in
R" with supp & C B. Then

- R[k(m v 4 ty)d /k( ) Wdy  (14)

with z € R" and ¢ > 0 are local means: To calculate k(t, f)(x) at z € R™ one needs
only the restriction of f to a ball of radius ¢t > 0, centred at x. Appropriately
interpreted, (1.41) makes sense for any f € S'(R™). For given s € R it is assumed
that the kernel k satisfies in addition for some € > 0,

KV(€) £0if0< €| <e and (DkV)(0) =0 if |o| < s. (1.42)

(The second condition is empty if s < 0.) Furthermore, let ky be a second C°
function in R™ with supp ko C B and kg (0) # 0. Obviously, o = ky and ¢° = k"
satisfy (1.33) and (1.40), respectively (with a modified €). Hence one can apply
Theorem 1.7. We give an explicit formulation. The counterpart of the maximal
function (1.21) is given now by

*(9—] _ ‘k(27],f)($—y)‘ ! (Tpn
k(2 Jvf)a(m)—ysgﬂg 11 2yl , feESR"Y), a>0, (1.43)

where j € N, complemented by kj(1, f)s. Then the counterparts of the quasi-
norms in Theorem 1.7 are given by

1£ 1B RM)II** = [Iko(1, f) |Lp(R")]|

1/q

~ | (1.44)
2k, ) L,RY[]
j=1
1 B ™[ = |ko (L, £) | Lp(R™)|
1/q
> , (1.45)
I D2 k2, )N | Lp(R™)
and the corresponding expressions
1f |1 BpgR™)I5>*  and || f [Fy, (R™)][gF, (1.46)

where one has to replace ko(1, f), k(277 f) in (1.44) and (1.45) by kg(1, f)a,
k*(277, f)a, respectively.
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Theorem 1.10. Let 0 < ¢ < oo and s € R. Let kg and k be the above kernels of
local means satisfying kY (0) # 0 and (1.42) for some e > 0.

(i) Let 0 < p < oo and a > n/p. Then

By, (R") ={fe€SR") : |f|Bs,(R")|"* < oo}

o - (1.47)
={f €S'R") : ||If By (R")5"" < oo}
(equivalent quasi-norms).
(ii) Let 0 < p < oo and a > min(p,q) - Lhen
FpR™) = {f € S'(R") : ||If |E5,(R™)|**F < o0} (1.48)
={f €S'®R") : |If |Fp,(R™)[g" < o0}
(equivalent quasi-norms).
Proof. By (1.35), ¢ = kY, and (1.32) it follows for j € N,
(0,0 @) =2 [ @) fla -y dy = ch2 . )@, (149)

Rn

Similarly for 57 = 0 with ¢9 = kY. Then the theorem follows from the above
explanations, (1.21), and Theorem 1.7 where we used (1.40). O

Remark 1.11. The above theorem is an improvement of [Triy|, Section 2.4.6, pp.
122/123 and Section 2.5.3, pp. 138/139, for the F-spaces and B-spaces, respec-
tively. There we proved corresponding assertions in terms of equivalent quasi-
norms (and not as characterisations), including several modifications which will
not be repeated here. Adapted to the above notation we needed in [Triy] the
stronger condition

1
(DYkV)(0) =0 if |a| <max(s,0p) with o, =n <p — 1) , (1.50)
+

compared with (1.42). In connection with the study of (fractal) measures as el-
ements of function spaces it came out around 1995 that no assumptions of this
type are needed for the spaces B;, (R") and Fj, (R™) if s < 0. The first explicit
formulation was given in the PhD Thesis [Win95]. But it can also be found (under
some additional restrictions) in [AdH96], Corollary 4.3.8, p. 102. We discussed this
point in [Trie], p. 125. This observation has been extensively used in [Trid] and
[Trie] in connection with fractal measures and fractal elliptic operators. It will also
play a crucial role in this book. This may justify giving an explicit formulation.
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Again let k& be a C* function in R™ with supp k¥ C B and kY (0) # 0. Let
1/q

1 1B5(RM)|I* = 22”‘1 k@77, ) LR | (1.51)

1/q

Lf [ FpgRM[F = D27 [k(27, f)(-)] |Lp(R™) (1.52)
=0

and let
£ 1B, RM[IE and || f |5 R (1.53)

be given by (1.51), (1.52) with k*(277, f), according to (1.43) in place of k(277, f).

Corollary 1.12. Let 0 < ¢ < 0o and s < 0. Let k be a C* function in R™ with
supp k C B and kY (0) # 0.

(1) Let 0 < p < oo and a > n/p. Then

By, (R") = {f € S'(R") = |If|Bpy(R™)[|* < oo}

={feS®R") : |fIBy,R")g < oo}
(equivalent quasi-norms).
(ii) Let 0 < p < o0 and a > min(p,q) - LIeN
FpR") = {f € S'R") : |If|[ER")]* <00
Pq { i (1.55)

={feS'R") : |fIF5R")|: < oo}
(equivalent quasi-norms).

Remark 1.13. This assertion follows immediately from Theorem 1.10 and s < 0
since one can choose k = ko in (1.42). In particular one may assume that the
kernel k in (1.41) is non-negative.

Remark 1.14. In [Triv], Sections 2.4, 2.5, we considered equivalent quasi-norms and
also (under some additional assumptions) characterisations of the same type as in
Theorem 1.7 but for more general basic functions ¢g and ¢° in (1.33) and (1.34).
In particular we weakened ¢y € S(R™) and ¢ € S(R™) by some decay conditions
at infinity. This is necessary if one wishes to incorporate more general means where
(1.31) may serve as an example. It results in expressions of type (1.32) where the
kernels <ij might have only limited smoothness. This applies in particular to the
local means in (1.41) with kernels which are not C'*°. We did not follow these
arguments in [Triy] since at this time there was no interest and no use for kernels
which are not C*°. But now the situation is different. For example if one chooses for
k a Daubechies wavelet then one has kernels which have necessarily only a limited
smoothness. We return to this point later on in connection with wavelet bases.
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But in any case it would be desirable to combine the corresponding arguments
in [Triy] with the techniques developed later on especially in [BPT96], [BPT97],
[Ry99al, to develop a theory of equivalent quasi-norms and characterisations as in
Theorems 1.7, 1.10 and Corollary 1.12 for non-smooth, this means not C'*°, kernels
in (1.32), (1.41). Local means and the indicated more general approach have also
been considered in other types of function spaces. Some corresponding references
may be found in Remark 1.48 in Section 1.6.

1.5 Atoms

It is one aim of this book to characterise function spaces in terms of building
blocks and to use these representations for diverse purposes. This can be done for
spaces defined on R", domains in R", manifolds, fractals or quasi-metric spaces.
We return to some of these possibilities in later chapters. But first we concentrate
on spaces on R", more precisely on the spaces B, (R") and F}, (R") as introduced
in Definition 1.2, and their representations in terms of atoms (this Section 1.5),
quarks (Section 1.6), wavelet bases (Section 1.7) and wavelet frames (Section 1.8).

1.5.1 Smooth atoms

Recall that Z" stands for the lattice of all points in R™ with integer-valued compo-
nents. Furthermore, Q,,, denotes the closed cube in R™ with sides parallel to the
axes of coordinates, centred at 27¥m, and with side-length 27+ where m € Z"
and v € Ng. If Q is a cube in R" and r > 0 then rQ is the cube in R" concentric
with @ and with side length r times the side length of Q.

Definition 1.15.

(i) Let K € Ny and ¢ > 1. A continuous function a : R™ — C for which there
exist all derivatives D%a if || < K is called a 1-atom (more precisely 1x-
atom) if

supp a C ¢Qom for some m e Z" (1.56)
and
[D%(x)] <1 for ol < K. (1.57)

(ii) Let s e R, 0 < p < oo, K €Ny, L >0, and ¢ > 1. A continuous function
a: R™ — C for which there exist all derivatives D%a if |a| < K is called an
(s, p)-atom (more precisely (s, p)x,r-atom) if

supp a C ¢Qum for some veN, melZ", (1.58)
|D%a(z)| < 27vn/p)Flel for || < K, (1.59)

and
/mﬂ a(x)dz =0 for |B| < L. (1.60)

R
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Remark 1.16. Recall 27 = 2" ... 28" where = (21,...,2,) € R" and § € Nj. If
L = 0 then (1.60) is empty (no condition). Obviously, (1.60) can be reformulated
as

(Da)(0)=0 if |B] < L. (1.61)

We need some further notation. Let 0 < p < oo. Then
XI(/I;EL(I') = 2(y U/ if r € Qum and X(p)< ) =0if x & Qum, (162)

are p-normalised characteristic functions of the above cubes Q,,, with v € Ny and
m € Z".

Definition 1.17. Let 0 < p < 00, 0 < g < o0,

A={\meC:rveNy, meZ"}, (1.63)
o0 q/p 1/a
v=0 \mezn

and

1/q
A fpall = (Z > Pom XEL ) > |Lp(R™) (1.65)

v=0mezn

(with the usual modification if p = 0o and/or ¢ = 00). Then
bpg = {A : [[A|bpgll < o0} (1.66)

and
pa = A 1 [[A [ fpgll < o0} (1.67)

Remark 1.18. Obviously, b,, and f,q are quasi-Banach spaces and by, = f,,. We
put as usual,

1 1
op=n -1 and Opg =1 . -1 , 1.68
p (p )+ pq (mm(p7 q) )+ ( )

where ¢; = max(c,0) if ¢ € R. Furthermore we indicate the location and size of a
1x-atom or an (s, p) i, -atom according to Definition 1.15 by writing a,., in place
of a.

Theorem 1.19.
(i) Let 0 <p<o0,0<qg< o0, s€eR. Let K € Ny, L >0 with

K>s and L>o,—s (1.69)
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be fized. Then f € S'(R™) belongs to By, (R™) if, and only if, it can be repre-
sented as

f= Z Z Avm Gum,  unconditional convergence being in S’'(R™), (1.70)

v=0meZm

where for fized ¢ > 1, aym are 1g-atoms (v =0) or (s,p)k,r-atoms (v € N)
according to Definition 1.15 and Remark 1.18, and A € b,q. Furthermore,

1 [Bpq (R™)]| ~ inf [ X [bpg | (1.71)

are equivalent quasi-norms where the infimum is taken over all admissible
representations (1.70).
(ii) Let 0 <p<oo,0<qg< o0, s€R. Let K € Ny, L >0 with

K>s and L >op,—s (1.72)

be fived. Then f € S'(R™) belongs to F; (R") if, and only if, it can be repre-
sented by (1.70) where now for fivzed ¢ > 1, aym, are lx-atoms or (s,p)k -
atoms with respect to (1.72) and X € fpq. Furthermore,

1 [Epg R)|| ~ inf [[X | fpq| (1.73)

are equivalent quasi-norms where the infimum is taken over all admissible
representations (1.70).

Remark 1.20. Atomic representations in function spaces have some history which
may be found in [Triv], Section 1.9, and which will not be repeated here. Atoms in
By, (R") and F; (R") and the above theorem go essentially back to [FrJ85], [FrJ90],
[FIW91] (but one may consult [Triy], Section 1.9, for a more balanced history).
In [Trid], Section 13, we gave a new proof of Theorem 1.19, based on local means
according to Section 1.4, and discussed several modifications with corresponding
references. As for atomic representations in other types of function spaces one may
consult Remark 1.48 in Section 1.6. But one word about the convergence of (1.70)
seems to be in order. Let ¢ € S(R") and let A € b,q, K and L as in part (i)
(covering the even stronger assumptions of part (ii)). Let the countable index set
{v,m} in (1.70) be numbered in any way, hence mapped one-to-one onto N. Then
it follows from [Trid], Corollary 13.9 and its proof, pp. 81/82, that

E /\u,m (au,m, <,0) converges
v,m

with the same outcome for any rearrangement, called unconditional convergence
in S’(R™). Furthermore, one may ask to which extent the restrictions (1.69) for
the B-spaces and (1.72) for the F-spaces are natural. Especially the g-dependence
of (1.72) seems to be questionable. But one can not replace 0,4 in (1.72) by op.
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Otherwise the whole mapping theory for Calderén-Zygmund operators and pseu-
dodifferential operators in F;, -spaces as it may be found, for example, in [Tor91]
would be independent of ¢q. But this is not the case as it has been observed in
[Wang99]. The delicate dependence of mapping properties of exotic pseudodiffer-
ential operators in R™ on ¢ has been discovered quite recently in [Joh04, Joh05].
Another genuine ¢g-dependence of characterisations of F) (R") will be mentioned
in Remark 1.117 in connection with Theorem 1.116. A more detailed discussion is
shifted to Remark 9.15.

1.5.2 Non-smooth atoms

One of the most striking applications of atomic decompositions is the study of
mapping properties of, say, linear pseudo-differential operators 7', hoping first

that
T (Z > Am aym> =33 XmTavm (1.74)

can be justified. But usually, T'a,, preserves neither the compactness (1.58) of the
support of the atom a,,, nor its, (possibly) high smoothness. From this point of
view it is reasonable to relax the assumptions about the compactness of the support
of a,m, and the smoothness of a,.,. Replacing (1.58) by (sufficiently strong) decay
assumptions at infinity one gets molecules. They have been considered in detail in
[FrJ90], [FIWI1], [Tor91]. But we do not discuss this point here. However we need
later on non-smooth atoms. A first (but for our purposes not sufficient) step is to
replace the C¥-norm in (1.59) with K > s according to (1.69) by a Hélder-norm
C? with o > s. This is also covered by the just-mentioned literature. We give a
brief description following essentially [TrW96] which may also be found in [ET96],
Section 2.2.3, pp. 28-32.

Let 0 < 0 = [0] + {0} with [0] € Ny and 0 < {¢} < 1. Then the Holder-Zygmund
space in Section 1.2(iv) can also be normed by

IFIC7R™) = > sup [D*f(x)[+ > sup [D%f (@) = D*f(y)] (1.75)

) 5 —y|(o}
jal<[o) "<F EeAt

Now the fractional version of Definition 1.15 reads as follows.

Definition 1.21.
(i) Let 0 < o € N. Then a: R™ — C is called a 1,-atom if one has (1.56) and

a€C’(R"Y)  with [a|C°(R™)| <1. (1.76)

(ii) Let se R, 0<p<00,0<o0 &N and L > 0. Then a: R" — C is called an
(8,p)o,-atom if one has (1.58), (1.60), and

acC’(R")  with  |la(277)|CO(R™)|| < 27Vs=n/P), (1.77)
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Remark 1.22. Definition 1.15 can be rephrased in the sense of the above definition,
replacing C?(R"™) by C¥(R"), in obvious notation. The fractional counterpart of
Theorem 1.19 reads as follows. Recall s, = max(s, 0).

Corollary 1.23.

(i) Letp, q, s, L be as in Theorem 1.19(i) and let sy < o € N. Then f € S’"(R")
belongs to By, (R™) if, and only if, it can be represented by (1.70) where aym
are 1,-atoms respectively (s,p)e,r-atoms and X € bpq. Furthermore, (1.71)
are again equivalent quasi-norms.

(ii) Let p, q, s, L be as in Theorem 1.19(ii). Let sy < o € N. Then f € S"(R")
belongs to F; (R™) if, and only if, it can be represented by (1.70) where aym
are 1,-atoms, respectively (s,p)q,r-atoms and X\ € fpq. Furthermore, (1.73)
are again equivalent quasi-norms.

Remark 1.24. We followed essentially [TrW96] and [ET96], Section 2.2.3. But as
said the assertion itself is more or less covered by the work of Frazier and Jawerth.
It was not our aim in [TrW96] to prove this assertion, but to take it as a starting
point for a corresponding theory of atomic representations for spaces By, (£2) and
F;, () in irregular bounded domains in R™. In this context we refer also to [ET96],
Section 2.5.

Whereas Definition 1.21 and Corollary 1.23 are essentially covered by the same
literature which resulted in Theorem 1.19, we describe now a generalisation which
will be considered in detail in Chapter 2. Let now

B,(R") = B,,(R") with 0<p<oo, seR. (1.78)

In particular,
C*(R™) = B (R"), s eR, (1.79)

are the Holder-Zygmund spaces according to (1.10).

Definition 1.25. Let 0 < p < oo and 0, < s < o, where o, is given by (1.68). Then
a € By (R") is called an (s, p)?-atom if one has (1.56) or (1.58) for some v € Ny,
meZ" and

la | B @™ < 29, (1.80)

Remark 1.26. We wish to compare these atoms with the atoms in the Definitions
1.15, 1.21 as used in Theorem 1.19 and Corollary 1.23. In particular, since s > o,
any L > 0 is admitted and we may choose L = 0. This gives the possibility
to unify the corresponding atoms in the Definitions 1.15, 1.21 and to incorporate
notationally 1x-atoms and 1,-atoms. Let ¢ = K € Ny. Then the 1 x-atoms (v = 0)
and (s,p)k,o-atoms (v € N) according to Definition 1.15 are denoted as (s, p),-
atoms. Let 0 < p = o ¢ N. Then (s, p),-atoms denote the corresponding (s, p)e,0-
atoms according to Definition 1.21 again incorporating 1,-atoms. As before we
write a,m, if a in the above definition is located by (1.56), (1.58).
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Proposition 1.27. Let 0 < p < 0o and 0, < s < o, where o, is given by (1.68).

(i) Let o < ¢. Then any (s,p)y-atom is an (s,p)? -atom.
(ii) Let aym, be an (s,p)?-atom. Then

lavm |By(R™)[| <1 and  [laym [Lp(R™)[| < 277°. (1.81)

Remark 1.28. Hence those atoms introduced in Definitions 1.15 and 1.21 to which
Remark 1.26 applies are covered by the atoms according to Definition 1.25. If
s < n/p then (s,p)?-atoms might be unbounded. If o < 1/p then (appropriately
normalised) step-functions of cubes are (s, p)?-atoms. We return to this subject in
detail in Chapter 2 including an application of the respective theory to pointwise
multipliers in the spaces B, (R") and F; (R"). However the main motivation for
studying non-smooth atoms comes from the theory of function spaces on quasi-
metric spaces. We return to this point in the last chapter of this book in detail
and outline some basic ideas in Section 1.17. At this moment we restrict ourselves
to formulate the counterparts of Theorem 1.19 and Corollary 1.23. Let b, = by,
be the special sequence space according to Definition 1.17.

Theorem 1.29. Let 0 < p < 0o and 0, < s < o, where g, is given by (1.68). Then
Bs(R") is the collection of all f € LP(R™) N S"(R™) which can be represented as

F=Y03 Aomavm (1.82)

v=0mez»

where aym, for fivzed ¢ > 1 are (s,p)?-atoms according to Definition 1.25 (and
Remark 1.26) and X € b,. The series on the right-hand side of (1.82) converges
unconditionally in S"(R™) and, if p < 0o, absolutely in some L,(R™) with 1 < r <
oo. Furthermore,

1 |B(R")[| ~ inf [|A[bp] (1.83)

are equivalent quasi-norms where the infimum is taken over all admissible repre-
sentations (1.82).

Remark 1.30. As said these problems will be studied in detail in Chapter 2. To
avoid a misunderstanding we recall that the right-hand side of (1.82) is said to
converge absolutely in some L, (R") if

Z Z [Avml + lavm ()|

v=0mezn"

converges in L,(R™). This is always the case if p < co and A € b,. If p = o0
then one has absolute convergence in the weighted space Lo, (R™,w), normed by
|wf |Loo(R™)|| with w(z) = (14 |2|?)7/? where ¢ < 0. Furthermore we remark
that in case of p < 1 the above theorem follows easily from Theorem 1.19, (1.81),
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and the triangle inequality for the p-Banach spaces BIS,(]R")7

IF IBRRDIP <D D Puml” lawm [ B3R, (1.84)

v=0mez»

The case 1 < p < oo is less obvious.

1.5.3 A technical modification

The sequence spaces by, and fp, as introduced in Definition 1.17 play a crucial
role not only in atomic decompositions of distributions as described above but also
in connection with quarkonial representations, wavelet bases and wavelet frames
as considered in the following Sections 1.6-1.8 and treated in detail later on.
Whereas the structure of the spaces b, is rather simple, the spaces f,, are more
complicated. We describe two assertions which go back essentially to [FrJ90]. Let
Q.m be the same cubes in R™ as in Section 1.5.1, centred at 27"m with sides of
length 277! parallel to the axes of coordinates, where v € Ny and m € Z". Let

E = {Eym LV E No, m € Zn}, E,. C Qym; ‘Eum| ~ |Qym|7 (185)

where the equivalence constants are independent of v and m. Let X(p E he given
by (1.62) with E,,, in place of Q,,. We combine the replacement of Q,., by E,m,
in Definition 1.17 with an index-shifting k + Z", where k € Z", as follows.

Definition 1.31. Let 0 < p < 00, 0 < ¢ < 00 and E according to (1.85). Let
A={Am€C: veNy, meZ"}, (1.86)

keZ" and

1/q
A gl %) = (Z S Pt XERE(- >q> |Lp(R™)]| (1.87)

v=0meZn

Then
FEO = X+ A Syl < o0} (1.88)

Remark 1.32. We generalised Definition 1.17. If E,,, = Q.,, then we write
A ] fpqll®) instead of (1.87) with |[A|fy,| if, in addition, & = 0. Furthermore
if kK =0 then we simplify (1.87) and (1.88) for arbitrary E by

A fpqll 2 and - (1.89)

pg’

respectively.
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Proposition 1.33. Let 0 < p < 0o and 0 < ¢ < 0.
(i) Let E be given by (1.85). Then

151 = fpq (1.90)

(equivalent quasi-norms depending on the equivalence constants in (1.85)).
(ii) There are constants a > 0 and ¢ > 0 such that for all k € Z",

X Foqll ™ < e (L4 KD I Fpgll- (1.91)

Remark 1.34. Part (i) seems to be a little bit surprising at the first glance. But it is
a consequence of the vector-valued Hardy-Littlewood maximal inequality. Details
about this technique may be found in [Trid], p. 79, from which this assertion follows
quite easily. The observation itself is due to [FrJ90], Proposition 2.7, where also a
short proof is given. It is quite obvious that the index-shifting m — m+k in (1.87)
maps fpq onto itself. Hence it is the main point of (1.91) to compare the equivalent
quasi-norms and to clarify the influence of k € Z". The number a > 0 depends
on p and ¢ and can be estimated by using the technique of maximal functions
according to [Trid], p. 79.

Example 1.35. We describe a simple but typical example which will be of some
use for us later on. Let 0 < p < 00, 0 < ¢ < 00 and s € R. Let a,(z) = a,0(x)
with v € Ny be atoms in F}, (R™) according to Theorem 1.19 with respect to the
cubes @), o centred at the origin. Let

F=Y Ma, MeC (1.92)
v=0

Then

oo 1/p
1S 1Fpg R < A [ fpqll ~ 1A fpgll 2 ~ (Z AN’) (1.93)
v=0
independently of g. This follows from (1.90) if one chooses the sets E, = E, o in
(1.85) such that E,, N E,, = 0 if 11 # ve. This is possible.

1.6 Quarks

In the preceding subsection we described atomic decompositions of functions and
distributions. This powerful instrument is useful in many applications, for ex-
ample in connection with mapping properties of pseudo-differential operators as
briefly indicated in (1.74). According to Definitions 1.15, 1.21, 1.25 atoms are
characterised in qualitative terms. But there are many problems where it would
be desirable to have expansions of type (1.70) based on fixed, constructive, quan-
titatively determined building blocks which are independent of f. Here are a few
of such problems.
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e Isomorphic mappings between function spaces of type Bj, (R") and F;, (R")
on the one hand and sequence spaces of type b,, and f,, according to Defi-
nition 1.17 on the other hand.

e Corresponding problems for respective spaces B, (£2) and F},, (£2) on bounded
domains  in R" and the reduction of the study of entropy numbers of
compact mappings between them to corresponding problems on the level of
sequence spaces.

e Traces of spaces of type B, and type F;, on R"™ or in domains 2 on (irregular)
compact sets I' in R™ and the introduction of corresponding spaces of type
B, (') in terms of constructive building blocks.

For these and other problems connected with fractal analysis we replaced atomic
decompositions of type (1.70) by subatomic or quarkonial decompositions based on
very simple elementary constructive building blocks which we called quarks. This
theory started in [Trid] with numerous applications especially to spectral theory
of fractal elliptic operators. We returned to these problems in [Trie] in greater
and more systematic detail. These considerations will be continued in the present
book to some extent but now mixed with other building blocks such as wavelet
bases and some types of wavelet frames, where the latter are near to quarkonial
decompositions. This will be outlined and prepared in subsequent Sections 1.7, 1.8
and detailed in Chapter 3.

In Sections 2 and 3 in [Trie] we developed the theory of quarkonial decompositions
for all spaces

By, (R™),  Fj, (R™) with 0<p<oo, 0<g¢g<oo, seR, (1.94)

(p < oo for the F-spaces) and extended these considerations afterwards to corre-
sponding spaces on (smooth) bounded domains €2 in R", on Riemannian manifolds
and, in particular, on arbitrary compact (fractal) sets I' in R™ (occasionally un-
der some restrictions for the spaces and their parameters). In Chapter 8 of the
present book we use the theory of quarkonial decompositions for spaces of type
B;, on R"™, and on some compact sets I" in R", to study corresponding spaces on
quasi-metric spaces. We restrict ourselves now to a description of what is useful
for these later purposes. This means on the one hand that we may assume that
s in (1.94) is large, but on the other hand we need approximate lattices in R"
instead of the pure lattices 277Z". We follow essentially the respective parts in
Section 2 in [Trie].

Recall that
B(z,r)={y e R" : |z —y| <r}, zreR"”, r>0, (1.95)
is a ball centred at x and of radius r. Let

{z"™ : meZ"} CR" where v € N, (1.96)
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be a sequence of approximate lattices by which we mean that for some ¢ > 0,

| ™ — 2] > 27V, veNy, my#mao, (1.97)
and
R'= |J B@"™27"7%), wveN. (1.98)
mezr

Definition 1.36. Let {¢)""™ : m € Z"} be subordinated resolutions of unity with
respect to the above approximate lattices of K times differentiable functions where
K e N, with

S yrm@)=1, ze€R", veN, (1.99)
mezn
supp ¢ C B (*™,27"7Y), v eNy, meZ", (1.100)

and for some ¢’ >0,
D™ (z)] < 2Y1el zeR", veN, |of<K. (1.101)
Let s e R, 0 <p < oo and B € Ny (multi-index). Then
(B-q) o () = 277/ QVIBL (g g8y (1) g e R™, (1.102)
l(/ € I\)TS), m € Z", is called an (s,p)i-B-quark (related to the corresponding ball in
1.98)).

Remark 1.37. Recall that 2 are the monomials as explained in Remark 1.16. One
may assume that %™ ~ 27%m. Furthermore, for some ¢ > 0, one has uniformly
for all x € R", v € Ng, m € Z" and § € Ny,

| D (B-qu)ym ()| < c27vsmn/p)Hvial (1.103)

where |a| < K. Hence, ignoring the universal constant ¢, the (s,p)x-0-quarks
are (s,p)x o-atoms according to Definition 1.15. The above definition coincides
essentially with the discussion in [Trie], Section 2.14, pp. 25-26.

Remark 1.38. We need the above version based on approximate lattices for our
later purposes. On the other hand, the case of pure lattices deserves special atten-
tion, hence

V=27, veNy, mez", (1.104)

where J € N is a suitable natural number. Then (1.102) can be simplified as
follows. Let 9 be a, say, non-negative C*° function in R™ with

supp ¥ C {y : 2|y| < 1} (1.105)

such that for some J € N,

Y v@—-2"m)=1, zeR" (1.106)

mezZ"
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Let ¢ (z) = 2% (x) with 3 € Nj. Then
(B-qu)ym () = 277D B (2v e — 27T m),  z eR", (1.107)

are (s,p)r-f-quarks for any K € N. This coincides essentially with [Trie], Defini-
tion 2.4.

We complement Definition 1.17 as follows. Let 0 < p < 00, 0 < ¢ < 00, o € R and

A={\: peNy} with N ={\ <cC: veNy meZ"}.

Then we put
X bpglle = sup 2281 [|A7 byl (1.108)
BeNn
and
A ‘f;ﬂq”g = Ssup 2¢l] H)‘B |qu”7 (1.109)
BENY

where || - |bpq|| and || - | fpq|| have been introduced in (1.64) and (1.65), respectively.
The numbers o, and o,, have the same meaning as in (1.68). Let p = max(1,p)
where 0 < p < 0o and let Loo(R", w) as in Remark 1.30.

Theorem 1.39.
(i) Let 0 < p<o0,0< qg<o00,s>0, and let

{(B-qu)ym : v €No, meZ"}

be a set of (s,p)k-B-quarks according to Definition 1.36 with K > s. Let
0> 0. Then B3, (R") is the collection of all f € L\**(R™)NS'(R™) which can
be represented as

f=> Z > A (B-aq)ym (@) with [|X[bpgll, < o0 (1.110)

BENY v=0meZ"

The series on the right-hand side of (1.110) converges absolutely in Lz(R"™)
if p < 00 and in Lo (R™, w) where w(z) = (1+ |z|?)?/? with o < 0 if p = co.
Furthermore,

1f [ Bpg (R™)I| ~ inf [[A |bpgllo (1.111)

are equivalent quasi-norms where the infimum is taken over all admissible
representations (1.110).

(ii) Let 0 < p <00, 0 < q <00, s> gpg and let (B-qu),m, be the same (S,p)k-
B-quarks as in part (i). Let ¢ > 0. Then Fj; (R™) is the collection of all
f € LY(R™) N S"(R™) which can be represented as

f=> Z > A B-a)ym(z)  with [|X|fpglle < oo (1.112)

BEND v=0 meZn
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The series on the right-hand side of (1.112) converges absolutely in Lz(R").
Furthermore,

[1f [ Fpg (R ~ inf [|A [ fpqll (1.113)

are equivalent quasi-norms where the infimum is taken over all admissible
representations (1.112).

Remark 1.40. In case of pure lattices as described in Remark 1.38 where the
respective (s, p)k-B-quarks can be generated from one function ¢ with (1.105),
(1.106), the above theorem coincides essentially with the combination of Definition
2.6 and Theorem 2.9 in [Trie], pp. 15/16. The extension to approximate lattices
may be found in [Trie], Section 2.14, pp. 25-26.

Remark 1.41. We add a discussion about some technicalities in connection with
the above theorem. One has by Definition 1.36,

| DY (B-qu)ym ()] < c9—v(s—n/p)t+via| 27%|,3|7 la| < K, (1.114)

for any > with 0 < s¢ < 1 and some ¢ > 0 which is independent of v, m, §, and x.
In particular, (8-qu),m, are (s,p)x,o atoms according to Definition 1.15 multiplied
with the factors ¢2*%l. Now it follows by Theorem 1.19 that any f € S’(R™)
which can be represented by (1.110) belongs to B, (R™) and

1S 1Bpg R™)] < ¢ A bpgllo- (1.115)

Furthermore one gets by elementary arguments that the right-hand side of (1.110)
converges absolutely in any L,(R"™) with » > p and s — » + > 0. Similarly for
the spaces F};,(R™). A more detailed respective discussion may be found in [Trie],
Section 2.7, p. 14. In particular, any f € S’(R") represented by (1.110) belongs
to some L,.(R™) with 1 < r < oo, and hence to LI°(R"). In other words, it is
the main point of the above theorem to prove that any given f € B, (R") or
f € F,,(R") can be represented by (1.110) or (1.112), respectively. Furthermore
one would be interested to convert these representations into frames, that means
representations

F=00 3 X0 (B-au)um (@), (1.116)

BENy v=0meZ"
where A2 (f) depend linearly on f and
1 1Bpg R~ I [bpglles— ILf [EpgR™)I] ~ [IAC) | fpglles (1.117)
respectively. This is possible.
Corollary 1.42. For given s and p the system

{(B-qu)ym : veNg, meZ", 3Ny} (1.118)
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is a frame in the spaces covered by Theorem 1.39. In particular there are functions
v e S(R™), veNy, meZ", BeNg, (1.119)

such that
Ao ()= (£,90,), dual pairing in S(R™)-S'(R"), (1.120)

are optimal coefficients according to (1.116), (1.117).

Remark 1.43. We refer to [Trie], Sections 2.12, 2.16, pp. 23/24, 27. We return later
on to problems of this type in Section 1.8 and in detail in Chapter 3.

Remark 1.44. We add some comments. First we remark that for given N € Ny
the subsystem

{(B-qu)pm : v—NeNy, meZ", peNy} (1.121)

of (1.118) is again a frame. This follows from (1.97), (1.98) and Definition 1.36,
replacing there ¢*TN™ and z¥+N™ by *™ and z¥'™, respectively, v € Ny. For
these re-named (-quarks (3-qu),,, one gets in (1.114) the extra factor 2=Vl on
the right-hand side. This explains the (at first glance somewhat curious) claim
in Theorem 1.39 that ¢ > 0 can be chosen arbitrarily large (at the expense of
equivalence constants which depend on p). A more detailed discussion may be
found in [Trie], Section 2.13, p. 24. Secondly we formulate one of the main tools of
the proof of the above Theorem 1.39 as given in [Trie], pp. 1521, which will also
be of some use later on. Again let b,, and f,, be the sequence spaces according
to Definition 1.17.

Proposition 1.45. Let {p,}22, be the dyadic resolution of unity according to
(1.14)~(1.16), and let s € R, 0 < p < 00, 0 < ¢ < o0. Let J € Ny and for
feS'R"Y),
Aom = 276770 (0, HV(27"Tm),  veNy, meZ" (1.122)
There is a natural number Jy such that for any J € N with J > Jy,
1 B3, (R™) | ~ I b (1.123)

(equivalent quasi-norms) and with p < oo,

1 1E5g R~ X g (1.124)

(equivalent quasi-norms) .

Remark 1.46. This proposition follows from the characterisations of B, (R") and
F;,(R") in terms of maximal functions according to (1.28) and (1.30), respectively.
One can also replace the pure lattice {27¥~/m} by suitable approximate lattices
of type (1.96)—(1.98). But we do not go into detail. The above stated case of
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pure lattices may be found in the literature. The B-case (including the indicated
extension to approximate lattices) follows essentially from [Trif], Sections 1.3.3,
1.3.4, pp. 19/20 and had been used in [Trid], Section 14.15, pp. 101-104, for the
proof of Theorem 1.39(i). Explicit formulations both for the B-case and the F-
case may be found in [FrJ90], [FJW91], and [Tor91]. The anisotropic extensions
go back to [Din95] and [Far00].

Remark 1.47. In this subsection we followed essentially [Trie], Section 2. An exten-
sion of the theory of quarkonial decompositions to all spaces B, (R") and F}, (R")
with s € R may be found in [Trie], Section 3. Then one needs moment conditions
for the building blocks which can be incorporated in (1.107) generalising 1/° by

(—A)F P where A = 377 83;2 and L € Ny. Another possibility comes from the

interpretation of {(8-qu),, } in (1.118) and {¥%, 1 in (1.119) as dual frames. Using
duality one can prove frame representations for the spaces B;, (R™) and F};, (R™)
with s < 0,1 < p < 00, 1 < ¢ < oo, where the above frames change their roles.
We refer to [Yang05]. We return to this procedure in a somewhat different context
in Section 3.2.3. In [Trie] we extended this theory step by step to domains in R",
manifolds and, in particular, to fractal compact sets in R™. We return to some of
these points later on.

Remark 1.48. In the above Sections 1.4-1.6 we developed the theory of local
means, based on Theorem 1.7 in Section 1.3, atomic decompositions and quarkonial
representations for the (inhomogeneous) isotropic spaces B, (R") and Fj;, (R") in
R". These tools and assertions have been generalised to several other types of
spaces on R". Corresponding counterparts for anisotropic spaces B;;I“(R") and
F5:¢(R") may be found in [Din95], [Far00] and more recently in [Kyr04], [BoH05]
and [Bow05]. Here a = (a1,...,a,) with a; > 0 and Z?Zl a; = n is an anisotropy.
We return to anisotropic spaces in Chapter 5 where one finds also the necessary
definitions. Quite recently the above indicated tools and assertions for isotropic
spaces By, (R™) and F};, (R"™) have been extended to spaces with dominating mixed
smoothness. We refer to [Baz03, Baz05] and [Vyb03, Vyb05a, Vyb05b, Vyb06].
Basic assertions for spaces with dominating mixed smoothness may be found in
[ST87] and in the recent paper [ScS04]. In the last few years growing attention has
been paid to (inhomogeneous) isotropic spaces of B-type and F-type of generalised
smoothness. Replacing 27¢ in (1.17) and (1.19) by 29°W¥(277) results in spaces
BI(,Z’\P) (R™) and FISS’\P) (R™), respectively. Here W(277) is a perturbation of 27¢,
where ¥(277) = (1 + j)® with b € R is a typical example. The corresponding
theory, including local means, atomic and quarkonial decompositions may be found
in [Mou99], [Mou01la], [Mou01b]. More general spaces, replacing 27% in (1.17) and
(1.19) by some admissible sequences o; and modifying in addition the underlying
dyadic structure of the resolution of unity in (1.16) have been considered in [Fal01]
and [FaL04], including counterparts of the characterisation in terms of Theorem 1.7
(which is the main result of these papers), local means, and atomic decompositions.
We refer also to [Bri01], [Bri04].
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1.7 Wavelet bases

1.7.1 Multiresolution analysis

So far we dealt in Sections 1.5 and 1.6 with atomic and quarkonial representations
and related frames according to Corollary 1.42. We return to the latter subject
in Section 1.8. In the present subsection we give a brief description of some well-
known assertions about wavelet bases in Lo (R™) and we indicate how this theory
will be extended later on in Chapter 3 to all spaces B, (R") and Fj; (R™). A
further generalisation to anisotropic B-spaces and F-spaces will be discussed in
Section 5. Then we need some details of what is called multiresolution analysis.
This is the main reason why we give here a description of some basic ingredients
of multiresolution analysis, restricting us to the bare minimum needed later on.
As usual in this context we look first at the one-dimensional case.

Definition 1.49. An (inhomogeneous) multiresolution analysis is a sequence {V; :
Jj € No} of subspaces of La(R) such that

i) wcVvic---CcV;CVjy1 C---; span U;’iij = Ly(R),
(ii) f eV if, and only if, f(x—m) € Vy for any m € Z,
(ii)) fe€V; if, and only if, f(277z) € Vy for all j € N,
(iv) there is a function p € Vi such that
{¢Yp(x —m) : m € Z} is an orthonormal basis in V. (1.125)

Remark 1.50. The function ¢ is called a scaling function or father wavelet, where
the F' comes from. By (iii) and (1.125) it follows that

{21’/2 Vr(2z—m) : me Z}, j € No, (1.126)
is an orthonormal basis in V;. Let
W; =V 0V j € Ng, (orthogonal complement). (1.127)

Then (i) can be reformulated as
Ly(R)=Vp @ @ W; (orthogonal decomposition). (1.128)
=0

It is one of the main assertions of multiresolution analysis to prove that there are
functions ps € La(R), called an (associated) wavelet or mother wavelet, such that

{¢Ypm(x —m) : m € Z} isan orthonormal basis in Wy, (1.129)

and to construct them starting from ¢ .
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Proposition 1.51. Let v and ¥y be a scaling function and a wavelet according
to Definition 1.49 and Remark 1.50. Then

; - if =0, meZ,
o () = 4VF m);l i 3=0,m (1.130)
272 Yy (P re—m) if jEN, meZ,
is an orthonormal basis in La(R).
Proof. By (1.127), (1.129),
{Qj/2 Yam(27z —m) : me Z} is an orthonormal basis in Wj. (1.131)
Then (1.128) proves the proposition. O

Remark 1.52. The extension of the above considerations from one dimension to n
dimensions follows by the standard procedures of tensor products. Let

n

Up(z) = [[ ¥r(@r —m,),  meZ", zeR", (1.132)
r=1
and _ _
V' =span {272 ¥, (2/z), me Z"}. (1.133)

In particular, V;* is spanned by the products of the bases in (1.126) of the one-
dimensional version of V;. Then one gets the n-dimensional version of Definition
1.49(i). Let

G=(Gy,...,Gp) € {F,M}"™, (1.134)

where G, is either F' or M and where * indicates that at least one of the compo-
nents of G must be an M. Hence the cardinal number of {F, M}"™* is 2" — 1. Let
for z € R™,

v (@) = [[ o, (zr —m,),  Ge{F,M}™, meZ" (1.135)
r=1

Let GO = {F}* = {(F,...,F)} and G = {F, M}"* if j € .

Proposition 1.53. Let ¢p and ¥y be an (one-dimensional) scaling function and a
wavelet as in Proposition 1.51. Let W, and VG be given by (1.132) and (1.135).
Then

U, () if 7=0, GG, meZ",

J—1 G roiol o ) " (1.136)
272 "UE(27g) if jeEN, Ge G, meZ",

wisto -

is an orthonormal basis in La(R™).
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Proof. By (1.127) it follows that V%, with j € Ng can be spanned either by
(1.133) with j + 1 in place of j or by

221y, (2z), 237 WG (2x) (1.137)

according to (1.132), (1.135). The first functions span also V", and, hence, the
latter functions span
wi=Vi, eV, J € No. (1.138)

This is the counterpart of (1.127). Now the above proposition follows by the same
arguments as in Remark 1.50 and in the proof of Proposition 1.51. g

1.7.2 Haar wavelets

We illustrate the above theory by the very classical example of Haar functions.

Proposition 1.54. Let

1 if 0<z<1/2,
() =9 -1 if 1/2<z<1, (1.139)
0 ifzg[0,1],

and Y (x) = [Ya(x)| (he characteristic function of the interval [0,1]). Then ¢p
s a scaling function and Yy is an associated wavelet according to Definition 1.49
and Remark 1.50, respectively.

Proof. Let V; be the subspace of La(R) consisting of all step functions which are
constant on the interval [277m, 277/ (m + 1)] with m € Z. Then it follows that ¥ x
is a corresponding scaling function according to Definition 1.49 and that ¢y, is an
associated wavelet as introduced in Remark 1.50. O

Remark 1.55. In other words, identifying vy with the characteristic function of
the unit interval [0, 1] and 15 with (1.139), then {7 } according to Proposition
1.51 is an orthonormal basis on Ly(R). This is the classical observation of A.
Haar, [Haar10]. Using Proposition 1.53 one can extend this assertion to La(R").
The question arises whether the respective n-dimensional Haar system remains a
basis in other spaces. First we recall some basic notation.

Definition 1.56. Let B be a complex quasi-Banach space.
(i) Then {b;}32, C B is called a Schauder basis (or simply basis) if any b € B
can be uniquely represented as

b= Nbj, A€C, (1.140)
j=1

(convergence in B).
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(ii) A basis {b;}32, is called an unconditional basis if for any rearrangement o
of N (one-to-one map of N onto itself) {by(;)}32, is again a basis and

b= Z Ao() bo() (1.141)
j=1

for any b € B with (1.140).

Remark 1.57. In case of Banach spaces there is a huge literature about uncon-
ditional convergence of series and related properties of bases and unconditional
bases. A discussion in connection with wavelets and functions, especially in the
spaces L,(R™) with 1 < p < oo may be found in [Woj97], Section 7. For our
purposes the above definition is sufficient since the spaces of type By, and I}, are
isomorphic to sequence spaces of type b,, and f,, as introduced in Definition 1.17
or subspaces of them. In particular there are no problems with rearrangement and
the uniform boundedness of the operators P; given by the partial sums of (1.140),

J
Pib=Y X b;, JeN (1.142)
j=1
Theorem 1.58. Let
H,={Vi¢: jeNy, Ge G/, meZ"} (1.143)

be the Haar system in R™ according to (1.136), generated by (1.132), (1.135) and
the one-dimensional functions Wy, Yr as introduced in Proposition 1.54.

(i) Then H, is an unconditional basis in L,(R™) with 1 < p < co.
(ii) Then H, is a basis in B, (R™) if

either 1<p<oo, '—l<s<! 0<gq<oo,
P P (1.144)
or wty <P <1, n(;—1)<s<1, 0<q< oo.
(iii) Then H,, is not a basis in B, (R") if
either 1 <p < oo, sg[;—l,;], 0<q< oo,
or M <p<l, o sdn(,—1).1], 0<g<oo (1.145)
or 0<p<,t;, s€ER, 0<g<oo.

Remark 1.59. Part (i) is an outstanding result of real analysis. A proof may be
found in [Woj97], Section 8.3. It goes back to J. Marcinkiewicz, [Mar37] (one-
dimensional case), who used in turn [Pal32]. We proved in [Tri73] and [Tria],
Section 4.9.4, that there is a system of Haar functions H,, which is a basis in

1 1
B, (Q) if 1<p<oo, —-l<s< , 1<g<oo, (1.146)
p p
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where @ is a cube in R". But it comes out that the Haar functions of H,, at level j
are finite linear combinations of corresponding Haar functions of H/, at the same
level j and vice versa. Hence the two systems can be transformed into each other,
preserving its role as a basis or not. An extension of this assertion for the Haar
system H! to the parameters in (1.144) and a proof that H/, is not a basis for
the parameters (1.145) may be found in [Tri78] , both for B; (Q) and B, (R™).
This can be transferred to the system H,. Although not explicitly stated (and
not immediately covered by the proof) one can expect that H, in B, (R") with
(1.144) is an unconditional basis. The assertions (ii) and (iii) clarify under which
circumstances H, is a basis in B; (R") with exception of a few limiting cases.
The middle line of (1.145) looks a little bit surprising at first glance. On the one
hand it is well known that the set of all finite linear combinations of characteristic
functions of rectangles with sides parallel to the axes is a subset of B, ,(R") with

1 1
<p<1l and max(l,n(p —-1) <s< . (1.147)

but on the other hand this set is not dense in these spaces and hence H,, cannot
be a basis, [Tri78], Corollary 2, p. 338.

Remark 1.60. Haar functions on R or on the interval I = (0,1) can be used as a
starting point to construct spline functions of higher order and related uncondi-
tional bases in spaces of type By, (I) and Fy, (I) and also in some generalisations
to n dimensions. A brief description of some related results may be found in [Trif],
Section 2.12.3, pp. 184-187, based on [Tri81]. This theory was mainly developed
in the 1970s and early 1980s by Z. Ciesielski, J. Domsta, T. Figiel, R. Ropela,
P. Oswald and others. Detailed references may be found in [TriJ], Section 2.12.2.
A more recent account about spline functions and spline wavelets was given in
[Woj97], Section 3.3. But we will not follow this line. Our intentions are different
and will be outlined in what follows.

1.7.3 Smooth wavelets

Again let By (R") and F}, (R™) be the spaces introduced in Definition 1.2 and let
C?(R™) with ¢ > 0 be the Hélder-Zygmund spaces according to (1.10)—(1.12). By
the well-known embedding theorem

A (R™) — C7(R™) if 0<o<s—n/p, (1.148)

where either A = B or A = F, it follows that any element of these spaces has
bounded classical derivatives up to order k € Ny if s > k+n/p. Haar functions are
step functions and so they are not continuous. Hence one needs smoother (one-
dimensional) scaling functions and associated wavelets according to Proposition
1.51 if one wishes to extend the respective bases in Proposition 1.53 from Ly (R"™)
to these spaces A;Q(R"). This is the point where the theory of smooth wavelets
comes in as developed since the middle of the 1980s.
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Theorem 1.61.

(i) There is a real scaling function v € S(R) and a real associated wavelet 1Yy €

S(R) such that their Fourier transforms have compact supports, 12;(0) =
(2m) =12,

— 8 2 2 8
supp Y C |:—37T,—37T:| U [3 77,377] . (1.149)
(ii) For any k € N there is a real compactly supported scaling function Vg €

Ck(R) and a real compactly supported associated wavelet 1p; € C*(R) such

that Pp(0) = (27)~Y/2 and

/xl Yy (zr)de =0 for 1=0,... k. (1.150)
i

Remark 1.62. These assertions are well-known cornerstones of the recent theory
of wavelets. Part (i) goes back to Y. Meyer, [Mey86], and has been presented
in detail in [Mey92] (French edition 1990). The nowadays usual approach via
multiresolution analysis is due to S. Mallat, [Mal89]. Part (ii) goes back to I
Daubechies, [Dau88], and has been presented in detail in [Dau92]. The standard
references for this theory are [Mey92], [Dau92] and, more recently, [Woj97]. We
add a few technical explanations. Of course, S(R) is the Schwartz space on R. The
Fourier transform on R is normalised by

fo=en i [t f@an,  cer (1.151)
R
In particular,
/wF(w) de =1 (1.152)
R

in both parts of the theorem. By (1.149) it follows in case of the Meyer wavelets
that

/xl Yy (zr)de =0 for all [ € Np, (1.153)
R

hence one has vanishing moments of all orders, whereas for given k£ € N one has
for the corresponding Daubechies wavelets only vanishing moments up to order k.
As for the details concerning the Meyer wavelets from part (i) we refer to [Woj97],
p- 49 (complemented by p. 71) and p. 51, Theorem 3.4. We return to the (one-
dimensional) Meyer wavelets in Section 3.1.5 making clear that they fit perfectly
in the Fourier analytical approach to all spaces B, (R") and F};, (R"), especially in
the version of Theorem 1.7. In case of the Daubechies wavelets we refer to [Mey92],
p- 96, Theorem 3, and what follows at the end of this page concerning that g
and v¥,s are real, as well as p. 108 where the cancellations are stated explicitly.
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The normalising assertion (1.152) is covered by the general theory, [Woj97], p.
31. Obviously, the Meyer wavelets are analytic functions, whereas the Fourier
transforms of the Daubechies wavelets are analytic.

Remark 1.63. Armed with the Meyer wavelets and the Daubechies wavelets one
gets by Proposition 1.51 orthonormal bases in L2(R) and by Proposition 1.53 re-
spective orthonormal bases in Ly(R"). Quite obviously one may ask whether these
systems remain (unconditional) bases in other spaces extending corresponding as-
sertions for the Haar basis as described in Theorem 1.58. Recall that H,(R") are
the Sobolev spaces according to (1.7). It is well known that for given k& € N the
Daubechies system is an unconditional basis in L,(R™) with 1 < p < oo, more
generally, in

Hy(R"™) with 1<p<oo, |s| <k, (1.154)

and in the Besov spaces,
B, (R™) with 1<p<oo, 1<g<oo, |[s]<Ek. (1.155)

We refer for details to [Mey92], Chapter 6. But corresponding assertions may also
be found in [Dau92] and [Woj97]. In these books wavelets both of Meyer type
and Daubechies type have also been considered in other types of spaces, including
L;(R™), Hardy spaces

hp(R") = F5(R"),  0<p<1,

Holder-Zygmund spaces C*(R"™) according to (1.10), spaces of BMO-type and a
few other types of spaces. In Chapter 3 we return to this subject in detail. Then
we start from the Daubechies wavelets according to Theorem 1.61(ii), extended
to R™ according to Proposition 1.53, and consider these systems in all spaces
By (R") and F},(R™) covered by Definition 1.2. This approach will be based on
the nature of the Daubechies wavelets which may serve simultaneously as kernels
of local means and as atoms according to Sections 1.4 and 1.5, respectively. This
will be complemented by corresponding assertions for the Meyer wavelets. Details
will be given later on, but it seems to be reasonable to formulate some assertions
in this introductory survey restricting ourselves here to the (more complicated)
Daubechies wavelets.

First we adapt the sequence spaces in Definition 1.17 to the index set in connection
with Proposition 1.53. Let G’ with j € Ny be as there and let

A={NCFeC: jeNy, GeEG, meZ"}. (1.156)

Let
0 <p< oo, 0<g<oo, s €R. (1.157)
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Let xjm be the characteristic function of the cube @, introduced at the beginning
of Section 1.5.1. Then

[e’s) ‘I/P l/q
YA D BEA Y < > |/\,J;;G|”> (1.158)
j=0 GeGIi \mezn
and
1/q
Ml ={[{ D2 2 MmO ] ILp(R™) (1.159)

J,Gm

(with the usual modifications if p = oo and/or ¢ = c0). Obviously, the index set
{j,G,m} in (1.159) is the same as in (1.158). Furthermore, b7 and f,, are the
sequence spaces quasi-normed by (1.158) and (1.159), respectively. For brevity we
write a,, where either @ = b or a = f and correspondingly A; (R") where either

pq
A=BorA=F.

Theorem 1.64. Let p, q, s as in (1.157) (with p < oo for the F-spaces) and let

2
N> k£ > max (s, ; + Z - S) in case of By (R"™) (1.160)
and
2n n ) s on
N>k > max { s, min(p, q) + g~ S in case of Fy (R"). (1.161)

Let WG be the n-dimensional Daubechies wavelets with smoothness k according
to Proposition 1.53 and Theorem 1.61(ii).

(i) Let f € S'(R™). Then f € A; (R™) if, and only if, it can be represented as

F=Y NG mPwie  with |[Aag,| < oo, (1.162)
J5,Gm

unconditional convergence being in S'(R™). Furthermore the representation
(1.162) is unique,

NG = 2in/2 (f wiCY (1.163)
and
I f— {2]’”/2 (f. \I/Z;lc)} (1.164)
is an isomorphic map of A; (R™) onto ay, .

(ii) In addition let p < oo and ¢ < oco. Then (1.162), (1.163) converges uncondi-
tionally in A5 (R"™) and {¥5} is an unconditional basis in A3, (R").



34 Chapter 1. How to Measure Smoothness

Remark 1.65. In Chapter 3 we return to this subject in detail. There one finds
a proof of this theorem, further explanations and some consequences, following
[Tri04a]. Then we deal also with a corresponding assertion for the Meyer wavelets.
But a few comments seem to be in order now. Obviously, if f € B, (R") in
part (i), then k is restricted by (1.160) and a,, = b,, in (1.162). Similarly if
f € F;,(R") in part (i) then & is restricted by (1.161) and a5, = f;, in (1.162).
Let the countable index set {j, G, m} in (1.162) be numbered in any order, in other
words, mapped one-to-one onto N, and let A € a;,,. Then it follows from the atomic
representation Theorem 1.19 and the explanations given in Remark 1.20 that the
sum in (1.162) converges in S'(R™) and that the outcome is the same for any
rearrangement. Hence the unconditional convergence stated after (1.162) is not an
additional requirement but a consequence of A € a,,. In addition if o < s then
(1.162) converges locally in any space A7 (R™), this means it converges in A7 (K)
for any ball K in R". If p < co and ¢ < oo then one has the sharper assertion
formulated in (ii). The factor 277%/2 in (1.162) simply means that we take away
the Lo-normalisation according to (1.136). Then the outcome looks more natural.
Since I in (1.164) is an isomorphism it follows that

1f [Apg RO ~ (A |a;

l (1.165)

where the components of A are given by (1.163). If s = 0 and p = ¢ = 2 in
(1.158) or (1.159) then one gets Proposition 1.53 with respect to the n-dimensional
Daubechies wavelets. If s = 0 and 1 < p < oo then one has the Paley-Littlewood
assertion

Ly(R™) = FJ,(R"), 1 <p<oo, (1.166)

which is well reflected by (1.159) and (1.165) with a3, = f7,. More generally one
has the Paley-Littlewood assertion (1.8) for the Sobolev spaces H,;(R") and again
(1.165) with a,,, = f; 5. Our method to prove the above theorem relies on atomic
decompositions, local means, duality and characterisations of the spaces A;q(R”)
in terms of maximal functions. In particular the use of maximal functions spoils
the parameters in the respective estimates. This is the main reason for the large
smoothness k needed according to (1.160), (1.161), in contrast to the classical cases
in (1.154), (1.155) where the natural restriction k > |s| is sufficient. Accepting the
ingredients just indicated in the proof of the theorem is surprisingly simple (one
has only to struggle a little bit with the limited smoothness of the Daubechies
wavelets). In [Kyr03] one finds a more direct straightforward approach, based
on the techniques developed in [FrJ90], to prove expansions in (homogeneous and
inhomogeneous) spaces of By, and F},, type, starting from more general orthogonal
and bi-orthogonal Lo-systems. Then one gets also more natural restrictions for k
in (1.160) and (1.161).

Remark 1.66. As remarked above, wavelet bases for the spaces (1.154) and (1.155)
are known. We gave corresponding references in Remark 1.63. In addition to the
paper [Kyr03] mentioned above there are some other papers of interest in connec-
tion with the above theorem. Nearest to us are [FJW91], Section 7, [Bor95] and
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[KyP01], dealing with Meyer wavelets in homogeneous B-spaces and F-spaces
and perturbations of related bases, respectively. Wavelet bases of Meyer type in
anisotropic spaces of B-type and F-type have been considered in [BeN93], [BeN95].
We return to this subject later on in Chapter 5. Finally we refer in this context
to [RuS96] and [HeW96].

1.8 Wavelet frames

In the three preceding subsections we discussed three types of building blocks:
atoms, quarks, and wavelet bases. They all have their advantages and disadvan-
tages. We discussed this point at the beginning of Section 1.6. Returning to the
questions listed there one can now say the following.

e Theorem 1.64 provides a perfect link between B-spaces and F-spaces in R"
on the one hand and corresponding sequence spaces on the other hand. Hence
problems for function spaces can be shifted to the (easier) level of sequence
spaces. But the underlying building blocks, wavelets of Daubechies type, are
rather complicated and there is apparently no easy way to extend this theory
from R"™ to other structures such as domains in R", fractal sets (in R") or
(abstract) quasi-metric spaces. Some progress has been made. We refer to
[Mal99], Chapter VII, where one finds in Section 7.5 wavelets on intervals, to
[CDVO00], [CDV04], [Dah97], [Dah01] and in particular to [Coh03], [HoL05] for
wavelets on domains and the literature given there. Nevertheless considerable
additional efforts are necessary. We return later on in Section 4.2 to this
subject.

e This is the point where the quarkonial decompositions according to Theorem
1.39 and Corollary 1.42 are coming in. These are frames, not bases. One loses
the isomorphic map onto sequence spaces. On the other hand, the building
blocks are very simple and, in particular, one needs only approximate lattices.
This paves the way to extend quarkonial decompositions to domains in R",
their boundaries, fractals (in R™) and (abstract) quasi-metric spaces. This
was one of the main topics in [Trie] and we return to this subject later on,
especially in Chapter 8 when dealing with function spaces on quasi-metric
spaces.

e The building blocks both of the wavelet bases and of the quarkonial decom-
positions are constructive. If one applies an operator 7', say, a linear pseudo-
differential operator, then these structures are destroyed. This is the point
where the qualitatively defined atoms (and molecules) come in. We discussed
this point at the beginning of Section 1.5.2.

As said it is just one of the main advantages of the quarkonial decompositions
that one can work with approximate lattices in R™. This gives the possibility to
extend this theory to other structures in a natural way. However if one wishes to
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stay exclusively in R", then the standard lattices 27¥Z"™ are the first choice where
the quarks simplify to (1.107). One may ask for equally good information for the
respective frame-generating functions W2, in Corollary 1.42. This will be done in
Chapter 3 and applied to develop a local smoothness theory. Then we give also
some references about a local smoothness theory relying on wavelet bases. At this
moment we restrict ourselves to a brief description of the outcome if one follows
the indicated way, complementing the three preceding subsections. We rely mainly
on [Tri03a] in the modified version detailed in Chapter 3.

First we recall and modify some previous notation. Let

Ri, ={yeR" : y=(y1,---,Yn), y; >0} (1.167)

and let k£ be a non-negative C* function in R"™ with

supp k C {y e R" : |y| <2/} NRY, (1.168)
for some J € N such that
> k(x—m)=1  where z€R" (1.169)
meZn
Then
E(z)=272)  k(x) >0 if ze€R", BNy, (1.170)

where z7 are the monomials as explained in Remark 1.16. We are interested in
what follows only in the special case

ByR") = B, (R"), 0<p<oo, seR, (1.171)

of the B-spaces as introduced in Definition 1.2. This justifies the simplification
and modification of the quasi-norm in (1.108) by

1/p

I p]l o = Z Z Z 90lBlp+i(s—n/p)p ‘)\]ﬁm|p (1.172)

BEND j=0 meZn

where s € R, 0 < p < oo and ¢ > 0 (with the usual modification if p = c0). Here

A:{Afmec: jeNo,meZ",ﬁeNg}. (1.173)
Let
weSMR"), suppwC (—m,m)", w(x)=1Iif|z| <2, (1.174)
o il . § :
w’(x) = (2m)n 4! 2P w(z) with = eR", geNg, (1.175)
where 8| = 814 -+ + fn, B!'= 1! - B,! and
OP(z) = Z (WP)Y (m) e~ M=, x € R"™. (1.176)

mezn
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Definition 1.67. Let po and @1 be the same functions as in (1.14) and (1.15) and
let 8 € N{. Then @f; and @5\34 are given by their inverse Fourier transforms,

(@2)V(€) = 9o(&) Q7€) and (Py,)Y (&) = ¢1(£) Q°(€), (1.177)

where € € R™. Furthermore,

B():{q)'f;(x—m) ifj=0, meZ",

jm B o (1.178)
O, (22x—m) if jEN, meZ",

where 8 € Nij and z € R™.

Remark 1.68. Since Q7 in (1.176) are C* functions it follows that ®7 and &4, are
elements of S(R™). They are analytic functions. The construction (1.178), (1.177)
resembles (1.136) based on Meyer wavelets according to Theorem 1.61 with a
counterpart of (1.149) for @@. The Meyer wavelets create an orthogonal basis in
L2 (R™) and there is a counterpart of Theorem 1.64. This cannot be expected for the
system (1.178). But it comes out that these functions together with corresponding
functions based on (1.170) result in frames and dual frames in some spaces Bj (R")
which are simple and rather effective in describing global and local properties of
elements in these spaces. We return to these assertions in detail in Chapter 3 and
restrict ourselves here to a description of two typical results. For f € S'(R™) we
put

Xn(f)=2" (£,90,),  jeNo, mez', BeN; (1.179)

which resembles (1.163), p = max(1,p), op = n(zl7 — 1)+ and

Bf(R") = | By(R")  where 0<p < oc. (1.180)

s>op
Theorem 1.69. Let 0 < p < o0, s > 0, and o > 0. Let k and kP be as in (1.168)-
(1.170).

(i) Then f € S'(R™) is an element of B, (R"™) if, and only if, it can be represented
as
f= Z )\?m K522 —m), z € R", (1.181)
B,3,m

with ||X|y]]4,s < 00 and absolute convergence in Ly(R™). Furthermore,
||f|B;(R”)|| ~inf [|A[6p[g,s, (1.182)

where the infimum is taken over all admissible representations (1.181).
(ii) Let A3, (f) be given by (1.179). Then any f € B, (R") can be represented as

F=> N (HE@z-m), zeR" (1.183)
B,3,m
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with absolute convergence in Lz(R™). Furthermore,
B3(R™) = {f € Bf (R") : |A(f) [fpllgus < o0} (1.184)

(equivalent quasi-norms).

Remark 1.70. Details are shifted to Chapter 3. But a few comments seem to
be in order. The absolute convergence in (1.181) in Lz(R™) is not an additional
requirement but a consequence of [|A[€,]|,s < 00. The same comment applies to
(1.183). This justifies the abbreviation

> =22 > (1.185)
Bgm  BENG j=0 meZn

above and in what follows. Quite obviously, these are representations of type
(1.162), (1.163), but instead of a basis we have now two dual frame systems which
are remarkably independent of each other.

To formulate the dual assertions we need the local means according to (1.41) with
respect to the above kernels k?, hence

PN = [Fo) fermd, >0, seR, (1.186)
]Rn
and in particular,
Ko, (f)=k7 (279, f) (279m),  j€No, meZ" (1.187)
where f € S/(R™). Let

1/p

1K) 16l = | 32 2P s (P (1.188)

B,3,m

(with the usual modification if p = co) be a special case of (1.172) with ¢ = 0,
denoted now by ||A]€,||s. Recall that C*(R") = B, (R"™). We put

CT[R") = [ JC (R, (1.189)

s<0

We have by elementary embedding

U By(R™) = B, (R") c C™>(R™). (1.190)
s<0
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Theorem 1.71. Let 1 < p < 0o and s < 0.
(i) Then f € S'(R") is an element of B, (R™) if, and only if, it can be represented

as
f=> N o7 (1.191)

B.3,m

with @fm as in Definition 1.67 and ||\ |€p,||s < 0o, unconditional convergence
being in S'(R™). Furthermore,

1f 1By (R™)[| ~ inf [[X |65, (1.192)

where the infimum is taken over all admissible representations (1.191).
(ii) Let kfm(f) be given by (1.187). Then any f € C~°°(R™) can be represented

as
f=> K.l (1.193)

B.3,m

unconditional convergence being in S’'(R™). Furthermore,
By(R") = {f € CT(R") : [[k(f)|6]ls < o0} (1.194)

(equivalent norms).

Remark 1.72. To avoid any misunderstanding we remark that w, ¢g, 1, and
hence @?m, are fixed. We refer for details to Chapter 3. Then we prove the above
theorem by dualising Theorem 1.69 with 1 < p < co and we discuss in detail how
to extract local assertions from representations of type (1.193).

1.9 Envelopes

The comprehensive theory of envelopes of function spaces began with Part II of
the Habilitationsschrift of D.D. Haroske [Har02], based on the underlying report
[Har01]. It is the rather final characterisation of growth, continuity and differen-
tiability of functions considered as elements of some function spaces. Of special
interest are delicate limiting situations. On the other hand the respective inequal-
ities have a very long and substantial history since the early 1960s. Many math-
ematicians both from the East and the West contributed to this distinguished
field of research within the framework of the theory of function spaces, quite often
parallel to each other and unaware of each other’s work. We presented this theory
in Chapter II of [Trie] based on [Har01],[Har02], the immense literature spanning
almost 40 years and some of our own contributions. In particular we tried to re-
port on the history of this subject in a (hopefully) balanced way. This will not be
repeated here. The reason for returning to this subject is at least twofold. First,
we said nothing about this substantial subject in the historically-oriented Chapter
1 in [Triy] with the same title as the present introductory chapter and so it seems



40 Chapter 1. How to Measure Smoothness

to be reasonable to seal this gap now. Secondly, although envelopes do not play
a central role in the present book, they and their underlying inequalities will be
of some use occasionally. This might explain that we restrict ourselves to some
outstanding assertions mostly formulated in terms of inequalities, referring for the
full machinery to [Har01], [Har02] and [Trie], Chapter 2. But we complement the
literature by some more recent titles. The most comprehensive treatment of the
theory of envelopes in function spaces and an updated version of the state of the
art may be found in the recent book by D.D. Haroske [Har(6].

1.9.1 Sharp embeddings

First we collect some notation and describe some embeddings and inequalities on
which the recent theory of envelopes rests. We follow [Trie]. As there we restrict
ourselves to the sub-critical, the critical, and the super-critical case for the spaces
B;,(R™) and F; (R"), somewhat in contrast to [Har01], [Har02], [Har06] where a
wider point of view had been adopted.

First we recall that

W)= sup  [f@+h) — @) and B(f) =
z€R,|h|<t

,t

w(ft) (1.195)
t

with ¢ > 0, are the usual moduli of continuity and the divided moduli of continuity,

respectively. Then Lip(R"™) is the collection of all complex-valued functions on R”

such that

I [Lip@®™)]| = sup |f(@)] + sup (/1) < oc. (1.196)
zeR™ o<t<1

Furthermore C(R") is the space of all complex-valued, bounded, uniformly con-
tinuous functions on R™ normed by

IfICR™)|| = sup |f(@)], (1.197)
whereas
CYR™) = {f € C(R") : 88;_ € C(R") with j =1,... n} (1.198)
J

is the obviously normed space of differentiable functions. By the mean value the-
orem, C*(R") is a closed subspace of Lip(R").
Theorem 1.73.

(i) (Sub-critical case) Let

l<r<oo, $>0, s—n/p=-n/r and 0<gq< o0, (1.199)
(the dashed line in Figure 1.9.1). Then
By (R") — L.(R™) if, and only if, 0<gq<r, (1.200)

and
Fy (R") — L.(R™)  forall 0<gq< oo. (1.201)
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(ii) (Critical case) Let
O<p<oo, 0<g<oo, s=n/p. (1.202)
Then
Bp/P(R™) — C(R") if, and only if, 0<p<oo, 0<gqg<1, (1.203)
and
El/P(R™) — C(R™) if, and only if, 0<p<1, 0<g<oo. (1.204)

One can replace C(R™) by Loo(R™) in (1.203) and (1.204).
(iii) (Super-critical case) Let

0<p<oo, 0<g<oo, s=1+4n/p, (1.205)
(the dotted line in Figure 1.9.1). Then

BI/P(R™) — CY(R™) if, and only if, 0<p<oo, 0<q¢<1,
(1.206)
and

Fplq*'"/p(R") — C*R"™) if, and only if, 0<p<1, 0<q<oo.
(1.207)
One can replace C*(R™) by Lip(R™) in (1.206), (1.207).

Remark 1.74. The above theorem coincides essentially with Theorem 11.4 in [Trie],
pp. 170/171. In [Trie], Sections 11.3-11.5, pp. 169-173, one finds respective dis-
cussions and references which will not be repeated here. Roughly speaking, the
if-parts have been known for some time. The only-if-parts, further discussions and
further sharp embeddings may be found in [SiT95], complemented in [Trie], proof
of Theorem 11.4, as far as part (iii) is concerned. Short descriptions of results of
this type may also be found in [RuS96], Section 2.2, and in [ET96], Section 2.3.3.
As for the general embedding theory (for different metrics and traces) we refer to
[Tria] (classical spaces) and to [Trif3] (the above spaces in full generality).

It is quite clear that in the critical case special attention should be given to those
spaces which are not covered by (1.203) and (1.204), hence Bpt”(R") with ¢ > 1
and Fi/P(R™) with p > 1, in particular if B2/ (R") are classical Besov spaces,
hence 1 < p < o0, and if

HYP(R™) = FJP(R™),  1<p< oo, (1.208)

are Sobolev spaces according to (1.8) with the classical Sobolev spaces (1.9) as a
subclass,
k(mn k(mn _
Hy(R") = W, (R"), l<p<oo, N3k=n/p. (1.209)
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Figure 1.9.1

Similar conditions hold for the super-critical case with 1 + n/p in place of n/p
in the B-spaces, F-spaces, and the Sobolev spaces according to (1.208), (1.209).
In the last forty years many mathematicians contributed to this field of research.
We tried to present in [Trie], Section 11.8, pp. 177-181, a balanced history of
this subject which will not be repeated here. But we give a brief description of
some basic notation and distinguished (historical) assertions paving the way for
the theory of envelopes.

Let f € L,(R"™) with 0 < r < oo. Then the distribution function p¢(\) and the
decreasing (this means non-increasing) rearrangement f* of f are given by

prA) =z eR" - [f(z)[ > A},  A=0, (1.210)

and
1) =mf{A : pr(N) <t} t>0. (1.211)

It is well known that one can use the rearrangement f* of f for functions on R",
on (bounded) domains in R"™, and on (finite) intervals on R to introduce several
refinements of the respective Lebesgue spaces L., such as the Lorentz spaces L,.,,
with 0 < r < 00, 0 < u < o0, the Zygmund spaces L, (log L), with 0 < r < oo,
a € R, and, combining these two types of refinements, the Lorentz-Zygmund spaces
L, (log L),. This will not be done here. The standard references are [BeS88] and
(especially in connection with the combined Lorentz-Zygmund spaces) [BeR80].
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Short descriptions, further properties and references may be found in [Har02],
[Trie], Section 11.6, pp. 174-176, and in the recent book [Har06]. We refer also to
[DeL93] and [EAE04], Section 3, for the general background and to [ET96], Sections
2.6.1, 2.6.2, pp. 65-75, for some representation theorems which will be recalled
later on in detail when needed. Here we describe refined embeddings and related
envelopes in terms of sharp inequalities. Let w(f,t) be the divided differences as
introduced in (1.195).

Theorem 1.75. (Classical refinements) Let 0 < e < 1.
(i) (Sub-critical case) Let

s >0, 1< p< oo, s—n/p=-n/r<0 (1.212)

(the dashed line in Figure 1.9.1). Then there is a constant ¢ > 0 such that
for all f € Hj(R"™),

e 1/p
* p dt S n
[Erro) ) <l (1.213)
0
for all f € By (R™) with 1 < q < o0,
£ 1/q
Tk ¢ dt S n
[(Erro) ) <elsiBue)l (1.214)
0
and for all f € By (R"),
sup #1/7£%() < ¢ ] | By (")) (1.215)
o<t<e

(i) (Critical case) Let 1 < p < o0, 11) + z}’ = 1. Then there is a constant ¢ > 0

such that for all f € H;,l/p(R"),

fr(t) /
U L <cl|lf|HYP(R™ 1.216
s <l ) (1.216)
and
£ » 1/p
)" dt /
< H)P(R™)). 1.21
[ ) ) =elsimmn) (1217
0
(iii) (Super-critical case) Let
1 1
1 <p< oo, p+p’:1’ l+n/p=keN. (1.218)

Then there is a constant ¢ > 0 such that for all f € WF(R™),

u , <c R™)|. 1.219
S o < el IWEE] (1.219)
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Remark 1.76. Recall that H;(R"™) with 1 < p < oo are the Sobolev spaces accord-
ing to (1.8), (1.9) with the classical Sobolev spaces as a subclass. We compare the
above theorem with Theorem 1.73. But first we remark that the above inequali-
ties measure the unboundedness and the non-differentiability in the sub-critical,
critical, and super-critical case, respectively. This justifies the restriction of the ¢-
variable to 0 <t < € < 1, where £ < 1 is immaterial, but convenient in connection
with |logt|. To get a better understanding of what is going on we first remark that
the infimum in (1.211) is a minimum and one can choose A = f*(¢) in (1.210),
(1.211). In other words, for any ¢ > 0 there is a measurable set M; with |M;| <t
such that

[f(x)] < f*(t) if zeR"\M,. (1.220)

The divided differences w(f,t) according to (1.195) are equivalent to a decreasing
function, for example to its rearrangement w*. This is not obvious but one finds
corresponding remarks in [Trie], p. 196, with a reference to [DeL93], Chapter 2,
86, pp. 40-44. Hence the inequalities (1.216) and (1.219) are of the same nature.
To simplify the comparison of the above theorem with Theorem 1.73 we assume

[supp f| <e < 1. (1.221)

Then we have in the sub-critical cases (1.213), (1.214) with (1.212),

e 1/p
P d
i@ <e | [(2rrm) ] <anmen a2
0
and for 1 < g <,
< 1/q
ad
i@ <e | [(2rrm) ) <driBenl a2
0

where the first inequalities in (1.222), (1.223) follow from p < r and ¢ < r, and
well-known monotonicity assertions for the Lorentz-(quasi-)norms in the middle
of the last two inequalities. Recall that

1/r

I 1L (R)|| = / frwdr) (1.224)
0

In other words, (1.213) and (1.214) are refinements of (1.201) (with H; = F},)
and of (1.200). In addition one has now also sharp embeddings (1.214), (1.215) in
the cases ¢ > r, not covered by (1.200). In the critical case one gets

1/p

o<t<e |10gt|1/p/ - |10gt| t
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where again the first inequality is a monotonicity assertion. We refer for proofs
and detailed discussions to [Trie], Section 12, and, as far as (1.225) is concerned,
to Example 2 on p. 187. In particular, (1.217) is a refinement of (1.216) and both
complement (1.204) (with H; = Fj,). Finally, (1.219) is a classical complement
of (1.207) with W}F = FF, and Lip(R") in place of C*(R™).

Remark 1.77. In contrast to Theorem 1.73 which reflects the respective situation
around 1995, mainly based on [SiT95] ( especially as far as the only-if-parts are
concerned) we listed in the above theorem classical inequalities. Each of these
inequalities has a long history which we tried to describe in a balanced way in
[Trie], Section 11.8, pp. 177-181, which we do not repeat here in detail. There
one finds also in Theorem 11.7 on p. 176/177 further classical inequalities. In
particular, the above theorem is covered by [Trie], Theorem 11.7. But it seems
to be reasonable to justify the above selection of inequalities by adding at least
a few quotations referring the interested reader for greater detail to [Trie]. The
refinements (1.213)—(1.215) came into being in the middle of the 1960s in close
connection with real interpolation which is especially well adapted to Lorentz
spaces defined in terms of the left-hand sides of (1.213)—(1.215). This started with
[Pee66], [Str67]. Beginning with the early 1970s many Russian mathematicians
contributed to this field. The history of (1.216) is especially interesting and also
a little bit controversial. The left-hand side of (1.216) is finite for functions f on
the interval [0, €] if, and only if,

€

/exp {)\p/ \f(t)|pl} dt < o for some A >0 (1.226)
0

(exponential Orlicz space). In this version, (1.216) is due to Strichartz, [Str72]. The
case of classical Sobolev spaces W[F(R™) with k = n/p and in particular 1 = n/p
had been treated before by Trudinger, [Tru67]. This paper by Trudinger made
problems of this type widely known and influenced further developments. The
elegant reformulation (1.216) came later on and is covered by [BeS88]. However
it should be mentioned that corresponding assertions had also been known in
the Russian literature. We refer especially to [Yud61] and [Poh65]. According to
(1.225) the assertion (1.217) is sharper than (1.216). This improvement goes back
to [Hans79] and [BrW80]. Finally we remark that (1.219) is due to [BrW80]. We
mentioned only a few outstanding papers. A more detailed and more balanced
account may be found in [Trie], Section 11.8, pp. 177-181. In addition we refer to
the surveys [KaL87], [Liz86], [Kol89], [Kol98] which describe especially what has
been done in the Russian literature.

1.9.2 The critical case

So far we have described in Theorems 1.73 and 1.75 the roots of what follows:
Sharp embeddings with L,.(R"), C(R"), C*(R™) as admitted target spaces, and
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classical refinements in terms of rearrangements, respectively. We follow now [Trie]
in a simplified way concentrating mostly on sharp inequalities. First we deal with
the critical case, interested in those spaces which are not covered by Theorem
1.73(ii).

Theorem 1.78. Let 0 < ¢ < 1 and 0 < u < oo. Let » be a decreasing positive
function on (0,¢].
(i) Let 0 <p< oo, 1 <q<o0, and ; + ql, = 1. Then there is a constant ¢ > 0
such that for all f € B;Lq/p(R"),

1/u

J(OID) ) <ensgren) (1.227)
0

|logt|t/d" ) t|logt]

if, and only if, simultaneously ¢ < u < oo and s is bounded.
(ii) Let 1 < p < oo, 0<g<oo and ]19 + pl, = 1. Then there is a constant ¢ > 0

such that for all f € Fﬁ]/p(R"),

1/u

[0\ e
/(logtW> Hlogt| | = 1Fag " (R (1.228)
0

if, and only if, simultaneously p < u < oo and s is bounded.

Remark 1.79. First we remark that (1.227) with v = oo must be interpreted as

(1) f*(t)
<cllf 1B (R 1.22
o<t<e |logt|/d — c|[f [Bpg” (R, (1.229)

similarly (1.228). To avoid any misunderstanding we explain in detail what is
meant by part (i) (and similarly by part (ii)). If u < ¢ then (1.227) is false for
» =1 (and hence for any positive decreasing » on (0,¢]). If ¢ < u, then (1.227) is
valid for ¢ = 1, but it is false for any unbounded decreasing positive function s on
(0,]. The left-hand side of (1.227) is monotone with respect to u, in particular,

w 1O < ([( 50 a
o<t<e | logt|t/a |logt|t/a" ) t|logt|
0

1/q
S e\ 1 (1.230)
, £\ dt
=¢ /<1ogt> '
0

< | f1BpyP (R

1/u
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for any v with ¢ < u < co. Hence one gets the sharpest assertion if one chooses
u = ¢. Similarly for part (ii) of the theorem,

1/p

NG /(f*“))”dt <c|fIEyP @Y. (1231)
0

U
o<tI<)5 |log t|'/P | log ¢| t

Since H,(R™) = F;5(R"™) for 1 < p < oo, one obtains (1.225) as a special case of
(1.231). A complete proof of the above theorem may be found in [Trie], Section 13.
These rather decisive assertions have several forerunners in the 1990s, including
some of our own contributions which we collected in [Trie], Section 13.5, pp. 214—
215, together with other related papers and some additional comments. This will
not be repeated here.

Remark 1.80. However we wish to explain where the notion envelope comes from.
Let A (R™) be either B; (R™) or Fj;, (R") with
n

l<r<oo, §>0, s— =-", 0<gqg<o0 (1.232)
P r

(sub-critical case) or A2 (R") = B,T,L/p(R”) with 0 < p < 00, 1 < ¢ < oo (part (i)

= bpq
of the theorem) or A5 (R") = Fp/P(R™) with 1 < p < 00, 0 < q < oo (part (ii) of
the theorem). Then

Eq A5 (1) =sup {[*(t) : | f|A,(R")| <1}, 0<t<e, (1.233)

is called the growth envelope function, where again we assume that 0 < e < 1. It
is quite clear that some additional considerations are necessary, for example the
influence of equivalent normings. Then one ends up with continuous representa-
tives of corresponding equivalence classes. We refer for details to [Har01], [Har02],
[Trie], Section 12, and in the recent book [Har06]. Ignoring these formalisations
it follows almost immediately from Theorem 1.78 and the explanations given in
Remark 1.79 that

EaBIP(t) = |logt]Y?,  0<p<oo, 1<gq< oo, (1.234)

and
SgF];‘q/p(t) = |log |7, l<p<oo, 0<g<oo. (1.235)

This corresponds to the left-hand sides of (1.230) and (1.231), respectively. The
indicated monotonicity of the integrals in (1.227) suggests the following refinement:
The couple

CaBIP = (&;B;}q/p(- ),u) . 0<p<oo, 1<gq<oo, (1.236)
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is called the growth envelope of B;,Lq/p(R") with (1.234) if w is the infimum of all
numbers v with 0 < v < oo for which there is a constant ¢, > 0 such that

1/v

[ ) \" dt P
<o ||lf 1B (R 1.2
/(Ilogtll/q/ Hiogt| | = I/ 1B RV (1.237)
0

for all f € B/P(R™) (with the indicated modification if v = co). By the above
Theorem 1.78 and the explanations given in Remark 1.79 one has

@GB;L]/”: (|logt|1/q/,q), 0<p<oo, 1<gqg<oo, (1.238)
and the above infimum is a minimum. Similarly one gets
QE(;FIZI/T’ = (\logt\l/”/,p> , l<p<oo, 0<gq<oo. (1.239)

As for technical explanations and an incorporation in a more general measure-
theoretical point of view we refer to [Har01], [Har02], [Trie], Sections 12 and 13,
and [Har06].

1.9.3 The super-critical case

Comparing the parts (ii) and (iii) of Theorem 1.73 one gets the impression that
one obtains the super-critical case by lifting from the critical one. This is largely
correct but requires a lot of work in detail and is by no means obvious. This is
also well reflected by the parts (ii) and (iii) of Theorem 1.75 as far as the known
classical refinements are concerned. Whereas (1.219) with the restriction (1.218)
might be considered as a special case of the lifting of (1.216), there is apparently
no lifted counterpart of (1.216) in full generality and of (1.217) up to the 1980s.
Again we restrict ourselves here to a simplified report, referring for explanations,
proofs, further discussions, and additional references to [Har01], [Har02], [Trie],
Section 14, and [Har06]. Recall that the divided differences &(f,t) as introduced
in (1.195) are essentially decreasing, in particular the corresponding rearrangement
w*(f,t) is equivalent to W(f,t), hence w(f,t) ~ w*(f,t) for 0 <t < e < 1. Another
candidate for lifting of f*(¢) is the rearrangement |V f|*(t) of the gradient V[ of
f. Both work.

Theorem 1.81. Let 0 < ¢ < 1 and 0 < u < oo. Let » be a decreasing positive
function on (0,¢].

(i) Let 0 < p < o0, 1 < g < o0, and ; + ql, = 1. Then there is a constant ¢ > 0
such that for all f € B;;r” (R™),

1/u

[(ADB) de o
/< |log t|1/a ) t|log t| <c|f|Bpg " (R™)] (1.240)
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if, and only if, simultaneously ¢ < u < 0o and » is bounded. Similarly there
+’Vl

is a constant ¢ > 0 such that for all f € Bpq ¥ (R™),
[ (=0 .
2 |VFON\"  dt 147
< Bpq * (R" 1.241
JCOUSET) | =clfim @ a2
0

if, and only if, simultaneously ¢ < u < oo and s is bounded.
(ii) Let 1 <p < o0, 0<q<o00 and ]19 + pl, = 1. Then there is a constant ¢ > 0

such that for all f € F;:Z (R™),
1/u

£
() o(f, 1)\ dt 1+n
< F,, 7 (R 1.242
JCS)) e | <elrimi@n a2
0
if, and only if, simultaneously p < u < 0o and s is bounded. Similarly there
is a constant ¢ > 0 such that for all f € Fp;_ (R™),
(A0 l/u
»()|VfF )\ dt 147
< Fyy 7 (R" 1.243
SR ey sclrms@nn a2
0

if, and only if, simultaneously p < u < 0o and s is bounded.

Remark 1.82. This theorem is very similar to Theorem 1.78 and one has the same
interpretations as in Remark 1.79, now with @(f, ) and [V f]*(t) in place of f*(t)
and with respect to the spaces qu (R") and qu (R") The counterparts of
(1.230) and (1.231) are now

1/q

e [JEENY) sewmienn a2
0

SU
oote |logt|l/a = | log t|

and
1/p

s | (’“f’“)p Y <emmSF @Y (2)
0

o<t<e \logt\l/P - \logt\

and the same inequalities with |V f|* in place of &(f,t). In particular, the last in-
equality covers the classical refinements (1.219) with (1.218). Furthermore, the in-
equalities with |V f|*(¢) are sharper than the corresponding assertions with &o(f, t):
If ¢ < u < o0, then

1/u 1/u

j S\ A / AZINORNIEY
|logt|'/a" ) t|logt| - |logt|'/a" ) t|logt| (1.246)
0 0

1+’Vl n
< f1Bpg ¥ (RY)]
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for some ¢ > 0, c’>OandallfEB:,;”’(R").pr<ooandp§u§oo7 then

e 1/u c 1/u
/ o(f,t) \" dt ‘e / V@) " de
[ logt|1/¥" ) t|logt| - [ logt|1/¥" ) t|logt| (1.247)
0 0

e,
SC’Hf‘qu " (R

for some ¢ > 0,¢ > 0andall f € Fpltj ’ (R™). A complete proof of the theorem and
of the above inequalities and further explanations may be found in [Trie], Section
14.

Remark 1.83. There is the following counterpart of the growth envelope described
in Remark 1.80. Let qu (R™) be either qu (R™) with 0 <p < 00, 1 < ¢ < 00,
or qu (R”) with 1 < p < 00, 0 < ¢ < 0o. Then

. . e
Eollpy " () =sup {G(£,0) + If 14pg " RN <1}, O<t<e,  (1.248)

is called the continuity envelope function, where again we assume that 0 < e < 1.
As in Remark 1.80 we refer for a more detailed discussion to [Har01], [Har02],
[Trie], Section 12, and [Har06)]. It follows almost immediately from Theorem 1.81
and Remark 1.82 that

XCB;;;; (t) = |logt|1/q/7 0<p<oo, 1<qg<oo, (1.249)
and N
XCFI};” (t) = |logt|"/?, l<p<oo, 0<g<oo. (1.250)

This corresponds to the left-hand sides of (1.244) and (1.245). Again we have a
monotonicity of the integrals in (1.240)—(1.243) with respect to u. This suggests
the following refinement: The couple
1+ n +’Vl
CcBpy " = (EcBp " ()u),  0<p<oo 1<g<oo, (1.251)

is called the continuity envelope of B;tjp (R™) with (1.249) if w is the infimum of
all numbers v with 0 < v < oo for which there is a constant ¢, such that

1/v

/ ( &(f’t)')v y <ellf 1B "R (1252)
0

|log t|1/4 t|log t|

for all f € Bll,; ’ (R™) (with the indicated modification if v = cc). By the above
Theorem 1.81 and the above explanations one has

(’ECB;;P = (\logt\1/4’7q>’ 0<p<oo, 1<gqg<oo, (1.253)
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and the above infimum is a minimum. Similarly one gets
147 /
CoFpy * = (Ilogtll/p,p), l<p<oo, 0<gq<oo. (1.254)

Finally we remark that one can replace @W(f,t) in (1.248) by |V f|*(t) with the
same outcome in (1.249)—(1.254).

1.9.4 The sub-critical case

The sub-critical case is characterised by (1.199), the dashed line in Figure 1.9.1.
So far we have the sharp embeddings (1.200), (1.201) and the classical refinements
described in Theorem 1.75. Otherwise we follow the scheme of the two preceding
Sections 1.9.2 and 1.9.3.

Theorem 1.84. Let 0 < ¢ < 1 and 0 < u < oo. Let » be a decreasing positive
function on (0,¢]. Let

l1<r<oo, s5>0, s— " =-"" and 0 < q< oo, (1.255)
D T

(the dashed line in Figure 1.9.1).
(i) Then there is a constant ¢ > 0 such that for all f € By (R"),

c 1/u

[(werre) ) <elsiBE (1.256)
0

if, and only if, simultaneously ¢ < u < co and s is bounded.
(ii) Then there is a constant ¢ > 0 such that for all f € F; (R"),

c 1/u

[Gwerro) | <elrimey s
0

if, and only if, simultaneously p < co, p < u < 0o and » is bounded.

Remark 1.85. The technical explanations are the same as in Remark 1.79 in con-
nection with Theorem 1.78. This applies to the counterpart of (1.229) and to the
monotonicity of the integrals in (1.256), (1.257) with respect to u. We have in
particular,

€ 1/q

swp e/ @y <c | [ (0rrw) ) <elrim,E 0

o<t<e t
0
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and
e 1/p

swp 1/ @y < | [(#rrw) ) < EL DL a2

0<t<e t
0

These inequalities cover in particular (1.200), (1.201), and also (1.213)—(1.215).

Remark 1.86. Let Eg A7 (t) be the growth envelope function according to (1.233)
with (1.232) (which coincides with (1.255)). Then

Ecls ()=t O<t<e (1.260)
As before, the couple
CqAs, = (EaAs (), u), with  (1.255), (1.261)

is called the growth envelope of A5 (R™) if u is the infimum of all numbers v with
0 < v < oo for which there is a constant ¢, > 0 such that

e 1/v

r * v dt S n

[Errw) ] el (1.262)
0

for all f € A5 (R"). By the above theorem and the monotonicity of the integrals

in (1.262) with respect to v it follows that

€oBS, = (t—l/’”,q) and  EoFS, = (t_l/r,p). (1.263)

We refer to [Trie], Section 15, for complete proofs and further inequalities.

1.9.5 Some generalisations and further references

In the present book envelopes will play only a marginal role. As had been said the
whole theory started in a systematic way and from a wider point of view in [Har01],
[Har02]. Based on these papers, some of our own contributions, and numerous
forerunners, we presented this theory in detail in [Trie], Chapter II, restricted to
the spaces B;, (R™) and Fj;, (R"), and to the three distinguished cases considered:
sub-critical, critical, super-critical. So far we gave only very few references, mostly
in Remark 1.77 in connection with the classical refinements described in Theorem
1.75. In [Trie] we collected in a (as we hope) balanced and rather comprehensive
way the corresponding literature. We refer to the Sections 11.8, 13.5, 14.7 and
15.5 in [Trie]. Furthermore there is a close connection between growth envelopes
and Hardy inequalities. We do not give a description of this subject here and refer
to [Trie], Section 16, where one finds also the corresponding literature. However
we wish to complement the references given in [Trie] by some more recent papers
especially in connection with more general spaces. Very first comments may be
found in [Trie], Sections 17.2-17.4. Detailed descriptions of the state of the art
and many references may be found in the book [Har06] and in [Har05].
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The classical assertion (1.219) and the sharp inequalities (1.244), (1.245) suggest
that we generalise the spaces Lip(R"™) normed according to (1.196) by spaces
Lip®" =% (R") with a > 0, normed by

— n & 9 t

I it @) = sup [ £()] + sup ) (1.264)
zERN 0<t<e |10gt|

where 0 < ¢ < 1. Here w(f,t) are the divided differences according to (1.195).

Then one gets as a consequence of Theorem 1.81 and Remark 1.82,

BH_H (R") — Lip" = (R")  if, and only if, a>1/¢, (1.265)

and
Fod " (R") — Lip"~®(R")  if, and only if, a >1/p/, (1.266)

under the same restrictions for p and ¢ as in Theorem 1.81. One may ask what
happens if one replaces R™ in (1.265) and (1.266) by a bounded domain (com-
pactness of the embeddings, approximation numbers, entropy numbers etc.). The
relevant papers are [EAH99], [EAH00], [Har00].

In this book we are mainly interested in the spaces B, (R") and F};, (R") as intro-
duced in Definition 1.2 (occasionally we deal with respective spaces on domains,
anisotropic and weighted spaces). But for some thirty years there has been a grow-
ing interest in spaces of generalised smoothness. We refer to [Mer84], [CoF88] and
the surveys [KaL87], [Liz86], [KuN88] reflecting the extensive Russian literature
up to the end of the 1980s. More detailed references especially in connection with
the work of M.L. Goldman and G.A. Kaljabin may be found in [FaL01], [FaL04].
As for spaces of variable smoothness one may also consult [Bes05] and the refer-
ences given there. We concentrate here on those spaces of generalised smoothness
which are directly related to our approach and to the theory of envelopes.

A positive decreasing or increasing function ¥ on the interval (0,1] is called ad-
missible if

T2 ~W(27%),  jeN,. (1.267)
One may typically think of
U(t)=(1+|logt))’, te(0,1], beR. (1.268)

Then the spaces BI(,Z’\P) (R™) and FISZ"L)(R") generalise the spaces Bj (R") and
F;,(R™) as introduced in Definition 1.2 for the same parameters s, p, q as there
and with 27*¥(277) in place of 2/%, hence for the corresponding B-spaces,
- 1/q
1 1BS ™ Rl = [ D 27°0w @) (05 /)Y IR | (1.269)
j=0

and similarly for the F-spaces. The interest in these spaces comes from fractal
geometry when generalising so-called d-sets by (d, ¥)-sets and playing the corre-
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sponding fractal drums. Then one needs the above spaces of generalised smooth-
ness. The first step was done in [EAT98]. But the complete theory of the spaces
BS (R™) and Fio™") (R™) is due to S. Moura in connection with her disserta-
tion, [Mou99], [MouOla], [MouO1b]. In recent times both growth envelopes and
continuity envelopes for these spaces have been considered. We refer to [CaM04a],
[CaM04b], [HaM04] and [CaHO04]. Sharp (local and global) embeddings for (frac-
tional) logarithmic Sobolev spaces and logarithmic Besov spaces may be found in
[OpT03] and [GuOO05]. This has been generalised in [GuO06] to spaces B5;” where
b is a slowly varying function.

One can replace 27¢ in (1.17), (1.19) or 2/5¥(277) in (1.269) by more general
sequences o = (0;)52, of positive numbers o; such that for some dy > 0 and
d; >0,

dooj < 011 < dioj,  j € No. (1.270)
Hence the corresponding spaces By, (R") are quasi-normed by
oo 1/q
1185, Rl = | D a5 1(0s DY Ly @I | (1.271)
j=0

Similarly for the F-spaces. The interest in these generalisations comes again from
fractal geometry, so-called h-sets and related function spaces. We refer to [Bri04].
But we return later on to this subject in greater detail. Growth envelopes for
these spaces have been studied in [BrMO3]. So far the original spaces B, (R")
and F,, (R") according to Definition 1.2 but also the generalisations according to
(1.269) and (1.271) are based on the dyadic resolutions of unity, (1.14)—(1.16). Let
N = (N;)72, be a sequence of positive numbers such that there are two numbers
1 < Ao < A1 with

AoN; < Njp1 < MNj,  j € No. (1.272)
Then it makes sense to replace 2* in (1.15) by Ng, hence,
0j(x) = go(N;'w) — go(N;hz), xeR", jeN. (1.273)

One has again (1.16). Identifying ¢; in (1.271) with the functions ¢; from (1.273)
one gets spaces B,V (R") and their counterparts F: (R™). This is a somewhat
rough description. For greater details and more precise formulations we refer to
[FaL01], [FaL04]. There one finds many references, especially to the Russian school
and, in particular, to the work by M.L. Goldman and G.A. Kaljabin. The interest
in this generalisation comes from the classical theory and the study of modified
B-spaces, where for example, |h|7*|AJ" f| in (1.13) is replaced by A(|h|) |A* f| for
suitable functions A. This results on the Fourier side in the replacement of 2 by N;
with (1.272). The comprehensive papers [FaL01], [FaL04] are largely self-contained
surveys about these spaces BN (R") and F2;" (R™) on an advanced level covering
Littlewood-Paley assertions, duality, atomic representations and local means. This
has been completed recently ind [Mou05]. Growth envelopes for these spaces have
been considered in [CaF05] and [CaL05].
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Quite obviously, envelopes produce very sharp embedding assertions, for example,
of type (1.265), (1.266). Furthermore when one restricts these spaces to bounded
domains 2, hence B, (Q2) and F};,(2), then envelopes can also be used to say
something about compactness, as well as on the related approximation numbers
and entropy numbers. We refer to [CaH03], [HaMO04], [CaH04]. Finally we wish to
mention that function spaces of variable and generalised smoothness play a crucial
role in probability theory and the theory of stochastic processes. The relevant key
words are continuous negative definite functions, Bernstein functions, Dirichlet
forms (on fractal sets) and Markov processes. We refer in this context to [FaJ01,
FJS01a, FJS01b, FaL04, KnZ06] and the books by N. Jacob [Jac01, Jac02, Jac05].

1.10 A digression: How to measure compactness
in quasi-Banach spaces

Later on we study in detail compact embeddings between function spaces defined
on bounded domains in R", or between corresponding weighted spaces on R".
Furthermore we continue our considerations in [Trid] and [Trie] on fractal elliptic
operators in R™, concentrating on the distribution of corresponding eigenvalues
and properties of related eigenfunctions. Both topics are based on the abstract
theory of entropy numbers and approximation numbers of compact mappings be-
tween quasi-Banach spaces and their relations to spectral theory. We give a brief
description of what is needed later on, fixing also some more general notation.

A quasi-norm on a complex linear space B is a map || - |B|| from B to the non-
negative reals Ry such that

|z |B|| =0 if, and only if, z =0, (1.274)
1Az |B|| = |\ ||z | Bl for all A € C and all z € B, (1.275)

and there is a constant C' such that for all z € B and y € B,
|z +y B[l < C (=Bl +lly | BI)- (1.276)

Plainly, C > 1. If C = 1 is allowed then || - |B|| is a norm in B. As usual, B is
called a quasi-Banach space if every Cauchy sequence with respect to || - |B|| is a
convergent sequence.

Given any p € (0, 1], a p-norm on a complex linear space B is a map ||- |B|| — Ry
which satisfies (1.274), (1.275), and instead of (1.276),

le+y[BlI” <= [Bl[" +|y[BI"  for zeB, yeB. (1.277)

Any p-norm is a quasi-norm. Two quasi-norms || - |B]|; and || - |B||2 on B are said
to be equivalent if there is a constant ¢ > 1 such that for all x € B,

¢z [Blly < [l [Bll2 < |z |Bl1. (1.278)
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If || - |B]1 is a quasi-norm on B, then there exists p € (0, 1] and a p-norm || - | B2
on B which is equivalent to || - |B]];. We refer to [Kon86], p. 47 or [DeL93], p. 20,
for a proof of this non-obvious assertion.

Let A, B be quasi-Banach spaces and let T : A — B be linear. Then T will be
called bounded or continuous if

IT|| =sup{||Ta|B| : a€ A, |a|A|| <1} < 0. (1.279)

The family of all such operators will be denoted by L(A, B) or L(A) if A = B. We
use the notation

T: A— B if,and only if, T € L(A,B). (1.280)

Otherwise we use standard notation naturally extended from Banach spaces to
quasi-Banach spaces. Let

Us={acA: |a|A| <1} (1.281)

be the unit ball in the quasi-Banach space A. An operator T' € L(A, B) is called
compact if TU 4 is precompact in B. The classical Riesz theory for compact oper-
ators T € L(B) can be extended from Banach spaces to quasi-Banach spaces. We
refer to [ET96], pp. 3-7. In particular, let T € L(B) be compact and let o(T) be
its spectrum.

Then o(T)\{0} consists of an at most countably infinite number of eigenvalues of
finite algebraic multiplicity which accumulate only at the origin.

Of interest is the distribution of the eigenvalues of compact operators. This is
closely related to two distinguished sequences of numbers: entropy numbers and
approximation numbers.

Definition 1.87. Let A, B be quasi-Banach spaces and let T € L(A, B). Let Uy be
the unit ball in A according to (1.281).

(i) Then for all k € N the kth entropy number ex(T) of T is defined as the
infimum of all € > 0 such that

2k71

T(Ua) C U (bj +eUp) for some bi,...,bgr—1 € B. (1.282)

j=1
(ii) Then for all k € N the kth approzimation number ap(T) of T is defined by
ap(T)=inf{|T—L| : L€ L(A,B), rankL <k}, (1.283)

where rank L is the dimension of the range of L.
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Remark 1.88. Both entropy numbers and approximation numbers in Banach
spaces have a long and substantial history. We do not go into detail here and refer
to [Pie80], [Kon&6], [Pie87], [EAE8T7], [CaS90], [LGMI6], [ETI6]. We followed here
[ET96] where the corresponding theory had been extended from Banach spaces to
quasi-Banach spaces. We list a few properties needed later on restricting us to the
bare minimum and referring again for detailed proofs to [ET96].

Proposition 1.89. Let A, B, C be complex quasi-Banach spaces, let S € L(A, B),
T € L(A,B) and R € L(B,C). Let hy be either the entropy numbers ey, or the
approximation numbers ay.
(i) Then
1T > 7i(T) = ho(T) > - - (1.284)

with | T|| = a1(T). Furthermore, T is compact if, and only if, ex(T) — O for
k — oo.

(ii) For allk e N, [l €N,
hr1—1(R o S) < hi(R) hy(S). (1.285)
(iii) If B is a p-Banach space, 0 < p < 1, then for all k € N and | € N,
R 11 (S+T) < hi(S) + h{(T). (1.286)

Remark 1.90. Proofs may be found in [ET96]. To avoid a misunderstanding: Ay, in
(1.284)-(1.286) is either always ey, or always ax (no mixed inequalities). In (1.284)
one has ||T|| = a1(T), but not necessarily ||T|| = e1(T) in case of quasi-Banach
spaces.

The following interpolation result for entropy numbers will be of some service for
us. We assume that the reader is familiar with basic assertions for real interpolation
as it may be found in [Tria, Section 1.3, pp. 23-27] or [Trif, Section 2.4.1, pp.
62-64].

Proposition 1.91.

(i) Let A be a quasi-Banach space and let { By, B1} be an interpolation couple of
quasi-Banach spaces. Let 0 < 6 < 1 and let By be a quasi-Banach space such
that

ByN By — By — By + By (naturally quasi-normed) (1.287)

and
16 |Bal| < [|b|Bol|* = ||b|B1||® for all b€ By N By. (1.288)

Let T € L(A, BoN By). Then there is a number ¢ > 0 such that for all k € N,

eap(T: A — Bp) <cep (T: A By)-el(T: A~ By). (1.289)
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(ii) Let {Ag, A1} be an interpolation couple of quasi-Banach spaces and let B be
a quasi-Banach space. Let 0 < 0 < 1, 0 < ¢ < o0 and A = (Ao, A1)gq-
Let T : Ag + A1 — B be linear such that its restriction to Ag and Ay are
continuous. Then its restriction to A is also continuous and there is a number
¢ > 0 such that for all k € N,

eox(T: A B) <ce, (T : Ay« B)-€e(T: Ay — B). (1.290)

Remark 1.92. We refer to [ET96], Section 1.3.3, pp. 15-18, for a sharper assertion
where we cared also for some constants. It goes back to [HaT94a]. In case of

Banach spaces it has some history where one finds the necessary references in
[ET96], p. 13.

Theorem 1.93. Let T € L(B) be compact and let {\;(T)}ken be the sequence of all
non-zero eigenvalues of T, repeated according to algebraic multiplicity and ordered
so that

A (T)| > [X2(T)| > -+ > 0. (1.291)
(If T has only M eigenvalues then we put A\, (T) =0 if m > M.)
(i) Then
AR (T)| < V2er(T), keN. (1.292)

(ii) If, in addition, B = H is a Hilbert space, and if T is self-adjoint, then
IMe(T)] = ar(T), k e N. (1.293)

Remark 1.94. A proof of the well-known assertion (1.293) may be found in
[EAE87], Theorem I1.5.10, p. 91. Recall that (1.292) is Carl’s inequality proved
for Banach spaces in a wider context in [Carl81]. The alternative proof given in
[CaT80] was extended in [ET96], Section 1.3.4, pp. 1821, to quasi-Banach spaces.

1.11 Function spaces on domains

In this subsection we collect some properties of function spaces of type B, ()
and Fy,(€2) on bounded domains 2 in R and prepare our later more specific con-
siderations in Chapter 4. We are mainly interested in bounded Lipschitz domains.
But first we deal with those assertions which remain valid also for more general
bounded domains.

1.11.1 General domains: definitions, embeddings

We fix some notation. Let € be an arbitrary domain in R". Domain means open
set. Then L, () with 0 < p < oo is the quasi-Banach space of all complex-valued
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Lebesgue measurable functions in € such that
1/p

I 1L = /If(x)l”dl‘ (1.294)
Q

(with the usual modification if p = 00) is finite. As usual, D(Q2) = C§°(Q2) stands
for the collection of all complex-valued infinitely differentiable functions in R"
with compact support in . Let D’(Q) be the dual space of distributions on €.
Let g € S'(R™). Then we denote by g|Q its restriction to €,

gl e D'(Q) = (9l)(p) =g(p) for ¢ € D(Q). (1.295)

Let Aj (R™) be the spaces introduced in Definition 1.2 where either A = B or
A=F.

Definition 1.95. Let 0 be a domain in R™. Let s € R, 0 < p < 00,0 < g < 0
(with p < 0o for the F-spaces).
(i) Then A3, () is the collection of all f € D'(Q) such that there is a g €
A3 (R™) with g2 = f. Furthermore,

1/ 1454 ()l = inf [lg | A7, (R™)]], (1.296)

where the infimum is taken over all g € A, (R™) such that its restriction g[S
to Q coincides in D'(Q) with f.

(ii) Then A, () is the completion of D(2) in A} ().

(iii) Then gf,q(Q) is the collection of all f € D'(Y) such that there is a

9 € A3 (R") with g|Q=f and suppgC Q. (1.297)

Furthermore, | f \ggq(Q)H is given by (1.296) with ZZQ(Q) in place of A ()
where the infimum is taken over all g with (1.297).
(iv) Let g;q(Q) be the closed subspace of A5 (R™) given by

A () ={f € A3, (R") : supp f C Q}. (1.298)

Remark 1.96. By standard arguments it follows that all these spaces are quasi-
Banach spaces (Banach spaces if p > 1 and ¢ > 1). Spaces on domains have been
considered from the very beginning of the theory of function spaces and almost
all books and papers listed in the introductory Section 1.1 deal also with spaces
on domains. In [Trie, Sections 5 and 6] we studied spaces of the above type in
detail under the assumption that €2 is a bounded C'*° domain. We relied there on
[Tri99]. The related classical theory may be found in [Trice, Chapter 4]. In [Tri02a]
we extended this theory to bounded Lipschitz domains. We return to this subject
in Section 1.11.6 below. As far as classical Sobolev spaces W, (€2) with 1 < p < o0,
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m € N, and special Besov spaces B,,(§2) with 1 < p < co and 0 < s # N in non-
smooth domains are concerned we refer also to [Gri85]. Otherwise in what follows
we rely partly on [Tri02a] concentrating us first on the spaces A3 (£2) and shifting
more detailed assertions for the spaces in the parts (ii)—(iv) of the above definition
to Section 1.11.6.

Some assertions for the spaces A3 (R™) can be extended to the spaces A7 () as
an immediate consequence of the above definition. This applies in particular to
embeddings. We mention a few of them.

(i) Let s€ R, 0 < p < 00, and ¢, u, v € (0,00]. Then

B3, () — F5, () — B3, () (1.299)
if, and only if, 0 < u < min(p, ¢q) and max(p,q) < v < oco.
(ii) Let
seER, 0<py<p<p <0, So—n:s—n:sl—n (1.300)
Po b P
and ¢, u, v € (0,00]. Then
B;gu(Q) — F;q(ﬂ) — B;iv(Q) (1.301)
if, and only if, 0 < u < p < v < oo with p < co.
(iii) Let
n n
soER, O0<pg<pi<oo, S— =s8— , (1.302)
Po P
and u, v € (0,00]. Then
F0,(Q) = F2,(Q). (1.303)

The ‘if’-parts of these embeddings with R" in place of  may be found in [Trif],
pp. 47, 129, 131, and in [Jaw77], [Fra86a] as far as (1.301) is concerned. As for
the respective ‘only-if’-parts we refer to [SiT95]. A short description and further
embeddings may also be found in [ET96], Section 2.2.3, pp. 43-45. These assertions
extend immediately from R™ to (.

1.11.2 General domains: entropy numbers

If Q is a bounded domain, then one may ask whether the embeddings mentioned
in Section 1.11.1 are even compact. But this is not so in the listed limiting cases.
However the situation is much better if one replaces the equalities in (1.300) by
strict inequalities. Recall that e are the entropy numbers according to Defini-
tion 1.87.
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Theorem 1.97. Let Q be an arbitrary bounded domain in R™. Let pg, p1, qo, g1 €

(0, 00], and
n n

—00 < §1 < 8¢ < 00, So — >8] — . (1.304)
Po b1
Then the embedding
id : By, (Q) = By, () (1.305)
is compact and
en(id) ~k= =", keN (1.306)

Remark 1.98. This theorem has a substantial history which may be found in
[ET96], Section 3.3.5, pp. 126-128, which will not be repeated here. The first
complete proof for bounded C*° domains may be found in [ET96], Section 3.3,
pp. 105-118, based on [EAT89], [EAT92]. An extension of this assertion to more
general bounded domains was given in [TrW96] and in [ET96], Section 3.5, pp.
151-152. The above version coincides with [Trid], Theorem 23.2, p. 186. We use
~ here and in the sequel,

a(z) ~ b(x) or aj ~ b (1.307)

for two positive functions a(z) and b(x) or for two sequences of positive numbers
ar and by with k£ in some countable index set if there are two positive numbers ¢
and C such that

ca(r) < blz) < Ca(z) or cap < b < Cag (1.308)

for all admitted variables « and k. By (1.299) one can replace B in (1.305), (1.306)
by F. It is well known that (1.304) is also necessary for compact embeddings. One
may consult the beginning of the proof of Proposition 6.29 below.

1.11.3 General domains: atoms

So far Definition 1.95 and Theorem 1.97 apply to arbitrary bounded domains. But
this generality is somewhat doubtful. For example, let g be a continuous function
on R™. Then, of course, f = g|Q can be extended continuously to 2. Coming that
way, isolated points, or surfaces of lower dimensions within the open interior of 2
are completely ignored. If g is a singular distribution then the situation might be
a little bit more delicate. Nevertheless it seems to be reasonable to assume that €2
can be recovered by taking the interior (inner points) of its closure, hence

Q = int (). (1.309)

We refer to [TrW96] for further details and discussions. It was the main aim of
this paper to give intrinsic characterisations of the spaces introduced in Definition
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1.95 by using atoms in domains under minimal assumptions for €. This can be
done for the spaces

1
By, (); 0<p<oo, 0<g<oo, s>ap:n<p—1> , (1.310)
+

only assuming that the bounded domain (2 satisfies in addition (1.309). If s < o,
or in case of the spaces Fj, (€2) one needs a few additional mild restrictions. We
refer to [TrW96]. We presented this theory also in [ET96], Section 2.5, in detail,
but without proofs. We do not repeat this description here, but restrict ourselves
to the spaces in (1.310). This illustrates how well this theory fits in the scheme of
atomic decompositions according to Section 1.5. First we introduce some relevant
notation. For this purpose we adapt Definition 1.21 and the sequence spaces by,
according to Definition 1.17 appropriately.

Now we always assume that €2 is a bounded domain in R"™ satisfying (1.309). Let
0 <o =[o]+{o} with [0] € Ny and 0 < {0} < 1. According to Definition 1.95
the Holder-Zygmund space C7(2) is the restriction of C7(R") = BZ . (R") on
Q, where one may assume that the latter is normed by (1.75). In particular any
f € C7() has classical derivatives D*f for |a| < [o] in © which can be extended
continuously to Q and

> s iza@l+ X s P OISO i@ s

]

la|<[o] la|=[c

is finite, where the supremum is taken over all z € Q, y € ) with & # y. In general
the two norms in (1.311) need not to be equivalent (correcting a corresponding
assertion in [TrW96, p. 658] and [ET96, pp. 60/61]). But C7(£2) can be normed in-
trinsically in the framework of Whitney extensions,[JoW84, pp. 22,44 /45], [Ste70,
p. 173]. Let

Q"={zeR": 27"2e€Q}, wveN, (1.312)

be the dilated domain Q. Let Q. and ¢ @, with ¢ > 1 be the same cubes in R"
as at the beginning of Section 1.5.1.

Definition 1.99. Let Q be a bounded domain in R"™ satisfying (1.309).
(i) Let 0<p<o0,0<qg<o0,c>1. Let

A={A\m €C: veNy, meZ" with cQum NQ # 0}, (1.313)
and
[e%s} Q ‘I/P 1/q
”)‘ ‘bpq(Q)” = Z ( Z ) |>\um|p> (1314)
v=0 meZL™

where the summation is restricted to the couples (v,m) according to (1.313).
Then
bpg(€2) = {A  [[A]bpg ()] < o0} (1.315)



1.11. Function spaces on domains 63

(ii) Let se R, 0<p<o0o,c>1,and 0 <o ¢ N. Thena : Q — C is called an
(s,p)o-atom if

supp @ C ¢Quim N for some v eNy, meZ”, (1.316)
with ¢cQum N # 0 and
a€Co(Q) with |a(277-)[CT(QY)] <2777, (1.317)

Remark 1.100. Part (i) is the counterpart of (1.64), (1.66). There is an obvious
counterpart fpq(£2) of fpe. Part (ii) is the adequate modification of Definition
1.21 without moment conditions. As before we write a,., if the (s, p),-atom is
supported by (1.316).

Theorem 1.101. Let Q be a bounded domain in R™ satisfying (1.309). Let 0 < p <
00, 0 < g < o0, and

op <s<ogN. (1.318)
Then B,,(S?) is the collection of all f € L1(S2) which can be represented as
> v,Q2
F=Y"0 " Amaum, A€ by(Q), (1.319)
v=0megzZn

where aym are (8,p)s-atoms according to Definition 1.99 for fized ¢ > 1. The series
on the right-hand side of (1.319) converges absolutely in L1(S). Furthermore,

[1f [Bpg (DI ~ inf [[A[bpq ()] (1.320)

are equivalent quasi-norms where the infimum is taken over all admissible repre-
sentations (1.319).

Remark 1.102. This follows from the presentation given in [ET96], pp. 63-65, and
the underlying paper [TrW96]. It is the direct counterpart both of Corollary 1.23
and Theorem 1.29. The absolute convergence in L1 () can be replaced by the
absolute convergence in L,.(Q) with 1 < r < oo and s — Z > —". The above
theorem covers the spaces in (1.310). In the case of B, (2) with s < o, or the
F-spaces one has similar assertions. Now one needs mild additional assumptions
about €2 and the atoms, satisfying some moment conditions. We refer for details
to [TrW96] and the report about these results given in [ET96], Section 2.5. In all
cases the mild additional conditions for €2 are of such a type that they are satisfied
for bounded Lipschitz domains which we are going to define now.

1.11.4 Lipschitz domains: definitions

Let 2 <n € N. Then
R™ 52+ h(z') €R (1.321)

is called a Lipschitz function (on R™ ') if there is a number ¢ > 0 such that

|h(z") = h(y')| < clz’ — 9| for all 2’ e R™™', ¢ e R"L (1.322)
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Definition 1.103. Let n € N.

(i) A special Lipschitz domain in R™ with n > 2 is the collection of all points
x = (2',x,) with ' € R"™" such that

h(z") <z, < o0, (1.323)

where h(x') is a Lipschitz function according to (1.321), (1.322).

(ii) A bounded Lipschitz domain in R™ with n > 2 is a bounded domain Q in R"
where the boundary 02 can be covered by finitely many open balls B; in R™
where j =1,...,J, centred at 02 such that

BjﬂQ:Bj ﬂQj with j=1,...,J, (1.324)

where ) are rotations of suitable special Lipschitz domains in R™.
(iii) A bounded Lipschitz domain in the real line R is the interior of a finite union
of disjoint bounded closed intervals.

Remark 1.104. Of course we always assume that bounded Lipschitz domains are
not empty. We describe briefly the so-called localisation method. If 2 is a bounded
Lipschitz domain in R™, then 99 can be covered by J balls B; = B(z7,r) centred
at 27 € 9Q and of radius r > 0. Let {¢p, ]‘-]:1 C S(R™) with 0 < ¢;(z) <1 be a
subordinated resolution of unity, hence

J
supp ¢; C By, Zgoj (z) =1 in a neighborhood of 992. (1.325)
j=1

Let A3, (©2) be a space according to Definition 1.95. Then ¢;f € A5 (Q) if f €
A3, (Q) and there is a number ¢ > 0 such that

15 f [ Apg (DI < el F A5 (D] forall  f e A7, (). (1.326)

This follows from the corresponding property for the spaces A3 (R") and Defi-
nition 1.95. Many properties for spaces of type A}, in domains can be reduced
with the help of this localisation method to local investigations. This applies in
particular to the above special Lipschitz domains and bounded Lipschitz domains.
But it is quite clear that it works also more generally.

1.11.5 Lipschitz domains: extension

Let © be an (arbitrary) domain in R™. Then by Definition 1.95 the restriction

operator re,
re (9)=g/Q:  S(R")— D'(Q) (1.327)

generates a linear and bounded operator

re s A3 (R") — A3 (Q) (1.328)
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for all admitted A = B, A= F and s, p, q. Of course, (1.328) is the restriction of
(1.327) to A;, (R™). But as usual this will not be indicated by additional marks.
This tacit agreement applies also to other related operators such as extension
operators or identification operators acting between diverse spaces. Simply by
definition there is a (non-linear) bounded extension operator from Aj () into
Az (R™). This is sufficient to prove Theorem 1.97 for arbitrary bounded domains.
But for many other problems it is desirable to know whether there is a linear and
bounded extension operator ext,

ext 1 A3 (Q) — A3 (R) (1.329)

such that
reoext =id (dentity in A7, (Q)). (1.330)

This is the so-called extension problem. If € is a bounded C*° domain in R"
then this problem has been solved in a satisfactory way in [Triv], Section 4.5, pp.
221-227. There one finds also the necessary references and historical comments,
including our own contributions. It is the first step to use the localisation method
as described briefly in Remark 1.104 and to reduce afterwards the problem via
local C*° diffeomorphic maps y = 1(x) to the half-space R, to construct there
explicitly linear extension operators from R’ to R", and to return afterwards to
the bounded C'*° domain. According to [Triy], Corollary 4.5.2, p. 225, one finds
in this way for any € > 0 a common (linear) extension operator ext®,

B (Q) — B3 (R"), |s|<e™l, e<p<oo, 0<q< oo,
ext® {7 v 1 (1.331)
F.(Q) = F5 (R"), [s|<e™, e<p<oo, e€<qg<oo.

Here common extension operator means that this operator is defined on the union
of all admitted spaces such that its restriction to one of these spaces is a linear
and bounded operator according to (1.331). But this method does not work in this
generality if 2 is a (special or bounded) Lipschitz domain. One has the localisation
method as described in Remark 1.104, but the reduction of the extension problem
to R} by diffeomorphic maps y = () works only under severe restrictions for
s, p, q- In general one needs other arguments. On the other hand, the extension
problem for bounded Lipschitz domains attracted a lot of attention since the 1960s.
By Calderén’s extension method (1960/61), combined with some interpolation,
one gets for bounded Lipschitz domains © in R™ the following assertion: For any
N € N, there is a common extension operator ext” for all spaces

H;(Q) and B, (€2), 0<s< N, 1<p<oo, 0<q<oo. (1.332)

We refer to [Tria], Section 4.2.3, pp. 312-315, where one finds also the necessary
references. This result was extended by E.M. Stein in [Ste70], p. 181, combined
with some interpolation, by constructing a common extension operator ext™ for
all spaces

Hy(Q) and B, (), s>0, 1<p<oo, 0<q<oo. (1.333)
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It will be of interest for us later on that Stein’s method works also for the Sobolev
spaces
WEQ) and WE(Q)  with ke N,. (1.334)

Afterwards, G.A. Kaljabin proved in [Kal85a], Theorem 1, that Stein’s extension
operator ext™ is also a common extension operator for all spaces

F;(Q), §>0, l1<p<oo, 1<g<oo, (1.335)

(and also for more general spaces). We refer also to [Kal83] and [KaL87]. The final
step is due to V.S. Rychkov in [Ry99b]. We call an extension operator universal
if it is a common linear extension operator for all spaces A; () according to
Definition 1.95.

Theorem 1.105. Let  be a bounded Lipschitz domain in R™. Then there is a
universal extension operator.

Remark 1.106. This universal extension operator is explicitly constructed in
[Ry99b] with [Ry98] as a forerunner. It is based on a Calderén reproducing for-
mula. This gives the possibility to decide intrinsically to which space A; () a
given element f € D'(Q) or f € re S'(R™) belongs: For the related quasi-norms
one needs only the knowledge of f in Q (and not of some g € S’(R") with g|Q2 = f).
We return to the problem of intrinsic descriptions later on.

1.11.6 Lipschitz domains: subspaces

We return now to the spaces introduced in Definition 1.95(ii)—(iv) under the as-
sumption that € is a bounded Lipschitz domain according to Definition 1.103.
We collect a few properties which will be useful later on, referring for proofs and
further details to [Tri02a].

(i) Let 0 < p < oo (p < o0 for the F-spaces), 0 < ¢ < co and
1 1
max ( -1,n( - 1)) < s < 00. (1.336)
p p

Then _ _
A;q(Q) = A;q(Q), (1.337)

and (hence)
1 1450 (@)] = [1f |1 45,R™)]l,  f € A3, (R"™), supp fC Q. (1.338)
(ii) Let
1 1 1
0<p<oo, 0<gqg< oo, max(p—l,n(p—l))<s<p (1.339)

and g > min(p, 1) for the F-spaces. Then
A7, () = A3, () = A7, (). (1.340)
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We refer to [Tri02a, Proposition 3.1]. Under the additional assumption that € is
a bounded C*° domain in R", 0 < p < 00, 0 < ¢ < oo,

1 1
s>n ( - 1) and s— &Ny (1.341)
P N P

one has ) _

A, () = A7 (). (1.342)
This has been stated in [Trie, 5.22, p. 69] with references to the original papers. But
it is a tricky subject. Assertions of this type for classical Sobolev-Besov spaces may
be found in [Tric, Section 4.3.2]. It is not possible to extend (1.341) to s—1/p € Ny,
[Tric, Section 4.3.2], [Trie, 5.23, p. 70]. There are many good reasons to consider
for bounded Lipschitz domains §2,

{A5,(Q), 1<p<oo, 1 <g<oo} (1.343)
with _ )
s (@) = {jg N
rq p’
as the right substitute of the scales of spaces A5 (R"). The overlap in (1.344) is
justified by (1.339), (1.340). We refer for further details to [Tri02a, Section 3].

(1.344)

1.11.7 Lipschitz domains: approximation numbers

Under the hypotheses of Theorem 1.97 we have the equivalence (1.306) for the
entropy numbers of the compact embedding (1.305). One may ask what can be
said for other quantities measuring compactness. Of interest for us are approxi-
mation numbers as introduced in Definition 1.87. But now one needs additional
information about the underlying bounded domain. If Q is a bounded C'*° domain
then one has a final answer with the exception of a few limiting cases. This can
be extended to bounded Lipschitz domains. Recall that by = max(b,0) if b € R.
Furthermore if 1 < p < oo then p’ is given by 117 + pl, =1.If 0 < p <1 then we
put p’ = co.

Theorem 1.107. Let Q be a bounded Lipschitz domain in R™. Let pg, p1, qo, q1 €

(0,00] and
n n

—00 < §1 < §p < 00, So — > 81— . (1.345)
Po b1
Then the embedding
id: B, (Q) — B (Q) (1.346)

18 compact. Let

(1.347)
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Then for k € N,

either 0 <po <p1 <2,

ar(id) ~ k=0+/m f or 2 <po<p <o0o, (1.348)
or 0<p1 <po < o0,
arp(id) ~ k™ if 0<po<2<pi<oo, A>1/2 (1.349)
and
an(id) ~ BT 0 py <2< pi<oo, A<1/2. (1.350)

Proof. 1f Q is a bounded C*° domain in R™ then the above assertions are covered
by [ET96], Section 3.3.4, p. 119, and [Cae98], Theorem 3.1, p. 387, where the latter
paper deals with the sophisticated case (1.350). Let Q be a Lipschitz domain and
let Qo and €2 be two open balls with

Qp C Q and QcC Q. (1.351)

Let exto be the extension operator according to Theorem 1.105, multiplied with
a suitable cut-off function such that

exto B3 (Q) < Bi (). (1.352)

Similarly extq, with respect to Qg. Let idg = id be given by (1.346), similarly
idg, and idg,. Then one has in obvious notation

idg = req oidg, o extg (1.353)

and
idQO =req, ° idg o extq,- (1354)

By Proposition 1.89 it follows that
cag(ida,) < ax(idg) < c ar(idg, ), k eN, (1.355)

for some ¢ > 0 and ¢ > 0. Now the above assertions for a(idg) follow from the
corresponding assertions for bounded C°° domains. g

Remark 1.108. With the exception of p; = co and A = 1/2 in (1.349), (1.350)
the theorem covers all cases. We return to a special case of the above theorem
later on in Chapter 4 when comparing sampling numbers introduced there with
approximation numbers and entropy numbers. Since all assertions in the above
theorem are independent of ¢p and ¢ it follows by (1.299) that one can replace in
the above theorem B by F' (with py < co and p; < o0). In particular the above
theorem holds also for the Sobolev spaces H;(£2) = F 5(2), extended to p < 1.
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Remark 1.109. The above proof extends a known assertion for bounded C'*° do-
mains to bounded Lipschitz domains by using (1.353), (1.354), and (1.355) where
the latter is based on Proposition 1.89. But there are many other numbers measur-
ing the compactness of mappings, including embedding operators of type (1.346),
at least in the case of Banach spaces, for example Kolmogorov numbers, Gelfand
numbers, Weyl numbers etc. One may consult the literature mentioned in Remark
1.88. One has to check whether these numbers can be extended to quasi-Banach
function spaces of the above type, in particular to the embedding (1.346) and
whether one has counterparts of Proposition 1.89. Then one can extend by the
above arguments corresponding assertions for bounded C'*° domains to bounded
Lipschitz domains.

1.11.8 Lipschitz domains: interpolation

We assume that the reader is familiar with the basic assertions of interpolation
theory. Let {4, A1} be an interpolation couple of complex quasi-Banach spaces.
Then

(Ao,Al)&q, 0<b< 1, 0<q<oo, (1356)

denotes, as usual, the real interpolation method based on Peetre’s K-functional.
Let
[A07A1]9, 0<0< 1, (1357)

be the classical complex interpolation method as introduced by A.P. Calderén
which is restricted to complex Banach spaces. Basic assertions about these in-
terpolation methods may be found in [Trie] and [BeL76]. One may also consult
[Trif], Section 2.4, and [Triy], Section 1.6. What follows might be considered as
a continuation of the last two references. Let I(Ag, A1) be either the real inter-
polation method for quasi-Banach spaces or the classical complex interpolation
method for Banach spaces. If A(R"™) is a given B-space or F-space according to
Definition 1.2 then A(2) stands for its restriction to €2 as introduced in Definition
1.95.

Theorem 1.110. Let Q be a bounded Lipschitz domain in R™. Let I be either the
real interpolation method for quasi-Banach spaces or the classical complex interpo-
lation method for Banach spaces. Let Ag(R™) and A1 (R™) be two admitted spaces
according to Definition 1.2 such that

T (Ap(R"), A1(R")) = A(R") (1.358)
results in a space A(R™) again covered by Definition 1.2. Then
T(40(9), 41(9)) = A(9). (1.359)

Proof. Step 1. To make clear what is going on it is sufficient to deal with an
example. Let

AR(R™) = B2k (R™), where k=0or k=1, (1.360)

P4k
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with p, g0, g1 € (0,00] and —oc0 < 59 < 81 < 00. Let
0<f0<1l, 0<g<oo and s=(1—0)sg+ 0s;. (1.361)
Then, according to [Trif3], Theorem 2.4.2, p. 64,
(B (R™), B3} (R"))g)q = B3, (R™). (1.362)

Pqo pq1

Hence A(R") = B, (R") in (1.358). We wish to prove that this interpolation
formula remains valid with € in place of R", this means

By () = B,,(Q), (1.363)
where we put temporarily

(B3, (), B3 (Q))g)q = By(N). (1.364)

2] pq1

Let re and ext be the restriction operator and extension operator according to
Theorem 1.105 and (1.330). Denoting the right-hand side of (1.362) by Bp(R") it
follows by the interpolation property for the spaces on R™ and on € that

11 1Bo(Q)|| = [re o ext f |By(Q)]]

(1.365)
< cllext f|Bo(R™)|| < ¢ || f [Ba()]-

Hence
£ 1Ba () ~ llext f | By (R™)|| ~ [|f [Bpg (V)] (1.366)

and (1.363). Then (1.364) proves (1.362) with € in place of R".

Step 2. In the same way one gets (1.359) from (1.358), the extension property and
the interpolation property. O

We fix a few examples.
Corollary 1.111. Let Q be a bounded Lipschitz domain in R™. Let 0 < 6 < 1.
(i) Let qo, q1, q € (0,00]. Let —o0 < 509 < 81 < 00 and

s =(1—0)so+0s1. (1.367)
If 0 < p < oo, then
(Bpo (), Byi, (), = By () (1.368)
and if 0 < p < oo, then
(Fpny (), Fya (), = Bpg(9)- (1.369)

(ii) Let po, p1, qo.q1 € (1,00), sp € R, s1 € R and

1 1-6 0 1 1-6 6
— + s — —|— . (1.370)
p Do D1 q qo q1
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Let s be given by (1.367). Then

[Bogo (), Byrg, (D], = By, (Q) (1.371)
and
[F5000 (), Fly (D], = Fy (). (1.372)

Proof. This follows from Theorem 1.110 and the corresponding formulas with R"
in place of Q according to [Trif], Theorem 2.4.2, p. 64 for part (i) and [Tria],
Theorem 2.4.1, p. 182, and Theorem 2.4.2/1, pp. 184-185 for part (ii). O

Remark 1.112. There are many other interpolation formulas for spaces on R" in
[Trif], Section 2.4 and [Tria], Section 2.4. If they fit in the scheme of Theorem
1.110 then they can be carried over from R" to Q. If  is a bounded C*° domain
then this has been done in detail in [Tria], Section 4.3.1, p. 317 and in [TrifJ],
Section 3.3.6, p. 204. But it is also clear that one has for the complex method
some difficulties to incorporate limiting cases. For example, according to [Tric], p.
182, one can extend (1.371) (first on R"™ and then on ) if 1 < gp < 00,1 < ¢; < o0,
but not if g9 = ¢1 = oc.

Remark 1.113. In contrast to the real method, the complex method cannot be ex-
tended immediately from Banach spaces to all quasi-Banach spaces on an abstract
level. But several attempts have been made to circumvent the arising obstacles by
modifying the method and restricting the considerations from the very beginning
to the spaces A5 (R") and A7 (). We refer to [Trif], Section 2.4 (spaces on R™)
and Section 3.3.6 (spaces on bounded C'*° domains) for references and for our own
contributions. The outcome looks perfect, extending (1.371), (1.372) with R™ in
place of € to all parameters admitted for these spaces. However there is a drawback
since the interpolation property is not satisfied automatically but must be checked
from case to case (as we did in the applications in [Trif]). A new attempt had been
made in [FrJ90], §8, where one finds also further references. But the most promis-
ing extension of Calderén’s original complex interpolation method from complex
Banach spaces to the bigger class of so-called A-convex (analytically convex) com-
plex quasi-Banach spaces is due to O. Mendez and M. Mitrea, [MeMO00]. Restricted
to this subclass of quasi-Banach spaces the interpolation property is always valid.
Tt is one of the main aims of [MeMO00], Section 4, to prove that all spaces

Az (R™), seR, 0<p<oo, 0<gq<oo, (1.373)

with p < 0o if A = F, are A-convex quasi-Banach spaces. Let us use the notation
(1.357) also for this extended method. Again let Q2 be a bounded Lipschitz domain
in R™ and let ext be the universal extension operator according to Theorem 1.105.
Then we have (1.329), (1.330) for all spaces and

P=extore : AS (R™) — A7 (R™) (1.374)
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is a universal projector of A7 (R™) onto a complemented subspace of A3 (R™)
denoted by PA; (R™), and ext is an isomorphic map of A7 (£2) onto this subspace.
Then it follows from [MeMO00] and the corresponding arguments in [Tri02a], pp.
488/89, that Aj () are also A-convex quasi-Banach spaces to which the complex
interpolation method can be extended preserving the interpolation property. Hence
assertions proved in [MeMO00] for spaces on R" can be extended to corresponding
spaces on €.

Proposition 1.114. Let Q be a bounded Lipschitz domain in R™. Let 0 < 6 < 1.
Let po, p1, qo,q1 € (0,00), sop € R and s1 € R. Let s, p, g be given as in (1.367),
(1.370), respectively. Then

[Fog (), Fply, ()], = Fiy (). (1.375)
If, in addition so # s1, then
[Brog (), Byly, ()], = By (). (1.376)

Proof. The corresponding assertions with R™ in place of  are covered by [MeMO00],
Theorem 11, p. 520. Since the interpolation property is available one can now argue
in the same way as in the proof of Theorem 1.110. 0

Remark 1.115. One can include a few but not all limiting cases where gy = oo or
¢1 = oo and, in case of the B-spaces, py = oo or p; = oo. We refer to [MeMO00] for
details.

1.11.9 Characterisations by differences

First we recall a few known characterisations of some spaces on R" in terms of
differences and describe afterwards the modifications if R™ is replaced by bounded
Lipschitz domains.

Let AMf be the differences in R" according to (1.11), where M € N. Then for
0<u<oo,

1/u
Ay fla)y =t / |AM f(2)|" dh , TER" t>0, (1.377)
|nl<t

(with the usual modification if u = oo) are ball means. Let p = max(1, p) and

LR = [ 1Lp (R + I F[Lp(R)]]-
Theorem 1.116.
(i) Let
1

0<p<oo, 0<gqg<Loo, n(
p

—1) <s<MEeN. (1.378)
+
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Then B, (R") is the collection of all f € L,(R"™) such that
1 1/q

- s Lt
IS 1@ + ([ sup 1837 |2, R
) IhI<t

<oo  (1.379)

(modification if ¢ = 00) in the sense of equivalent quasi-norms.
(ii) Let 1 <r<oo,0<u<r and

1 1
0<p<oo, 0<gqg<oo, n(p_r) <s< MeN. (1.380)
+

Then B, (R") is the collection of all f € Linax(p,r)(R™) such that
1 1/q

- L Lodt
T s AT
0

< o0 (1.381)

(modification if ¢ = 00) in the sense of equivalent quasi-norms.
(iii) Let 1 <r <oo, 0 <u<r and

1
(P, q)
Then F,,(R™) is the collection of all f € Linax(p,r)(R™) such that

1
0<p<oo, 0<qg<oo, n( — ) <s<MeN. (1.382)
min r) .

1 1/q

1 LR + / o1 g, g yo

, IL,(R")|| < oo (1.383)
0

(modification if ¢ = 00) in the sense of equivalent quasi-norms.

Remark 1.117. Part (i) is covered by Theorem and Remark 3 in [Trif], pp. 110,
113, and an embedding theorem as far as the replacement of || f |L,(R™)|| in [Trif]
by ||f |Lp(R™)||* in the case of p < 1 is concerned. Otherwise it is an extension
and modification of the classical assertions (iv) and (v) in Section 1.2. The above
parts (i) and (iii) are covered by [Tri7y], Theorem 3.5.3, p. 194, where again the
replacement of ||f|L,(R™)|| by ||f|Lp(R™)||* in case of p < 1 is immaterial and
covered by embedding. Similarly as in Remark 1.20 in connection with atoms one
may ask to which extent the conditions (1.380) for the B-spaces and (1.382) for
the F-spaces are natural. This applies especially to the ¢g-dependence of (1.382).
But it has been proved recently in [ChS05, Section 6, Remark] that in case of
0 < ¢ < p < oo the condition (1.382) cannot be replaced by (1.380). We refer also
to Remark 9.15.

We wish to carry over these characterisations to a bounded Lipschitz domain 2.
For this purpose we have to adapt the differences A f and the ball means (1.377)
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to Q. Again let AM f be the differences in R™ according to (1.11) where M € N
and h € R". Let for x € Q,

(AN f) (x)_{(A?ff) (z) ifa+lheQforl=0,... M,
h,Q) -

. (1.384)
0 otherwise.

To modify the ball means in (1.377) we introduce for M € N, ¢ > 0 and z € €,
VMzt)={heR": |h|<tand z+7h e Qfor 0 <7< M}. (1.385)

This is the maximal open subset of a ball of radius ¢, centred at the origin, star-
shaped with respect to the origin, such that 2 + MV (z,¢) € Q. Then for 0 <
u < 00,

1/u

My = | ¢ / (AM @) dh | , zeq >0, (1.336)
heVM (g t)

(with the usual modification if © = oo) is the substitute of (1.377). It coincides
with [Triy], Definition 3.5.2, p. 193 (now for bounded Lipschitz domains). Again
let p = max(p, 1).

Theorem 1.118. Let Q be a bounded Lipschitz domain in R™.

(i) Letp, g, s, M as in (1.378). Then B,,(2) is the collection of all f € L,(2)
such that

1/q
dt

1
1@l | [ s Iafas @1 | oo (38)
[t

(modification if ¢ = 00) in the sense of equivalent quasi-norms.
(ii) Let 1 <u <r < oo and let p, q, s, M be as in (1.380). Then B, () is the
collection of all f € Lyax(p,r)(2) such that

1 1/q
. at
I1L@ I+ | [eorairin @l | <o s
0
(modification if ¢ = 00) in the sense of equivalent quasi-norms.
(iii) Let 1 <u <r < oo and let p, q, s, M be as in (1.382). Then F};, (S2) is the
collection of all f € Lyax(p,r)(2) such that

1 1/q

d
L@+ || [eraipey ]

, IL,(Q)| < o0 (1.389)
0

(modification if ¢ = 00) in the sense of equivalent quasi-norms.



1.11. Function spaces on domains 75

Proof. Step 1. Since () is bounded it follows by Hoélders inequality that

IS 1L~ L [ Lp (DN = [1f [Lp (D] + 1f [Lp ()]

for the counterpart of ||f|L,(R™)||* used in Theorem 1.116. Otherwise a proof of
part (i) may be found in [Dis03a]. We refer also to [Dis03b].

Step 2. Let
[f 1 Fpq( @ uwpr and || f1F5, (R™)[lu,ar (1.390)

be the quasi-norms in (1.389) and (1.383), respectively. Let f € F,, (). Then
by Definition 1.95 and the equivalent quasi-norm (1.383) there is an element g €
Fj (R™) with g|Q = f such that

1 15 (Dl ar < Mg 1 Fpg(R™)lu,nr < e |1 f [Fpg (D] (1.391)

where ¢ > 0 is independent of f. Similarly for B, ().

Step 3. As for the converse we rely on the intrinsic characterisation of F} (€2) in
Lipschitz domains in terms of local means according to [Ry99b], Theorem 3.2,
p- 251. As for the kernels of these local means one may choose the distinguished
kernels constructed in [Triv], Section 3.3.2, especially formula (10) on p. 175, which
can be estimated from above by

ct™ / |AM £(z)| dh. (1.392)

heVM(z,t)

However these arguments are very much the same as in [Dis03a|, which covers also
these estimates although not stated explicitly. Since u > 1 it follows by Hoélder’s
inequality that (1.392) can be estimated from above by d%jﬂ f. This proves the
converse of (1.391). Similarly for B, (£). O

Remark 1.119. Characterisations of the classical Besov spaces B, () with 1 <
p<o00,1 <q<oo,s > 0,insmooth bounded domains € in terms of the differences
A%Q have been considered extensively from the very beginning of the theory of
these spaces. Detailed descriptions of the results and the history may be found
in [Nik77] (first edition 1969), [BIN75], [Tric], Sections 4.4.1, 4.4.2, pp. 321-324,
and [Triv], Section 1.10.3, pp. 72-73. There one finds also many references to the
relevant literature, including extensions of this theory to more general domains,
especially bounded Lipschitz domains. We refer in particular to [Mur71]. As it has
been mentioned, part (i) of the above theorem is due to S. Dispa, [Dis03a]. But
there is an alternative way to justify assertions of this type. The Besov spaces
on bounded Lipschitz domains 2 in R™ (and even on more general domains) as
considered in [DeS93] are defined as subspaces of L,(€2) with 0 < p < co in terms
of the above differences A%Q. But if s > n(}l7 —1)4 then these spaces coincide with
the Besov spaces as considered here. This results in characterisations as in part (i)
of the above theorem. Comparing parts (ii) and (iii) of the above theorem with the
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respective parts in Theorem 1.116 we have now the additional restriction u > 1.
This comes from the reduction of these assertions to (1.392) and the application
of Holder’s inequality with respect to u. In case of bounded C*° domains ) in
R™ we proved in [Triv], Section 5.2.2, p. 245, the above parts (ii) and (iii) by
other means, where the restriction u > 1 was not needed. Hence in this case
one has a full counterpart of parts (ii) and (iii) of Theorem 1.116. Otherwise these
assertions have their forerunners in the case of Banach spaces, henceifp > 1,¢ > 1.
Some references may be found in [Triv], Section 10.4, pp. 73-75. We mention in
particular the work of the Russian school, [Kal83], [Kal85a], [Kal85b], [Kal88],
[KaL87], [Bes90].

1.11.10 Lipschitz domains: Sobolev and Holder-Zygmund spaces

For sake of completeness and for the possibility of later quotations we recall two
very classical distinguished assertions. First we extend the definitions of the clas-
sical Sobolev spaces and Holder-Zygmund spaces as mentioned in Section 1.2(ii)
and (iv) from R" to domains.

Definition 1.120. Let Q be a bounded Lipschitz domain in R".

(i) Let 1 <p<oo, k€N, and

IF W@l = Y 1D FIL, (). (1.393)
| <k
Then
W) ={f€LyQ) : [[fIWS(Q)] <oo}. (1.394)
(ii) Let0 < s < M € N and let
1F1C3()[ar = [1f [Loo ()| + sup [A] =% [(AY o ) ()] (1.395)

where A%Qf are the differences according to (1.384) and where the supremum
is taken over all x € Q and h € R™ with 0 < |h| < 1. Then

C*(Q) = {f € Loo(Q) = [[FIC°(D)]|ar < 00} (1.396)

Remark 1.121. These are the well-known Sobolev spaces ij (©) and Hélder-
Zygmund spaces C*(2) on domains. They are Banach spaces, where C*(Q2) is inde-
pendent of M (equivalent norms). The latter is well known but also a consequence
of what follows. If s ¢ N then the left-hand side of (1.311) is another equivalent
norm. According to (1.3), (1.4) and (1.10) one has

WY(R") = Fry(R")  where k€N and 1<p< oo, (1.397)

and
C*(R™) = BS . (R"), s> 0. (1.398)

Obviously, Wf(R"), including now p = 1 and p = oo, is defined as in Section
1.2(ii), (1.4).
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Theorem 1.122. Let Q be a bounded Lipschitz domain in R™.
(i) Let 1< p<oo, k€N, and s > 0. Then

Wy (Q) = Fy(Q) (1.399)

and
C*(Q) = B (), (1.400)
where FF,(Q) and C*(Q2) are the restrictions of the corresponding spaces on
R"™ to Q according to Definition 1.95.
(i) There is a common linear extension operator for all spaces W} () and C*(€)
with 1 <p<oo, k€N, and s > 0.

Proof. One obtains (1.400) as an immediate consequence of Theorem 1.118 and
(1.395). Furthermore, (1.399) with (1.397) is a very classical famous result. A short
proof and references may be found in [Tria], Section 4.2.4, p. 316. Finally Stein’s
extension operator in [Ste70], VI, §3, Theorem 5 on p. 181, can be taken as a
common extension operator for all spaces in part (ii). O

1.11.11 General domains: sharp embeddings and envelopes

Let © be a domain in R" and let A5 (€2) be the spaces as introduced in Definition
1.95. One can extend this method of definition of spaces by restriction to the
spaces at the beginning of Section 1.9.1. One gets C(Q2), C1(£), and Lip(€2). Then
Theorem 1.73 remains valid if one replaces there R™ by Q. This is almost obvious
for the if-part. The proof of the sharpness, the only-if-part, in Theorem 1.73 is
a local matter and applies to any domain Q. We refer to [SiT95]. Similarly one
can replace R" by © in Theorem 1.75 (classical refinements) and in Theorems
1.78 (critical case), 1.81 (super-critical case) and 1.84 (sub-critical case). In all
these cases the sharpness (only-if-parts) follows from local arguments. We refer
to the corresponding sections in [Trie]. One can also formalise these assertions by
introducing corresponding growth envelopes and continuity envelopes. Let

Eq.ads, () =sup {f*(t) « || f]A5, ()] <1}, 0<t<e, (1.401)
be the counterpart of g A5, (t) in (1.233) for the same spaces as there. Let
Ca oAl = (Ea.adp,(-),u) (1.402)

be the corresponding growth envelopes, the 2-counterparts of the related growth
envelopes as considered in Remarks 1.80 and 1.86. Then it follows that

QEG’QA;(] = GGAISHI (1.403)

with the specifications (1.238), (1.239) and (1.263). Similarly one gets in the super-
critical case in obvious notation

Coalp? = EcdAp ? (1.404)

with the specifications (1.253), (1.254).
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1.12 Fractal measures

1.12.1 An introduction to the non-smooth

To measure the smooth, means to measure the rough, or the fractality of objects
to put it in more fashionable terms. In the remaining subsections of this chapter
we describe some aspects of fractal measures and fractal elliptic operators, re-
lated fractal characteristics in R™ from the point of view of function spaces, and
glance at function spaces on quasi-metric spaces. As always in this introductory
chapter we collect some basic assertions accompanied by corresponding references
preparing our later more detailed considerations and describe a few distinguished
assertions. Quite understandably we wish to present an approach to fractal anal-
ysis via function spaces. But it seems to be reasonable first to set the stage by
saying a few words about the whole subject from a broader point of view including
some historical comments and quotations. We follow partly [Tri02b].

A.S. Besicovitch developed (together with only a few co-workers) over more than
forty years, from the early 1920s up to the late 1960s,

The Geometry of Sets of Points

(title of a book planned by him which remained unfinished when he died in 1970).
On this background a new branch of mathematics emerged in the last 25 years,
called nowadays fractal geometry as it may be found in the monographs [Fal85],
[Fal90], [Mat95], [Fal97] (to mention only a few). The word fractal was coined
by B.B. Mandelbrot in 1975. In contrast to Besicovitch, who developed a pure
inner-mathematical theory of non-smooth structures (complementing differential
analysis and geometry) Mandelbrot propagated the idea that many objects in
nature have a fractal structure which cannot be described appropriately in terms
of (differentiable) analysis and geometry. In particular he suggested the notion of
self-similarity, which found its rigorous mathematical definition in [Hut81] (1981).
Together with its affine generalisation IFS (Iterated Function System) it is a corner
stone of the recent fractal geometry and fractal analysis. Many attempts have
been made to say under which circumstances a set (maybe a set of points in R™)
should be called fractal. But there is no satisfactory definition, and fractal is now
widely accepted as a somewhat vague synonym for non-smooth (either the objects
themselves or the instruments admitted to deal with them). One has to say from
case to case which specific assumptions are made.

In the last decade, and in particular in the last few years, there are many new
developments in fractal geometry and now also in fractal analysis. But so far no
dominating directions and techniques emerged. Asking for adequate geometries
completely distinct from Euclidean geometry one finds in [Sem01], Preface:

They suggest rather strong shifts in outlook, for what kind of geometries are really
around, what one might look for, how one might work with them, and so on.
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This has been complemented by [DaS97], Preface:

The subject remains a wilderness, with no central zone, and many paths to try.
The lack of main roadways is also one of the attractions of the subject.

So far self-similarity and iterated function systems are outstanding tools in the
recent fractal analysis although it would be desirable to find more general ap-
proaches. In [Kig01], Introduction, p. 5, one finds the following description of the
state of the art:

Why do you only study self-similar sets? The reason is that self-similar sets are
perhaps the simplest and most basic structures in the theory of fractals. They
give us much information on what would happen in the general case of fractals.
Although there have been many studies on analysis on fractals, we are still near
the beginning in the exploration of this field.

According to the above quotations fractal geometry and fractal analysis search for
footpaths through the fractal wilderness. Our own contributions may be found in
[Trid] and [Trie]. It is one of the main aims of this book to continue these consider-
ations. This will be done in Chapter 7. Some preparations and some descriptions
are given in the present subsection and the following ones. They are based on
wider classes of fractal measures, which need not to be self-similar, and related
fractal elliptic operators. These considerations rely on building blocks of function
spaces, especially on quarkonial decompositions as described in Section 1.6. In
other words, we hope that the recent theory of function spaces as presented here
opens a new track in the fractal wilderness, somehow away from the fashionable
resorts of self-similarity and iterated function systems.

On the one hand, only in the last few decades has non-smooth or fractal geome-
try and analysis attracted attention on a larger scale. On the other hand it was
present in mathematics for a long time, either as (counter-)examples to enhance
the smooth analysis (such as the famous one-third Cantor set) or, surprisingly, as
an effective tool to handle smooth problems. One of the most spectacular proofs
of one of the most famous problems in mathematics is connected with twisted
(spiralling, [Nash54]) or what one would call nowadays fractal embeddings of ab-
stract structures in Euclidean spaces. J. Nash proved in [Nash54], [Nash56], that
every n-dimensional Riemannian C*° manifold can be isometrically embedded in
an Euclidean space RY with 2N = n(n + 1)(3n + 11). We refer to [Aub98], p.
123, for details. This goal was reached in [Nash56] based on the preceding paper
[Nash54]. The Cl-isometries treated in [Nash54] are related to fractal embeddings.
We quote from [Nas98], p. 158:

He (Nash) showed that you could fold the manifold like a silk handkerchief, with-
out distorting it. Nobody would have expected Nash’s theorem to be true. In fact,
everyone would have expected it to be false... There has been some tendency in
recent decades to move from harmonic to chaos. Nash says chaos is just around
the corner.
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Although different in detail but related in spirit there is a more recent analogue
of the technique used in [Nashb4], resulting in so-called snowflaked bi-Lipschitzian
embeddings of abstract homogeneous spaces (X, g, 1), consisting of a set X, a
quasi-metric o and a measure p (satisfying the doubling condition) into a high-
dimensional Euclidean space R" (Euclidean charts). This gives the possibility to
develop first a theory of function spaces on sets in R™ and to transfer the outcome
afterwards to homogeneous spaces (X, g, i1). We refer to Section 1.17 for a descrip-
tion of the basic material, including references, and to Chapter 8 for a detailed
study of function spaces on quasi-metric spaces.

1.12.2 Radon measures

We assume that the reader is familiar with basic measure and integration theory.
Short descriptions of what is needed here may be found in [Mat95], pp. 7-13,
[Fal85], pp. 1-6, and [Trid], pp. 1-2. However to avoid misunderstandings we recall
some notation and a few properties. We mostly assume that p is a Radon measure
in R"™ with

F'=supp pC{z: |z <1} and 0< pR") < oo. (1.405)

Let 0 < p < oo. Then L,(T', i) is the usual complex quasi-Banach space, quasi-
normed by

1/p

1/p
17 1L )] = /mmm«m - /uwwwm> (1.406)
n r

with the obvious modification if p = co. Recall that a Radon measure, say, with
(1.405), has the following approximation properties:

w(V)y =sup{u(K) : K CV; K compact} (1.407)
for any open set V in R", and
p(A) =inf{u(V) : ACV,; V open} (1.408)

for any pi-measurable set A in R". Let T},
T,: e [e@ndo),  oeSE. (1.409)
RTL

be the tempered distribution generated by p.
Proposition 1.123. Let p' and p? be two Radon measures with (1.405). Then

T =T, in S"(R") if, and only if, p' = u> (1.410)

Proof. Since S(R™) is dense in the Banach space Cp(R") of all complex-valued
bounded continuous functions on R" tending to zero if |2| — oo, one can interpret
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T, given by (1.409) as a linear and continuous functional on Co(R"™). Then it
follows by the Riesz representation theorem as stated in [Mall95], Theorem 6.6, p.
97, that p is uniquely determined. Hence we have (1.410). O

Remark 1.124. The above proposition can be extended immediately to all elements
of the spaces L1 (I, ) interpreting f € Lq(T", 1) as the complex (or signed) Radon
measure fu. This is also covered by [Mall95]. In particular one has for 1 < p < oo
the one-to-one relation between

f €Ly, pn and  fup e S'(R™). (1.411)

This justifies (as usual) the identification of p and f € L,(T', 1) with the corre-
sponding tempered distribution and to write

e S (R™) and feSs' (R, (1.412)

respectively.

1.12.3 The p-property

Properties of Radon measures in R™ have been considered in great detail both in
fractal geometry and in the theory of function spaces. As far as our own contri-
butions are concerned we refer to [Trid] and in particular to [Trie], Section 9. We
continue these considerations in Chapter 7. But it seems to be reasonable to give
a description of the general background now and to indicate a few assertions.

Let Qjm with j € Ny and m € Z" be the closed cubes in R" centred at 27/m and
with side-length 277*! (mildly overlapping each other for fixed j € Np).

Definition 1.125. Let p be a Radon measure in R™ with (1.405). Let 0 < p < oo,
0<qg<ooand A € R. Then

1/q

0 q/p
fng = | D27 ( > M(Qjm)p> (1.413)
j=0 mezm™
with the obvious modifications if p and/or q are infinite.
Remark 1.126. The behavior of quantities of type
S Qi) G oo (1.414)

mez”

has been studied since the late 1980s apparently somewhat parallel and inde-
pendently of each other both in fractal geometry (multifractal formalism) and in
the theory of function spaces (equivalent quasi-norms, traces of functions on sets
I' = supp u). In the multifractal analysis one asks typically for the behavior of

limsup; log( Z M(Qjm)p> (1.415)

J=ee mezZ”
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where log is taken to base 2 and 0 < p < oco. This is essentially the dyadic version
of the function 7(p) in [Heu98], p. 310, formula (1). But there are several modifi-
cations. The recent development of this theory may be found in [BMP92], [O1s95],
[Ngai97], [NBHO02]. Some aspects of multifractal analysis have been surveyed in
[Fal97], Chapter 11. Modifications may be found in [Str93], [Str94]. In the theory
of function spaces characterisations in terms of local dyadic means as described
in Section 1.4, Theorem 1.10 and Corollary 1.12 have been known since the late
1980s. Some references may be found in Remark 1.11. As will be detailed later on,
afterwards it is only a minor step to arrive at quantities of type (1.413). The first
explicit formulation of equivalent quasi-norms based on u;}q was given in [Win95]
and had been used afterwards by several authors. A discussion including some
references may be found in [Trie], p. 125. In [Trie], Section 9, we considered traces
of function spaces on fractal sets I' of type

try, : By, (R") — L.(I',p) (1.416)

for some r with 0 < 7 < oo. Then the quantities uz’}q (preferably with p > 1 and
A > 0) come in quite naturally. Such problems have a long history which may
be found in [Trie], Section 9. We refer in addition especially to [AdH96]. In this
connection there are always problems of type (1.414).

To provide a better understanding of what follows we complement the above con-
siderations by the following simple observation. Let

o, =min (O,n— Z) , 0<p<oo. (1.417)

Proposition 1.127. Let p be a Radon measure in R™ with (1.405).
(i) Then

pEBY L(RY)  and  [u]BY o (R™)] ~ u(R") (1.418)

with equivalence constants which are independent of fu.
(ii) Let 0 < p < oo. Then

either 0 <gqg<oo, A<o,, (1.419)
or q=o00, A=o0,, ’

tpg ~ W(R™) if {

with equivalence constants which are independent of fu.

Proof. Step 1. We prove part (i). By (1.15) and well-known properties of the
Fourier transform we have

(o) (@) = 200 [ (@M@ —y) pdy), KEN (L420)
R?’L
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Taking the L;-norm (with respect to x), complemented by an obvious counterpart
with (@opt)Y it follows by (1.17) that

peB) R and  p|B R <cp®").  (1421)

As for the converse we may assume that ¢ = ¢g in (1.14) is non-negative and
radially symmetric. Then ¢V is real in R” and positive in some ball centred at the
origin. If 11 has a support in a ball centred at the origin and of a sufficiently small
radius then we get

(1) (@) = [¥(x ~ ) uldy) = ¢ W(®Y) it o] < (1.422)
RTL

for some & > 0, where ¢’ > 0 is independent of these measures. Together with a
dilation argument one gets part (i).

Step 2. If 1 < p < oo and, hence, o, = 0, then one gets (1.419) from (1.413). If

0 < p < 1 then (1.419) follows from

1/p
( > M(Qjm)”> < e ST Q) ~ 27 u(R™). (1.423)

mezn mezn

O

Remark 1.128. We refer also to [Trie], Section 9.26, p. 146, where we discussed
further elementary properties of the quantities uz’}q introduced in (1.413).

Definition 1.129. Let 0 < p < oo (p < oo for the F-spaces), 0 < g < o0, s € R and

s— " =X—n. (1.424)
P

(i) Then B, (R™) is said to have the p-property if
pe By, R") < pu, <o (1.425)

for all Radon measures p with (1.405).
(ii) Then Fj (R™) is said to have the p-property if
peF,RY =, <oo. (1.426)
Remark 1.130. Obviously, (1.425) means that y is an element of By (R") if, and
only if, yip, with (1.424) is finite. Similarly, (1.426).
Theorem 1.131. Let 0 < p < 0o (p < oo for the F-spaces), and 0 < g < oco.
(i) Let s > 0. Then neither B, (R"™) nor F, (R"™) has the u-property.
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(ii) Let s <0. Then both B;,(R™) and F};,(R™) have the p-property. Furthermore
with X given by (1.424),

14| B (R™)|| ~ pipg (1.427)

and
10 | Egy(R™)|| ~ i, (1.428)

(equivalent quasi-norms where the equivalence constants are independent of
p with (1.405)).

Remark 1.132. This is a simplified version of Theorem 1 in [Tri03b]. We return to
this subject in Chapter 7 in greater detail, where we give a proof of this assertion
and discuss what happens on the critical line s = 0. Quite obviously according
to (1.418) the space BY (R") fits in this scheme. Then we have p = 1, ¢ = o0,
A = 0. This is a special case of

11| Bioo (R™)]| ~ (R™) i s = min <O,n C? - 1)) (1.429)

where 0 < p < oco. Furthermore we get for 0 < p < oo (p < oo in the F-case),
0 < g < oo, and A either B or F,

1|43, (R™)|| ~ u(R™) if s < min <O,n <; - 1)) . (1.430)

Both (1.429) and (1.430) are in good agreement with (1.419) and (1.424). Further
discussions are shifted to Section 1.14 below. The independence of the right-hand
side of (1.428) on ¢ is remarkable. It follows from the independence of the positive
cones of the corresponding spaces on ¢q. We give a formulation. First we recall that
f € F;,(R™) is called a positive distribution if

fle) >0 for any ¢ € S(R™) with ¢ >0. (1.431)
Then it follows from the Radon-Riesz theorem that f = p is a (not necessarily
compactly supported) Radon measure. We refer to [Mall95], pp. 61/62 and 71, 75.
+
The positive cone F'5 (R"™) is the collection of all positive f € F, (R").

Proposition 1.133. Let 0 < p < oo and s < 0. Then

+ +
Foq(R") =F;, (R") for 0<q < gz < o0 (1.432)

Remark 1.134. As has been said the positive cone of F; (R") consists entirely
of positive Radon measures. The history of the above assertion may be found in
[AdH96], p. 126. A proof restricted to 1 < p < oo and 1 < ¢1 < g2 < 00 was given
in [AdH96], Corollary 4.3.9, p. 103 (with a reference to an earlier paper by D.R.
Adams, 1989). The full proof is due to [JPW90] and [Net89].
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1.13 Fractal operators

1.13.1 The classical theory

Recall that this introductory Chapter 1 has several aims. First we wish to provide
the background on which the following chapters are built. Secondly we describe
some remarkable developments in the theory of function spaces and its applica-
tions in the 1990s in continuation of Chapter 1 in [Trivy] including some assertions
considered later on in this book in greater detail. Beginning with the preceding
Section 1.12 the remaining subsections deal with applications of function spaces
to non-smooth objects, first fractal measures, and now fractal elliptic operators
which leads in the following subsection to fractal characteristics of measures.

First we describe the classical background of boundary value problems for regular
elliptic differential operators restricting us to the simplest and most prominent
example, the Dirichlet Laplacian in bounded C* domains in the plane R?.

Let 2 be a bounded C* domain in the plane R? with the boundary 9Q. Let La(Q)
be the usual complex Hilbert space normed according to (1.294) with p = 2. Let

HY(Q)=WiQ)  where [€N, (1.433)

be the classical Sobolev spaces as briefly discussed in Section 1.11.10. In particular
we have (1.393) and (1.394) with p = 2. Let

HZ(Q) ={f € H*Q) : floQ =0} (1.434)
and )

HY Q) ={fec HQ) : f|lo2 =0}, (1.435)
where the latter space will be equipped with the scalar product

(f,9) i) = Z/axm : (1.436)

Here the trace f|0Q of f € H'(Q) with [ € N makes sense and has the usual
meaning. Recall that D(€2) = Cg°(Q) is dense in H'(2) (but not in H2(Q), which
explains the different way of writing). Furthermore, according to Friedrichs’ in-
equality there is a number ¢ > 0 such that

1/2

forall fe H'(Q). (1.437)

I 1Z2@)] < e Z/‘mm

In particular, (1.436) generates a norm. All this is well known and very classical and
may be found in many books, for example in [Tri72], Theorem 28.3, p. 385 (or p.
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357 in the English translation). In agreement with Definition 1.95 we complement
(1.433) by
H™'(Q) = B;5(9), (1.438)

(Sobolev spaces of order —1). We collect some very classical assertions needed
later on.

Proposition 1.135. Let Q be a bounded C> domain in R?. The Dirichlet Laplacian

2
0? 9
~A=— mZ:l o2 dom(—A) = H2(Q), (1.439)
is a positive-definite self-adjoint operator in Lo(S) with pure point spectrum.
Remark 1.136. In particular,

~A: HZ(Q) — Ly(Q) (1.440)

is an isomorphic map. This assertion can be extended to scales of H; and B,
spaces and to more general regular elliptic operators. In this version it may be
found in [Tric], Section 5.7.1, Remark 1 on p. 402 (slightly corrected in the 1995
edition), complemented in [Trif], Sections 4.3.3, 4.3.4. A systematic treatment
has been given in [RuS96], Section 3.5.2, p. 130. In this context it is reasonable
to use the notation —A for mappings between pairs of spaces within these scales.
Let (—A)~! be the corresponding inverse. Then we have as a special case of the
just-mentioned literature the isomorphic map

(=A)"' HYQ) — HY(Q). (1.441)
To prepare notationally our later considerations we prefer now
B=(-A)"'=(-A)"opur, (1.442)

where pr is the Lebesgue measure. Then B is a positive, self-adjoint, compact
operator in Lo(). Let gx be its positive eigenvalues repeated according to multi-
plicity and ordered by magnitude, and let uy be its related eigenfunctions,

Bup = or u, 01>022>--->0, or — 0 (1.443)

if & — oo. We recall the following outstanding properties (again notationally
adapted to our later needs). Let C°°(2) be the space of all C*° functions in
such that any derivative can be extended continuously to 2.

Theorem 1.137. Let Q be a connected bounded C* domain in R? and let B be the
above inverse (1.442) of the Dirichlet Laplacian.

(i) (H. Weyl, 1912, [Weyl12al], [Weyl12b]). There are two constants 0 < ¢; <
co < 00 such that

k™t <op<ekH ke N. (1.444)
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(ii) (R. Courant, 1924, [CoH24], p. 398/399). The largest eigenvalue o = o1 is
simple and

up(x) =cu(z) with 0#ce€C and u(x) >0 inf (1.445)

(Nullstellenfreiheit).
(iii) (Smoothness) All eigenfunctions uy, € C°(2) where k € N.

Remark 1.138. All assertions, including the C'*° property in (iii) are very classical.
The latter is covered by the above references, for example by [Tria], also on the
much larger scale of arbitrary (smooth) regular elliptic differential operators. As
had been said, (1.444) is adapted to our later purposes. Otherwise even the original
version of H. Weyl is sharper than (1.444) including the volumes of € (main
term) and of 9 (remainder term). Since that time the spectral theory of (regular
and singular elliptic) differential operators and pseudodifferential operators is an
outstanding topic of analysis during the whole last century. The state of the art and
in particular the techniques used nowadays may be found in [SaV97]. Courant’s
strikingly short elegant proof of (1.445) on less than one page entitled

Charakterisierung der ersten Figenfunktion durch ihre Nullstellenfreiheit

indicates what follows in a few lines. Based on quadratic forms Courant relies
(in recent notation) on H'-arguments. But he did not bother very much about
the technical rigour of his proof. More recent versions may be found in [Tay96],
pp. 315-316. We refer also to [Tai96] for generalisations and to [ReS78], Theorem
XII1.43, for an abstract version. The assumption that €2 is connected is only needed
in part (ii) of the theorem.

1.13.2 The fractal theory

Again let Q be a bounded C* domain in the plane R? and let (—A)~! be the
inverse of the corresponding Dirichlet Laplacian as introduced in the preceding Sec-
tion 1.13.1, now preferably considered as an isomorphic map according to (1.441).
We wish to replace the Lebesgue measure py, in (1.442) by more general Radon
measures (i in R? now with

supp p =T C Q, 0 < pu(R?) < oo, and [T|=0, (1.446)

where |I'| is the Lebesgue measure of I'. This is the counterpart of (1.405) where we
now assume that y is singular (with respect to the Lebesgue measure). Furthermore
since I' is compact it has a positive distance to the boundary 92 of 2. We use the
notation and justifications given in Section 1.12.2 to identify u with the generated
distribution and the Hilbert space Ly(T', ) with the respective subset of S’(R?).
First we wish to clarify under which conditions B given by (1.442), now with pu
in place of iy, makes sense and how it is defined. It comes out that this question
can be reduced to the trace problem asking for a constant ¢ > 0 such that

e La(T, )| < cllo[HY Q) forall ¢ e D(Q). (1.447)
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If one has an affirmative answer then one can define the linear and bounded trace
operator tr,
tr, :  HY(Q) — Lao(T, ), (1.448)

by completion. Sometimes it is desirable to have a more explicit description of
tr, f € Lo(T, p) if f € H*(R?). This can be done by a refined version of the theory
of Lebesgue points. We shall not need this in what follows. A description may be
found in [Trie], pp. 260/261, [Tri01] and the references given there especially to
[AdH96]. But we need the duality assertion

/

H1(Q) = (ﬁfl(sz)) (1.449)

in the framework of the dual pairing (D(2), D’(Q2)). Although quite often used,
sometimes even taken as a definition of H~1(Q), it is a little bit like mathematical
folklore. On the other hand, (1.449) remains valid for arbitrary domains © in R",
where H*(Q2) and H () according to Definition 1.95 are the restrictions of

H'(R")=B;,(R") and H '(R") = B,,(R") (1.450)
to €2, respectively, and H'(€2) is the completion of D() in H'(2).
Proposition 1.139. Let Q be an arbitrary domain in R™. Then
° !
(HI(Q)) =H Q) (equivalent norms) (1.451)

in the framework of the dual pairing (D(2), D' ().
Remark 1.140. We refer to [Trie], Proposition 20.3 and Remark 20.4, pp. 297/298.

We return to bounded C°° domains in the plane R?. We interpret f € Lo(T, )
according to Section 1.12.2, especially (1.411), (1.412) as a distribution, hence

(id, f) ( / v dy), e SR, (1.452)

or ¢ € D(Q), which is the same, and call id,, the identification operator. As usual
we identify Lo(T, p) with its dual. With (1.448) it comes out that

id, =tr}, : LoD, p) — HH(Q), (1.453)

is just the dual of tr, where one has to use (1.449). We refer for details to [Trie],
Section 9.2, pp. 123/124.

Proposition 1.141. Let Q be a bounded C> domain in R? and let u be a Radon
measure with (1.446) such that the trace according to (1.447), (1.448) exists. Then

id" =id, otr, : HYQ) — H Q) (1.454)
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and
B=(-A)"loid* : HY(Q) — HYQ) (1.455)

are linear and bounded operators.
Proof. This follows immediately from (1.448), (1.453) and (1.441). O
Remark 1.142. Consequently B in (1.455), abbreviated by

B=(-A)"toy, (1.456)

is the right substitute for (1.442) where uy, is the Lebesgue measure. Hence our
way to deal with the operator B in (1.456) depends on the question of whether the
trace according to (1.447), (1.448) exists or not. To describe some assertions we
rely on the notation of dyadic cubes (now squares) as introduced at the beginning
of Section 1.5.1 and used in Definition 1.125. Hence let Q;,, with j € Ny and
m € Z? be the square in R? centred at 2~7m and with side length 279+ (for fixed
Jj some overlap is admitted). With u given by (1.446) we put

pi = sup @(Qjm),  j €No, (1.457)
mEZL
and for f € Li(T, ),
fim = / f()u(dy), jeNy, meZ (1.458)
Qjm

Theorem 1.143. Let Q be a bounded C® domain in R® and let u be a Radon
measure with (1.446).

(i) Then tr, according to (1.447), (1.448) exists if, and only if,
sup Z Z ]-2m < 00, (1.459)
7j=0mez2
where the supremum is taken over all
feLoMp) with f=0 and |[f|L(T,p)] <1 (1.460)

(ii) If tr,, exists, then

Z > w@Qjm)? . (1.461)

j=0 mez?

Conversely, if

> pj < oo, (1.462)

then tr, exists and is compact.
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(iii) If
> Vs < oo (1.463)
=0
then B, given by (1.455), (or likewise (1.456)) is compact and

B: HY Q) — HY(Q)NCEK). (1.464)

Remark 1.144. The criterion (1.459) is a special case of [Trie], Theorem 9.3, p.
125. Inserting f(y) = ¢ > 0 (a constant) one gets (1.461) as a necessary condition.
Furthermore for fixed j € Ny and f given by (1.460) one gets by Holder’s inequality,

S P < elf 1L ) 5 < ey (1.465)

meZ?

Hence, (1.462) ensures that both tr, and B given by (1.448) and (1.455) are linear
and bounded operators. We return later on in Chapter 7 to this subject in a larger
and more systematic context. Then the remaining assertions of the above theorem
are special cases of a more comprehensive theory. This applies to the claimed
compactness of tr, if one has (1.462) and to part (iii). We refer in particular
to Remark 7.64. We only mention that (1.463) is stronger than (1.462) with the
consequence that (1.455) can be strengthened by

B: HY Q) < B},(Q) — H(Q)nC(Q), (1.466)
where the latter is a sharp embedding theorem of Bj () into the space of all
complex-valued continuous functions on €2 denoted by C(2).

Based on Theorem 1.143 we can now describe the fractal counterpart of Theorem
1.137. We always assume that H*(Q) is normed according to (1.436). Furthermore
if I is a compact subset of  then H'(Q\I') denotes the completion of D(Q\I') in
H(Q), again normed according to (1.436).

Theorem 1.145. Let Q be a connected bounded C°° domain in R® and let pu be a
Radon measure satisfying (1.446) and (1.463). Then B according to (1.455) (or
(1.456)) is a self-adjoint, compact, non-negative operator in Hl(Q) with null-space

N(B) = HY(Q\DI). (1.467)

Furthermore, B is generated by the quadratic form

(Bf,q) /f w(dy), feHYQ), geHY(Q). (1.468)

Let o be the positive eigenvalues of B, repeated according to multiplicity and
ordered by decreasing magnitude and let ug be the related eigenfunctions,

Buy = ok ug, k e N. (1.469)
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(i) The largest eigenvalue is simple,
0=01>0>->0, ok — 0 if k— oo, (1.470)
and the related eigenfunctions ui have no zeros in €,
ui(x) =cu(zr) with 0#ceC and u(x)>0 in Q. (1.471)
(ii) The eigenfunctions uy, are (classical) harmonic functions in Q\T,
Aug(z) =0 if ze€O\' and wui € C(Q). (1.472)

Proof. (Ezplanations). One can prove the above theorem by combining corre-
sponding arguments from [Trie], Section 19, with the above Theorem 1.143. First
we refer to [Trie], Theorem 19.7, pp. 264270, where we dealt with the operator
B in bounded C* domains in R" in the more general context of some Bj, -spaces
but under the severe additional assumption that I' is a d-set. Here we always as-
sume that n = 2. Then the measures considered in [Tri¢], Theorem 19.7, have in
addition to (1.446) the property

w(B(y,7) ~r? where y€T' and 0<r<1, (1.473)

with 0 < d < 2. Here B(v,r) denotes a circle centred at v and of radius r, and
~ means that the corresponding equivalence constants are independent of v and
r. Obviously such measures are special cases of (1.463). Now one can check which
arguments from the proof of [Trie], Theorem 19.7, and the preceding explanations
apply also to the above more general situation. Since tr, exists as a compact
operator, the arguments from [Trie], Section 19.3, can be carried over. In particular
one has (1.468) where the right-hand side is considered as a quadratic form in
HY(Q). As a consequence, B is a self-adjoint, compact, non-negative operator in
H'(€) with null space

N(B) = {f e HY(Q) : tr,f = 0}. (1.474)

Obviously, the right-hand side of (1.467) is a subspace of the space on the right-
hand side of (1.474). The proof that these two spaces coincide follows from the
same arguments as in the proof of [Trie], Proposition 19.5, pp. 260-263, which
in turn is based on the deep Theorem 10.1.1 in [AdH96], p. 281, due to Yu.V.
Netrusov. Afterwards one gets the parts (i) and (ii) of the above theorem in the
same way as in [Trie], p. 266-270, now based on Theorem 1.143(iii). The additional
assumption that €2 is connected is needed only to prove that the largest eigenvalue
o is simple and that the corresponding eigenfunctions have the property (1.471).
We overlooked this point in [Trie], Theorem 19.7, which must be corrected in this
way. But it is covered by Step 5 of the proof of this theorem on pages 269/270. O
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Remark 1.146. Both Theorem 1.143 and Theorem 1.145 had been formulated
first in [Tri04b] without proofs. We return to this subject in greater detail and in
greater generality in Chapter 7. Comparing the above theorem with the classical
assertions in Theorem 1.137 we observe that the Courant property (1.445) has
the fractal counterpart (1.471). One might consider (1.472) as a substitute of the
C>°-smoothness of the classical eigenfunctions as stated in Theorem 1.137(iii). But
the question arises whether uy € C(2) in (1.472) can be improved in dependence
on the quality of p. This is the case and will again be considered in detail later
on. What about the Weyl property (1.444)7 If u satisfies (1.473) with 0 < d < 2,
then one has again (1.444). This follows from [Trie], Theorem 19.7, p. 265, with a
reference to [Trid], Theorem 30.2, p. 234. Whether this property remains valid for
all measures considered in the above theorem is not clear. But the investigation of
this phenomenon was one of the major topics of the relevant parts in [Trid], [Trie],
closely related with the music of drums having fractal membranes. We return to
this subject both in this introductory chapter and in greater detail in Chapter 7.
We refer in this context also to the survey [Tri02b].

1.14 Fractal characteristics of measures

Beginning with Section 1.12 the remaining subsections of this first introductory
chapter deal with non-smooth structures from the point of view of function spaces.
In particular in the Sections 1.12-1.16 we describe diverse aspects of fractal mea-
sures. Now we convert what has been done so far in the two preceding subsections
into diverse fractal characteristics and compare them afterwards.

Again let  be a bounded C*° domain in the plane R? and let u be a (singular)
Radon measure in R? with
supp u=TCQ, 0<pu(R®) <oo, and |I'|=0, (1.475)

where |T'| is the Lebesgue measure of I'. Then we can apply both the Definitions
1.125, 1.129 and the Theorems 1.131, 1.145, where again @ ;,, are squares centred
at 277m with j € Ny and m € Z? and of side-length 2=7%!. The ¢-index in (1.413)
does not play any role in what follows. We choose ¢ = oo and put

1/p
N N sup 22 ( Z /J(Qjm)p> it 0<p<oo,

W= = {000\ (1.476)
sup 2j>‘uj if p= o0,
Jj€No
with
Hi = sup, 1w(@Qjm), € No, (1.477)

as in (1.457). Furthermore under the hypotheses of Theorem 1.145 we denote the
function u in (1.471) as the Courant function writing now u = uf} to indicate that
it depends on € and p.
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Definition 1.147. Let Q be a connected bounded C*° domain in the plane R? and
let i be a Radon measure in R? with (1.475). Let 0 <t =1/p < co.

(i) Then

Au(t) = sup{A : ,u;‘ < oo} (1.478)
are multifractal characteristics of pu.
(ii) Then
su(t) =sup{s: pe B;OO(RQ)} (1.479)

are Besov characteristics of p.
(iil) Let, in addition,
> Vi < oo (1.480)
§=0

and let uf} be the above Courant function. Then

wf}(t) = sup {w : uf} € By ()} (1.481)

are Courant characteristics of .

Remark 1.148. We discuss the above quantities. We always take log to base 2. It
follows that

1
—tlimsup | log< Z u(Qjm)l/t> if 0<t< o0,
Au(t) = oo J mez? (1.482)
g 1
—limsup . logu; if t=0,

where p; is given by (1.477). Using that p is the indicated measure it follows
easily from (1.423) and Holder’s inequality that these lim Sup;_,, exist for all ¢
with 0 < ¢ < co. By the references in Remark 1.126 and (1.415) it follows that
A (t) are typical quantities as considered nowadays in (multi)fractal geometry and
analysis. According to Theorem 1.131 they are naturally related to some Besov
spaces and hence to s,(t) in (1.479). We have

Au(1)=0 and su(1) = 0. (1.483)

The first assertion is obvious. The second one follows from (1.418) and the assump-
tion that u is a singular measure and hence a singular distribution, Figure 1.14.
We collect what can be said about the above quantities and their interrelations.
We say that a curve on [0, 00) is increasing if it is non-decreasing.
Theorem 1.149. Let Q be a connected bounded C*° domain in the plane R? and
let 1 be a Radon measure in R* with (1.475).
(i) Then s =s,(t) with 0 <t < oo according to (1.479) is an increasing concave
function in the (t,s)-diagram in Figure 1.14 with
2t —1) <s,(t) <0 if 0<t<l1, (1.484)

in particular s, (1) = 0.
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—s Llloc

—_
~
Il
Ju—

—2

Figure 1.14

(ii) Then

ot {:/\u(t)+2(t—1) if 0<t<1, (1.485)

> M\ +20—1) if t>1.

(iii) Let, in addition, (1.480) be satisfied and let uf} be the related Courant func-
tion. Then p®* = uf} w is a Radon measure satisfying (1.475) and

w

o) {sun(t)m if 0<t< oo, (1.486)

. su(t)+2  if 0<t<1.

Remark 1.150. Parts (i) and (ii) are covered by [Tri03b]. Otherwise we followed
partly [Tri04b]. Detailed proofs in an n-dimensional setting will be given in Chap-
ter 7. Then 2 in (1.484), (1.485) must be replaced by n. We will discuss also in
detail under which conditions the upper line in (1.485) can be extended to all ¢
with 0 < ¢ < co. But we comment on (1.486) now. According to Theorem 1.145
the Courant function u = uf} is on I' positive and continuous. Hence p is a

Radon measure satisfying (1.475) and s, o looks similar to s,(t). Let ¢ € D(£2)
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with ((z) = 1 near I'. Then it follows by (1.469), (1.456) that
—o0Au=up (1.487)

and
0 (id — A)Cu = Cup + poCu+v for some v e D(Q). (1.488)

This can be extended from Q to R%. Since u is continuous in  the right-hand
side belongs to any space B;oo(R2) with 1 < p < oo and s < s,0(t) where again
t = 1/p. Hence Cu € B3+2(R?) which proves the upper line in (1.486) if 0 < ¢ < 1.
In particular Cu € Bi‘ﬂoo(RQ) for any 0 < 2. If 1 < t = 1/p then one gets again
by (1.488) that (u € B51? (R?) for any s < min(2, s, (t)). Tterative application of
this argument results finally in the upper line in (1.486) for allt > 0. If 0 <¢ <1
then it follows easily from (1.485) and (1.478) that s, (t) = 5,(t). This proves the
lower line of (1.486).

1.15 Isotropic measures

The aim of this subsection is twofold. First we introduce isotropic compactly sup-
ported Radon measures in R™ and collect some properties preparing our later
considerations. Secondly we indicate very briefly the impact of this specification
on Someé assertions of the two preceding subsections. Then we are back in the
plane R”.

1.15.1 Some notation and basic assertions

We always assume that p is a positive Radon measure in R™ with
I' =supp 4 compact and 0 < p(R™) < oo. (1.489)

According to Section 1.12.2 we identify p with the generated distribution. (Obvi-
ously it is immaterial whether the compact set I' is a subset of the unit ball as in
(1.405) or not.) Again a ball in R™ centred at € R™ and of radius r is denoted
by B(z,r). A non-negative function h on the unit interval [0, 1] is called strictly
increasing if h(t1) > h(t2) for t; > to.

Definition 1.151. Let p be a Radon measure in R™ according to (1.489).

(i) Then p is called isotropic if there is a continuous strictly increasing function
h on the interval [0,1] with h(0) =0, h(1) =1, and

w(B(y,7)) ~ h(r) with ve€l' and 0<r<1 (1.490)

(where the equivalence constants are independent of vy and r).
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(ii) The isotropic measure pu according to part (i) is called strongly isotropic if
there is a number k € N such that

. 1 .
h(2777F) < ) h(277)  forall j € Ny. (1.491)

(iii) Then p is called strongly diffuse if there is a number A\ with 0 < A < 1 such
that

Q1) < ; 1(Qo) (1.492)

for any cube Qo centred at some vy € I' and of side-length r with 0 <r <1,
and any sub-cube Q1 with Q1 C Qo centred at some v1 € I' and of side-length
Ar.

(iv) Then w is called doubling if there is a number ¢ > 1 such that

p(B(y,2r)) < cp(Bly,r)) (1.493)

forallv el and all 0 <r < 1.

Remark 1.152. We add a discussion of the above definition. By h(0) = 0 in part (i)
we exclude measures with atoms. Hence the isotropic measure p in part (i) is diffuse
according to [Bou56], §5.10, p. 61. This may justify the notation in part (iii) which
is a slight modification of [Trie], p. 277. The assumption h(1) = 1 is convenient
but immaterial. We collect a few simple properties of isotropic measures.

Proposition 1.153. Let o be an isotropic measure according to Definition 1.151(i).

(i) Then p is doubling.
(ii) Furthermore, u is strongly isotropic if, and only if, it is strongly diffuse.

(iii) Furthermore,
n

. . . r

Tl =0 if, and only if, 7ll_r)r%) hr) = 0. (1.494)
Proof. There is a number N € N such that T' N B(v, 2r) for any v € T and any r
with 0 < r < 1 can be covered by at most N balls centred at I and of radius r.
Hence p is doubling. Now also part (ii) is more or less obvious. Let |I'| = 0. Then
for any € > 0 there is an open neighborhood I'. of I" with |I';| < e. This follows
from (1.408). If r > 0 is small then T' can be covered by ~ h~!(r) balls centred at
I, of radius 7, and of controlled overlapping. Hence h~*(r) 7™ < ce for some ¢ > 0
which is independent of € and r. This proves the right-hand side of (1.494). But
this argument works also in the other direction. O

Remark 1.154. Compact sets I' in R™ for which there is an isotropic measure
with (1.489) and (1.490) are called h-sets. The best known h-sets are d-sets with
h(r) = r¢ where 0 < d < n, hence

p(B(y,r) ~r?,  yel, 0<r<l, (1.495)
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(with a minor abuse of notation since h is a function and d is a number). These
sets have been studied in great detail in fractal geometry. One may consult the
corresponding books mentioned in Section 1.12.1 or [Trid], pp. 5-7, where one
finds further references. Perturbed d-sets, so-called (d, ¥)-sets where

b
h(r) =r?¥(r) typically with W(r)= ‘log ;‘

for some b € R and related spaces of Besov type have been introduced in [EAT98]
and considered in detail in [Mou99], [MouOla], [Mou0O1lb], [CaM04a], [CaMO04b]
and [HaMO04]. In particular one has to prove that such isotropic measures exist.
It came out that the more general question to characterise all isotropic measures
@ in R™ and all functions h with (1.490) is a rather tricky problem. It was finally
solved by M. Bricchi in the following way.

Theorem 1.155. Let h be a continuous strictly increasing function on the interval
[0,1] with h(0) = 0 and h(1) = 1. Then there is a compact set I' and a Radon
measure p in R™ with (1.489) and (1.490) if, and only if, there are two constants
0< e <eco <ooand a continuous increasing function h* on [0,1] with

c1 h*(t) < h(t) < ca h*(t) and 0<t<1 (1.496)
and
h*(279) <2k p*(2797k)  forall j €Ny andall k€ Ny. (1.497)

Remark 1.156. If one has (1.495) with 0 < d < n in mind then (1.497) is reason-
able. This applies also to the generalisations indicated in Remark 1.154. However
the proof of the above theorem is not so obvious. The final assertion may be
found in [Bri03], Theorem 2.7. We refer also to [Bri02b], [Bri04]. There one can
also find lists of standard and non-standard examples of such measure-generating
functions h.

1.15.2 Traces and fractal operators

One can expect that the assertions in the preceding Sections 1.12-1.14 about
the p-property of function spaces, traces on sets and fractal operators simplify
considerably if one assumes in addition that the underlying measure y is isotropic.
We return to these questions in detail in Chapter 7. Here we restrict ourselves to
an illustration. As in Section 1.13.2 we assume that  is a bounded C*° domain
in the plane R? and that the Radon measure w satisfying (1.446), hence

supp u=TCQ, 0<pu(R?) <oco, |T]=0, (1.498)
is isotropic, this means that

w(B(v,7)) ~ h(r) with ye€I' and 0<r<1 (1.499)
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according to Definition 1.151. Otherwise [ 1(Q) has the same meaning as in
(1.433), (1.435), normed via the scalar product (1.436). Furthermore the oper-
ator B has the same meaning as in (1.455), (1.456) under the assumption that
the trace tr,, according to (1.448) exists. Now the Theorems 1.143, 1.145 can be
complemented as follows.

Theorem 1.157. Let Q be a bounded C™ domain in R* and let p be an isotropic
Radon measure with (1.498), (1.499).

(i) The following three assertions are equivalent to each other:
1. The trace operator tr,,

tr, :  HY(Q) — Lo(T, ) (1.500)

exists (as a linear and bounded operator).
2. The operator tr,, in (1.500) is compact.
3. It holds

h(277) < oo. (1.501)

I

I
o

J

(ii) The measure i is strongly isotropic according to Definition 1.151 if, and only
if, (1.501) is strengthened by

> h@)~h277) with J €N, (1.502)
j=J

where the equivalence constants are independent of J.
(iii) Let p be strongly isotropic and let, in addition, 2 be connected. Then B,

B=(-A)"loid* = (-A)lopu: HYQ) — HY(Q) (1.503)

is a self-adjoint, compact, non-negative operator with null space (1.467).
Again let or be the positive eigenvalues of B, repeated according to multi-
plicity and ordered as in (1.470), and let uy be the related eigenfunctions,

Buk = 0k Uk. (1.504)

Then the largest eigenvalue o = g1 is simple and the corresponding eigen-
functions uy have the Courant property (1.471). The eigenfunctions uy are
harmonic in Q\T', satisfying (1.472). In addition the eigenvalues o, have the
Weyl property,

ok ~ k1 with k € N, (1.505)

where the equivalence constants are independent of k.



1.16. Weyl measures 99

Proof. Since p is doubling according to Proposition 1.153 one gets for any j € Ny,

> wl@Qim)? ~h(277) D w(Qjm) ~ h(27). (1.506)

meZ? meZ?

Hence (1.461) and (1.462) coincide. Now part (i) follows from Theorem 1.143(ii).
If one has (1.491) then one gets (1.502). Conversely since h(277) is monotonically
decreasing, (1.491) follows easily from (1.502). (We return later on in Section 7.1.4
to assertions of this type in greater detail and in a more general context). This
proves (ii). By (1.491) we have also (1.463) with p; ~ h(277). Then all assertions
in (iii) are covered by Theorem 1.145 with exception of (1.505). By Proposition
1.153(ii) the measure p is strongly diffuse. Then (1.505) is a special case of [Trie],
Theorem 19.17, p. 280. g

Remark 1.158. Part (iii) of the above theorem is the perfect fractal counterpart
of the classical Theorem 1.137 including the Weyl property (1.505) under the as-
sumption that the underlying measure p is strongly isotropic. In particular the dis-
tinguished measures p according to (1.495) with 0 < d < 2 are strongly isotropic.
This applies also to the slightly more general measures mentioned in Remark 1.154
and to many other measures which may be found in [Bri02b], [Bri04] quoted in
Remark 1.156. On the other hand, the Courant property (1.471) seems to be more
universal than the Weyl property since it applies also to measures which are not
necessarily isotropic (even used in Definition 1.147 and Theorem 1.149 as a frac-
tal characteristic). But it comes out that this applies also to the Weyl property
(1.505) which we are going to discuss in the following subsection.

1.16 Weyl measures

In connection with the above Remark 1.158 it seems to be reasonable to have a

closer look at measures for which the eigenvalues of the generated operators B
have the Weylian behavior (1.505).

Definition 1.159. Let ;1 be a Radon measure in the plane R? such that
supp p =T compact, 0 < u(R?) < oo, [T|=0. (1.507)

Then  is said to be a Weyl measure if for any bounded C™ domain in R* with
I' C Q, the operator B,

B=(-A)"oid* = (=A)lopu: HYQ) — HY(Q), (1.508)
according to Proposition 1.141 is compact and
o ~k™',  keN, (1.509)

where g are the positive eigenvalues of B, repeated according to multiplicity and
ordered by decreasing magnitude as in (1.470).
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Remark 1.160. The operator B introduced by Proposition 1.141 can be generated
by the quadratic form (1.468). Hence it is always non-negative and self-adjoint
in H*(2). Assumed to be compact, the positive eigenvalues can be ordered as
in (1.470) and the question (1.509) makes sense. It is the fractal counterpart of
Weyl’s observation (1.444).

Theorem 1.161. Any doubling and strongly diffuse Radon measure in the plane R?
according to Definition 1.151 with (1.507) is a Weyl measure.

Remark 1.162. The (somewhat complicated) proof of this theorem may be found
in [Trie], Theorem 19.17, pp. 280-289. It is one of the main assertions of the book
[Trie]. Both assumptions, to be doubling and to be strongly diffuse, suggest that
Weyl measures might have some isotropic properties. But this is not necessarily
the case and one can construct Weyl measures which are neither doubling nor
strongly diffuse.

Proposition 1.163. Let puj, with k =1,..., K be isotropic measures in the plane R?
according to Definition 1.151(1) with

i (B(y,7)) ~hi(r); 0<r<l1, ~yel;=supp u; (1.510)
and .
> hk(@7) ~h(277) with T €Ny, (1.511)
j>J

where the equivalence constants are independent of J. Let

0<hi(r) <hs(r)<---<hg(r) if 0<r<l1 (1.512)
and ()
kT .
—0 if r—0, k=1,...,K—1. 1.513
hiq1(r) d - ( )
Then

(1.514)

=

I
Nt

=

=

1s a Weyl measure.

Remark 1.164. It follows by Theorem 1.157 that each pj is a Weyl measure. Af-
terwards one can use Corollary 2 in [Tri04d] and its proof, appropriately adapted.
If the sets ['y, are embedded into each other then one cannot expect in general that
the measure in (1.514) with K > 2 is doubling or strongly isotropic. The whole
matter is somewhat tricky. It is closely related to the music of fractal drums (or
better drums with fractal membranes). We refer in this context to [Trid], Sections
28.9-28.11, p. 230, and Section 30, and in particular to the extensive discussion
in [Trie], Section 19.18, pp. 288-291. Further assertions may be found in [Tri04c],
[Tri04d]. So far we have no example of a Radon measure with (1.498) such that B
in (1.503) is compact, but not Weylian. There remains the challenging problem:

Characterise all Weyl measures in the plane.
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1.17 Spaces on fractals and on quasi-metric spaces

1.17.1 Fractal characteristics, revisited
We now always assume that p is a (singular) Radon measure in R" with
supp p =T compact, 0< p(R")<oc and |I'|=0, (1.515)

where |I'| is the Lebesgue measure of I'. We dealt in Section 1.14 with fractal
characteristics of such measures in the plane R? under the additional assumption
I' C Q where Q2 is a bounded C'*° domain. Only the third of the three characteristics
of p introduced in Definition 1.147 depends on this additional assumption. The
multifractal characteristics A\, (¢) and the Besov characteristics s,(t) in (1.478)
and (1.479) are largely independent of Q and their generalisation from R? to R™
is rather obvious. Furthermore, the whole subject will be considered in detail in
Chapter 7 based on [Tri03b]. But to make what follows independently readable
we fix some notation and assertions, restricting ourselves to the bare minimum.

Again let Q;, with j € Ny and m € Z" be closed cubes in R" centred at 27/m

with side-length 277*!. Then we put as in Definition 1.125 now with respect to

(1.515)
1/q

oo q/p
Hpg = | D2 ( > u(Qjm)p> (1.516)
=0

mezn

where 0 < p < 00,0 < g < oo and A € R (with the obvious modifications if p
and/or ¢ are infinite). In particular,

1/p
\ \ sup 22 < Z M(Qjm)p> if 0<p<oo,

1 = i = { e = (1.517)
sup 2% pu(Qjim) if p=oo
Jj€ENg,mEZ™

is the obvious extension of (1.476) from R* to R™.

Definition 1.165. Let p be a Radon measure in R™ with (1.515). Let 0 <t =1/p <
0o. Then

Au(t) =sup {\ : uz < oo} (1.518)
are multifractal characteristics of i and
su(t)=sup{s: pe B;OO(]R")} (1.519)

are Besov characteristics of p.

Remark 1.166. This is the obvious extension of parts (i) and (ii) in Definition 1.147.
It applies also to (1.482) making again clear that A,(t) are typical quantities as
considered nowadays in (multi)fractal geometry and analysis.
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—s Llloc

—n

Figure 1.17.1

Theorem 1.167. Let (1 be a Radon measure in R"™ with (1.515). Let A\, (t) and
su(t) be the characteristics according to Definition 1.165. Then s = s,(t) with
0 <t < o0 is an increasing concave function in the (t,s)-diagram in Figure 1.17.1
with

nt—1)<s,(t) <0 if 0<t<1 (1.520)

and

ot {: M) +n(t—1) if 0<t<1, 1.521)

> AN (t)+n(t—1) if t>1
Remark 1.168. This is the n-dimensional version of the parts (i) and (ii) of The-
orem 1.149. We have s,(1) = X,(1) = 0. We return to the subject in detail in
Chapter 7. Furthermore, if 0 <t =1/p < 1 and s,(t) < 0 then
pe Bx@M(RY) if, and only if, ™ < co. (1.522)

This follows from Theorem 1.131.
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1.17.2 Traces and trace spaces

Let 1 be a Radon measure in R" according to (1.515). Then L, (T, u) with 0 <
r < oo has the usual meaning quasi-normed by

1/r

1 LT )| /|f Q)| = / PO p(d) (1.523)
N

with the usual modification if » = co. According to Section 1.12.2 one can interpret
L, (T, p) with 1 <7 < 0o as a subset of S'(R") identifying f € L, (T, 1) with the
complex finite measure fu € S’(R™), hence

(id, f) ( / v d7), o€ SR™. (1.524)

Again we call id,, the identification operator. We investigate later on in Chap-
ter 7 mapping properties of id,. At this moment we only remark that for s < 0,
O<p<oocand 0<qg< oo

idy : Loo(T,p) = B3, (R™) (1.525)

exists (as a linear and bounded operator) if, and only if, u € B}, (R"™). This follows
from Corollary 1.12 if one chooses there for the kernel k£ a non-negative function.
Then it follows from Theorem 1.131 that id, according to (1.525) exists if, and
only if|

ph <o with A=s+n— (1.526)
p

where u;‘q is given by (1.516). By Theorem 1.167 and Figure 1.17.1 the case 1 <
p < oo is of special interest. Then we have s, (t) < 0 with ¢ = 1/p for the Besov
characteristics of p. Hence id,, in (1.525) exists if

0<t=1/p<l, 0<qg<oo, —o0<s<s,(t), (1.527)
and it does not exist if
0<t=1/p<l, 0<g<oo, s,(t)<s<oo. (1.528)
Furthermore, id,, exists for 0 <¢t=1/p <1, 0 < ¢ < o0, if
s=su(t)<0 and pe Bux®(R"). (1.529)

According to (1.522) this can be reformulated in terms of multifractal character-
istics A, (t). The reason for this somewhat specific consideration comes from its
close connection with traces which we are going to define now.
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Definition 1.169. Let u be a Radon measure in R™ with (1.515). Let
1< p< oo, 0<g<oo and s> 0. (1.530)

Let for some ¢ > 0,

/ o) ildy) < el | Ba, R forall o€ SR™). (1.531)
I

Then the trace operator tr,,,
try : By, (R") — Li(T, ), (1.532)

is the completion of the pointwise trace (tru,)(y) = ¢(v) with ¢ € S(R™). Fur-
thermore, the image of tr, according to (1.532) is denoted by tr,B;,(R") and
quasi-normed by

g [t B3, (R™)] = in |1 £ | B3, (R")] (1.53)

where the infimum is taken over all f € B, (R") with tr,f = g.

Remark 1.170. We dealt in [Trie], Section 9, in detail with traces of spaces on
sets I', preferably with F; (R") in place of B, (R"). The above version is near
to [Trie], Section 9.32, p. 151. We refer also to the above Section 1.13.2 where we
used identification operators and trace operators in an Lo-setting in connection
with the fractal Laplacian. To justify the above definition we first remark the
well-known fact that S(R"™) is dense in By (R") with (1.530). We refer to [Trif],
Theorem 2.3.3, p. 48. Then it makes sense to define tr, by standard arguments
and to quasi-norm the trace space by (1.533). If one has (1.531) for some s, p,
q, with (1.530) then one has also (1.531) for all spaces By,"*(R") with ¢ > 0 and
0 < v < co. Under this assumption one can extend the above definition to ¢ = co.

Remark 1.171. The restriction for p in (1.530) will be of some use for us in connec-
tion with duality arguments and for the description of the trace spaces tr, B, (R")
in terms of quarkonial representations. Also the choice of Lq(I', u) as the largest
target space is very reasonable and the possible replacement of L1 (I", 1) in (1.532)
by L,(T', i) might cause some extra trouble at least as long as the measures p with
(1.515) are not specified. If this is the case then several modifications of the above
definition are not only reasonable but they shed additional light on our intentions
and produce interesting assertions. We formulate the outcome. First we recall that
a compact set I' in R" is called a d-set with 0 < d < n if there is a Radon measure
w with supp p =T and

p(B(y,r) ~r?,  yel, 0<r<l, (1.534)

where B(v,r) is a ball centred at 7 and of radius . For y one can choose the
restriction of the Hausdorff measure H¢ in R”™ on I'. Secondly we modify (1.531)
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by asking whether there is a constant ¢ > 0 such that
1/p

/ lo()|P p(dy) <clle|By,(R")|| for all ¢ e SR") (1.535)
r

admitting now
0<p< oo, 0 < q< oo, s> 0. (1.536)

Of course, the L, (T, ) with p < 1 are not very comfortable spaces and they cannot
be interpreted as distributions. Nevertheless the question makes sense and one gets
by completion tr, and the trace space tr, B, (R"). One can replace B, (R") on
the right-hand side of (1.535) by £ (R"). Obviously, tr, B, (R") and tr, F};, (R™)
are introduced similarly as in Definition 1.169.

Proposition 1.172. Let T be a compact d-set in R"™ with 0 < d < n and let u be a
corresponding measure with I' = supp p and (1.534). Let tr,, and the related trace
spaces be defined as in the preceding Remark 1.171. Then

n—d

tr,Bpy (R™) = Ly(T, p) if 0<p<oo, 0<gq<min(l,p), (1.537)

and
n—d

tr,Fp (R") =L,(T,u) if 0<p<1l, 0<gq<oo. (1.538)

Proof. According to [Trie], Remark 9.19, any d-set with d < n satisfies the so-
called ball condition (or porosity condition). Then the above proposition follows
immediately from [Trid], Corollary 18.12, p. 142, where one finds also an explana-
tion of how to incorporate ¢ = oo in (1.538). O

Remark 1.173. Assertions of this type have some history, in particular if d = n—1
and if T is replaced by R" . Comments and references may be found in [Trivy],
Section 4.4.3, pp. 220-221.

After this useful and illuminating digression we return to traces as introduced in
Definition 1.169. Recall that 11, + pl, = 1 where 1 < p < co. Furthermore, u;}q has
been introduced in (1.516).

Theorem 1.174. Let pu be a Radon measure in R™ with (1.515). Let
1< p<oo, 1<g< o0, s> 0. (1.539)

Then the following three assertions are equivalent to each other:
(1) The trace tr, according to (1.532) exists,

(i) pe Byl (R,

(iii) ,u;/q, <oo with A=7 —s.
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Proof. The trace operator tr, and the identification operator id,, as introduced in
(1.524) are dual to each other, id,, = (tr,)’. We refer for details and explanations
to [Trie], Section 9.2, pp. 122-124. In particular, tr, according to (1.532) exists if,
and only if,

id, : Loo(T,p) — BI;Z,(R") (1.540)
exists. Here we used in addition the duality assertion
ny\/ —s n
(B;q(]R )) :Bp,q,(R ), (1.541)

[Trif], Theorem 2.11.2, p. 178. However according to (1.525), (1.526) and the
explanations given there, (1.540) is equivalent to (ii), which, in turn, is equivalent
to (iii). O
Recall that L1]—|—ql, =lifl<g<ocand ¢ =0 if0<qg<1.

Corollary 1.175. Let u be a Radon measure in R™ with (1.515). Let0 < 1/p=t < 1
and let s,(t) be the Besov characteristics of v as introduced in Definition 1.165.
Then

try © By (R") < Ly(T, 1) (1.542)
exists according to Definition 1.169 (complemented by Remark 1.170 as far as
q = o0 is concerned) if

either s> s, (1 —1t)], 0 <¢q< oo,
on(1—t) (1.543)
or s=ls,(1-1)[>0, 0<g<oo, pwe B, ~(R").
Proof. By the definition of the Besov characteristics one has
pe€ B RY) i —s<s,(1-t) and 0<wv<oo. (1.544)

Then the upper line in (1.543) follows from Theorem 1.174 and elementary em-
beddings (including ¢ = co0). Similarly one gets the lower line. g

Remark 1.176. The above assertions are rather satisfactory. If 0 < s < [s,(1 — )|
with 0 < 1/p = ¢ < 1 then it follows by Theorem 1.174 that there is no trace.
Hence s = |s,,(1 —¢)| is just the limiting case. By Theorem 1.174 the lower line in
(1.543) can be reformulated as follows: If

s=1s,(1—-¢) >0, 1<g<oo and
N ‘ (1.545)
Hprg <00 with A=tn+s,(1—1)
then one has (1.542).

Remark 1.177. We compare the above corollary with Proposition 1.172 and assume
that T' is a d-set with 0 < d < n. Then it follows from (1.534) and (1.516) that

1/q 1/q

[ing ~ Zgj/\q (2*jdp+jd)Q/P _ Z2jq(,\—d+g) . (1.546)
j=0 j=0
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Hence A\, (t) = d(1—t) and A, (1—t) = td, and according to (1.521) for 1 < p < oo,

su(1—t) = —t(n—d) = —”;d. (1.547)

This shows that Proposition 1.172 fits in the above scheme, now with 1 < p < oo,
and ¢ < 1 (hence ¢’ = 00).

Definition 1.178. Let pu be a Radon measure in R™ with (1.515). Let 0 < 1/p =
t <1 and let s,(t) be the Besov characteristics of j according to Definition 1.165.

(1) Let 0 < g < oo and s > 0. Then
B3, (T, p) = tr, Baflew(=Dl(R™) (1.548)

according to Definition 1.169 (complemented by Remark 1.170 as far as ¢ =
00 is concerned).

(ii) Let 0 < g< o0, s,(1—t)<0andpe€ B;f‘q(/lft) (R™). Then
BY,(T, 1) = tr, Blar=OI(R™). (1.549)
Remark 1.179. By Corollary 1.175 both (1.548) and (1.549) make sense as sub-
spaces of L1(T, u). The spaces in (1.548) and (1.549) are quasi-normed as usual,

1f [Bpg(T, )| = inf [|g| By =01 (R™) |

where the infimum is taken over all g € B;Jls“(lft)l (R™) with tr,g = f. In partic-

ular, B, (T, u) are quasi-Banach spaces (Banach spaces if ¢ > 1). We justify the
notation. Let T’ be a compact d-set in R™ with 0 < d < n, hence

supp p =T, p(B(y,r)~7r% ~el, 0<r<l, (1.550)

according to (1.534) and the explanations given there. Then we get by (1.545)—
(1.549) for s > 0,

n—d

B:,(T, ) =tr,Bpy * (R"), 1<p<oo, 0<gq<o0, (1.551)
and »
BY,(T,p) = tr,B,% (R") = Ly(T,),  1<p<ox, (1.552)

where the latter equality is a special case of (1.537). Furthermore, (1.551) is in
good agreement with the well-known trace theorem from R™ onto d-dimensional
hyper-planes,

s n—d
By " (R") = By, (RY, n>deN, (1.553)
where s > 0,1 < p < o0, 0< g < oo, [Trif], Theorem 2.7.2, p. 132.
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Remark 1.180. In [Trie], Section 9, we dealt in detail with traces of function spaces
on compact sets in R", preferably in terms of the spaces F}, (R"), complemented
by a few corresponding assertions for the spaces B, (R™). There one finds also
detailed references to the whole subject. Trace spaces on compact sets I' = supp u
are introduced in [Trie], Section 9, by extending quarkonial decompositions as
considered in the above Section 1.6 from R"™ to I'. Then we proved afterwards
in [Trie], Theorem 9.33, p. 151, that these spaces coincide with the above spaces
as introduced in Definition 1.178. Now we prefer the reverse way dealing with
quarkonial decompositions in Section 1.17.3 below. Trace spaces on compact sets
I' in R™ attracted some attention, especially in case of d-sets, based on other
means. The first corresponding systematic studies are due to A. Jonsson and H.
Wallin. They summarised their results in [JoW84]. The corresponding spaces are
defined with the help of first and higher differences AM f(v) and approximation
procedures by polynomials. References to their subsequent work may be found in
[Trie], Section 9.34(iii), p. 154. Our own considerations of trace spaces on compact
d-sets in R" began in [Trid], especially in the Sections 18 and 20. They are based
on (1.551) as a definition even in the larger context of 0 < p < co. We refer to
[Trid], Definition 20.2, p. 159. This approach has been generalised from d-sets to
(d, ¥)-sets and to h-sets, and to corresponding measures according to Definition
1.151 with the specification

h(t)=t4w(t), 0<d<n, (1.554)

and U(t) as in (1.267). However there is a somewhat curious point. In case of d-sets
one has the satisfactory assertion (1.552). Nothing like this can be expected in the
general situation covered by Definition 1.178 even if one has (1.549). We discussed
this point in some detail in [Trie], Section 9.34(i), p. 153, and in Section 22.1, pp.
329-333, suggesting to take assertions of type (1.552) as a guide and to modify
the spaces B, (R"™) in Definition 1.178 in case of (d,)-sets and h-sets appropri-
ately (tailored spaces). This works pretty well and results in spaces of generalised
smoothness as briefly mentioned in Section 1.9.5, especially in (1.269) and (1.271).
We do not go into detail and refer to the corresponding substantial work by S.
Moura, [Mou99], [Mou0la], [MouOlb] in case of (d, ¥)-sets and by M. Bricchi,
[Bri01], [Bri04], [Bri02a] in case of (d, ¥)-sets and h-sets. Furthermore, [EAT98],
[EAT99] might be considered as forerunners as far as (d, ¥)-sets are concerned. A
corresponding brief description may also be found in [Trie], Section 22.

One point is of interest for us later on. It is well known that the trace according
to (1.553) is a retraction. This means that there is a linear and bounded extension
operator ext,
s d s+ n—d "
ext 1 By (RY) — Bpg 7 (R") (1.555)
such that
troext =id  (identity in B3, (R?)). (1.556)
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This is also covered by [Trif], Theorem 2.7.2, p. 132. There is the following coun-
terpart for arbitrary d-sets:

Theorem 1.181. Let T be a compact d-set in R™ with 0 < d < n and let u be a
corresponding Radon measure with (1.550). Let 0 < s < 1,1 <p <00, 1 < ¢ < o0,
and let tr, be the trace operator according to (1.551). Then there is a common
linear and bounded extension operator ext, with

n—d

ext, : B3,(T,p) = Bpy © (R") (1.557)

and
tr, o ext, =id (identity in B, (T, p)). (1.558)

Remark 1.182. This assertion is covered by [JoW84, Theorem 1, p. 103, Theorem
3, p. 155]. The extension operator constructed there is independent of s, p, ¢. The
extension of this assertion to s > 1 is more complicated and depends on the so-
called jet-definition of trace spaces. The situation improves substantially if the d-
set satisfies the so-called Markov property. This applies to d-sets with n—1 < d < n.
But otherwise it is a severe restriction. We refer to [JoW84] and the more recent
papers [Wal91, Jon93, Jon96, FaJ01].

1.17.3 Quarkonial representations

In Section 1.6 we described quarkonial representations of the spaces B;q(R") and
F;,(R™) based on the approximate lattices (1.96)(1.98) and the related 3-quarks
as introduced in Definition 1.36. Now we develop a corresponding theory for the
trace spaces B, (I, ) according to Definition 1.178. Again let u be a Radon
measure in R" satisfying (1.515). First we adapt (1.96)—(1.98) to the compact
support I" of p. Let

I'. ={zeR" : dist(z,T) < &}, e >0, (1.559)
be the e-neighborhood of I'. Let k € Ny and let
(™% T and  {ghmil (1.560)

be approximate lattices and subordinated resolutions of unity with the following
properties: There are positive numbers ¢; and co with

L I my # ma, k€ Ny, (1.561)
and
My,
r.. c |JB@Hm27r?), k € Ny, (1.562)

m=1
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where €, = c227%. Recall that B(x,r) has the same meaning as in (1.95): a ball
centred at x € R™ and of radius r > 0. Furthermore, 1)*™ are non-negative C'>°
functions in R™ with

supp ™ C B (’yk’m,Q*k*l) , keNyg;, m=1,..., Mg, (1.563)

| DR ™ ()| < eq 2819, keNy; m=1,..., M, (1.564)

for all & € N[} and suitable constants ¢, and
My,
Z P (z) =1, keNy, wxel,,. (1.565)
m=1

We always assume that the approximate lattices {7*™} and the subordinated
resolutions of unity {¢*™} can be extended to R" such that one gets approximate
lattices {2%™} and related resolutions of unity according to (1.96)—(1.101) with a
sufficiently large K in (1.101). In other words, of interest are those approximate
lattices {z¥™} in R™ and subordinated resolutions of unity {¢*™} according to
(1.96)—(1.101) which are adapted to I' in the way described above. Next we need
the counterparts of -quarks in (1.102) and of the sequence spaces in (1.108).
Recall that

VP =P 4P where yeT CR" and BeNj. (1.566)

Definition 1.183. Let i be a Radon measure in R™ according to (1.515). Let 0 <
1/p =t < 1 and let A\, (t) be the multifractal characteristics of | according to
Definition 1.165. Let {*™}M and {)F™} M be as in (1.560)(1.565).
(i) Let s > 0. Then
(B-qWkm (v) = 9—k(s=Xu(1-t)) ok[B] (v — ,yk’m)ﬂ wk;m(,y) (1.567)
with
vyel, ﬂENg, keNyg and m=1,..., My, (1568)

is called an (s, p)-B-quark related to the ball in (1.563).
(ii) Let0 < g < o0, p € R and

v={v) €C: keNy BeNy; m=1,...,My}. (1.569)
Then
o = {v ¢ [lv[bhe] < oo} (1.570)
with
oo/ M a/p\ M4
I bpell = sup 227 Z( |vffm|”> (1571)
BENg k=0 \m=1

(with the usual modification if ¢ = c0).
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Remark 1.184. Since 0 < ¢ < 1 it follows by (1.521) that
Al —t) =tn+s,(1—1t). (1.572)

Hence replacing the multifractal characteristics in (1.567) by the Besov character-
istics one gets

(5-qu)zcm(7) _ 27k(s+|s,i(17t)|7tn)+k|6| (’7 . ,yk,m)ﬁ wk’m(7)~ (1.573)

These are the restrictions of the (s + |s,(1 — t)|, p)-B-quarks in (1.102) to T, in
good agreement with the spaces in the right-hand sides of (1.548), (1.549). If T" is
a d-set with 0 < d < n then we have (1.547) and (1.573) reduces to

(B-q) o (7) = 27FC= D) FMBI (o _ oy o () (1.574)

again in good agreement with our previous considerations in [Trid], 20.8-20.9, pp.
170-172. In [KnZ06] one finds corresponding constructions for the more general
h-sets according to Definition 1.151 and Remark 1.154.

Theorem 1.185. Let p be a Radon measure in R"™ according to (1.515). Let 0 <
1/p=t<1andp>0.
(i) Let 0 < g < oo and s> 0. Let (B-qu)gm be the (s,p)-B-quarks and let by2 be
the sequence spaces according to Definition 1.183. Then B;Q(Rp) given by
(1.548) is the collection of all f € L1(T', u) which can be represented by

oo My

= D> 3> o (Bawkm (), v (bl < oo, (1.575)

BEND k=0 m=1
~v € I'. Furthermore,
1f [ Byq (s )| ~ inf || b€ (1.576)

where the infimum is taken over all admissible representations.
(if) Let0 < g < oo and p € BS”(lft)(R") with s,(1—1t) < 0. Let (8-qu)km, be the
(0, p)-B-quarks and bn@ be the sequence spaces according to Definition 1.183.

Then B, (T, ) gwen by (1.549) is the collection of all f € Ly(T', p) which
can be represented by (1.575). Furthermore one has (1.576) now with s = 0.

Remark 1.186. Recall that p € BJ:\' ™" (R") with s,,(1 —t) < 0 at the beginning

of part (i) is equivalent to p; An (1 t) < oo. This follows from Theorem 1.174 and

(1.572). We add a few explanatlons. To avoid any misunderstanding we emphasize
that ¢ with ¢ > 0 and (8-qu)gm according to (1.567), originating from given
{#*m} and given {y¥™} are fixed in (1.575), (1.576). In other words, for given
o and (0-qu)gm, there are two positive constants ¢; and cq, depending on ¢ and
(B-qu)gm (and s, p, ¢) such that

c1 [|£1B3q (T, w)ll < inf [|v b, 2]l < e2 | f [Byg(T, p)| (1.577)
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for all f € B, (', ). Otherwise the material of this point, including (1.559)—
(1.565), Definition 1.183 and Theorem 1.185 is a modified and notationally up-
dated version of [Trie], Sections 9.24-9.33, pp. 144-152. There one finds also ad-
ditional explanations including further references and a proof of Theorem 1.185.
However we not only adapted the formulations to the multifractal characteristics
and Besov characteristics as introduced in Definition 1.165 but reversed also the
order of presentation: In [Trie], Sections 9.24-9.33, pp. 144-152, we took (1.575)
as a definition of corresponding spaces and proved afterwards that they coincide
with the trace spaces By, (', ). In particular, according to [Trie], Proposition
9.31, p. 150, the series (1.575) converges absolutely (and hence unconditionally) in
Li(T, ). As far as further technicalities are concerned we refer to Remark 1.44. As
there one can replace the summation over k£ € Ny by a summation over k— K € Ny
where K € Ny is a given number. This also explains the somewhat mysterious role
of o > 0, which can be chosen arbitrarily large at the expense of the constants ¢y
and ¢ in (1.577).

1.17.4 Quasi-metric spaces

So far we dealt in Section 1.17 with Radon measures p in R according to (1.515)
with compact support I'. Complemented by the natural metric

on(z,y) = |z — 19, z eR", yeR", (1.578)

one gets the compact metric space (T, on, ). We described in Sections 1.17.1-
1.17.3 the theory of function spaces on these specific metric spaces where Theo-
rem 1.185 might be considered as the intrinsic description of corresponding Besov
spaces B, (', ). It comes out that this way to study function spaces can be ex-
tended to huge classes of abstract quasi-metric spaces reducing them to the above
specific spaces (T, g,,, 1) by the method of Fuclidean charts. Here we describe the
general background and shift the specific studies to Chapter 8.

Let X be a set. A non-negative function o(z,y) defined on X x X is called a
quasi-metric if it has the following properties:

o(z,y) =0 if, and only if, z =y, (1.579)
o(z,y) = o(y, ) forall x € X andall y € X, (1.580)

there is a real number A with A > 1 such that for all z, y, z € X,
o(z,y) < Alo(z, z) + o(z,y)]. (1.581)

Of course, if A = 1 is admissible, then p is a metric and (1.581) is the triangle
inequality. As usual, a quasi-metric o on X is said to be equivalent to o, written
as o ~ p, if there are two positive numbers ¢; and c¢o such that

cro(x,y) < o(z,y) < c20(x,y), reX, yeX. (1.582)
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Theorem 1.187. Let o be a quasi-metric on a set X.

(i) There is a number g9 with 0 < g9 < 1 such that ¢° for any e with 0 < e < g
s equivalent to a metric.

(ii) Let 0 < € < &g and let o ~ o such that ¢° is a metric according to part (i).
Then there is a positive number ¢ such that for allz € X, ye X, z € X,

lo(z,y) — oz, 2)| < coly, 2)° [o(z,y) + o(x,2)]°. (1.583)

Remark 1.188. Part (i) is a remarkable observation. A proof may be found in
[HeiO1], Proposition 14.5, pp. 110-112. The assertion is even slightly stronger: If
o ~ o such that ¢°° is a metric, then ¢° is also a metric whenever 0 < ¢ < gg. This
follows from the triangle inequality for metrics and the well-known observation

(a+b)P <af + where a>0, >0, 0<p<L (1.584)
Part (ii) follows from part (i) and the mean value theorem,
|0 (2, 9) "/ = 0% (w, 2)"/*]
1
<lef(ay) — (@) _ (e (@y) + 7V (@, 2)) (1.585)

1—¢

<co(y, 2)" [e(z,y) + o(z, 2)]

Independently of part (i) the inequality (1.583) has been known for some time.
It is a corner-stone of the analysis on quasi-metric spaces. We refer to [MaST79],
Theorem 2, p. 259.

Let the set X and the quasi-metric ¢ be as above. Then the equivalent quasi-metric
o according to Theorem 1.187 generates a topology on X taking the balls

B(z,r)={y€ X : o(z,y) <r} (1.586)
as a basis of neighborhoods of x € X, where r > 0.

Definition 1.189. Let o be a quasi-metric on the set X equipped with a topology as
just indicated.

(i) Then (X, 0,u) is called a space of homogeneous type if u is a non-negative
reqular Borel measure on X such that there is a constant A with

0 < p(B(z,2r) < Ap(B(z,r)) < 00 forall zeX, r>0, (1.587)

(doubling condition).
(ii) Let d > 0. Then (X, o,u) is called a d-space if it is a complete space of
homogeneous type according to part (i) with

diam X =sup{o(z,y) : v€ X, ye X} < (1.588)
and

w(B(z, 7)) ~r? forall x€X and 0<r<diamX. (1.589)
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Remark 1.190. In case of part (i) we have
uw{z})=0 for every € X, and p(X) < oco. (1.590)

Furthermore, i is a Radon measure. As far as the measure-theoretical notation is
concerned we refer to [Mat95], pp. 7-13. Otherwise the above notation of d-spaces
had been introduced in [TrY02] imitating the notation of d-sets in R™ according
to (1.495) which are special d-spaces. In [TrY02], Sections 2.13 and 2.14, one finds
also a discussion of this subject, especially of the necessity to switch from arbitrary
quasi-metrics to equivalent quasi-metrics with (1.583). As for further background
information we refer to [MaS79], [HaS94], [HaY02]. In particular, (1.589) is not so
special as it seems at first glance: If (X, g, 1) is a space of homogeneous type then
one can find a quasi-metric ¢’ generating the same topology such that one has
(1.589) with d = 1, based on ¢’. But in general g and ¢’ are not equivalent to each
other. However the equivalence of the admitted quasi-metrics is indispensable in
[TrY02], in what follows later on and also in connection with, say, d-sets in R".

Remark 1.191. There has always been some interest in an analysis on spaces of
homogeneous type according to Definition 1.189. We refer to [CoW71], [DJS85]
and [Chr90]. But in the last decade, especially in the last few years there were
some new developments to create a substantial intrinsic analysis on fractals and
on (quasi-)metric spaces, at least partly closely connected with the problem how to
measure smoothness on these structures. The underlying measures have often the
property (1.589), but sometimes only the doubling condition (1.587) is required.
We refer to the recent books [DaS97], [Hei01], [Kig01], [SemO1]. As far as function
spaces on spaces of homogeneous type are concerned we give some more specific
references later on. However our own corresponding approach is different from
what has been done so far in literature. It will be presented in detail in Chapter 8.
It is based on the theory of function spaces on d-sets in R™ on the one hand and
the following remarkable observation on the other hand.

Theorem 1.192. Let (X, o, 1) be a space of homogeneous type according to Defi-
nition 1.189(i). Let 0 < g9 < 1 be the same number as in Theorem 1.187 and let
0 < e <eg. Then there are an n € N and a bi-Lipschitzian mapping

H: X-—R" (1.591)
from (X, 0%, p) into R™. The dimension n (and also the Lipschitzian constants)
can be chosen to depend only on £ and on the doubling constant A in (1.587).

Remark 1.193. If p is a metric then (X, ¢%, u) with € < 1 is called the snowflaked
version of (X, o, ut). In case of quasi-metrics one has even to assume that € < gg.
Then (1.591) means that there is a bi-Lipschitzian map H of the snowflaked version
(X, 0%, p) onto its image in R",

|H(z) — H(y)| ~ o°(z,y), 2z€X, yeX, (1.592)
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where the equivalence constants are independent of x and y. Usually this assertion
is formulated and proved for metric spaces (X, ¢) with a so-called doubling metric.
We refer for a definition of a doubling metric to [Hei01], p. 81. However if there
is a doubling measure then the corresponding metric is also doubling, [Hei01], p.
82. Hence one can apply the corresponding assertions in [Sem01], Theorem 2.2,
p. 13, and [Hei01], Theorem 12.2 on p. 98, to (X, 0°°, i) resulting in the above
theorem. The original proof of this remarkable assertion is due to P. Assouad,
[Ass79], [Ass83]. More details may be found in [Hei01] and [SemO1] as specified
above and also in [DaS97], 5.4, p. 21.

1.17.5 Spaces on quasi-metric spaces

So far we discussed in the Sections 1.17.2, 1.17.3 the spaces B, (T', ) as introduced
in Definition 1.178 where 4 is a Radon measure in R" with (1.515). They are trace
spaces which can be characterised in terms of quarkonial representations. It is
mainly an updated description of our corresponding previous considerations in
[Trid] and, especially, in [Trie]. If p is an isotropic measure generating a d-set, a
(d,¥)-set or an h-set then one has good reasons to switch from the spaces By,
(on R™ or on I') to corresponding spaces of generalised smoothness. This results in
so-called tailored spaces and we indicated this possibility in Remark 1.180 where
one finds also corresponding references especially to the work of S. Moura and M.
Bricchi. In case of d-sets there is the different well-known approach by A. Jonsson
and H. Wallin, [JoW84], which is of interest for us especially in connection with
the above Theorem 1.181. We mentioned a few more recent papers in Remark
1.182. There are some attempts to extend this theory to more general sets and
measures. We refer in addition to the above papers to [Jon94] and [Byl94].

In the last decade, but especially in very recent times, a lot has been done to
develop a substantial analysis on fractals (as subsets in R™ or intrinsically) or on
(quasi-)metric spaces asking,

How to measure smoothness on (X, o, )%

Here X is a set, o is a quasi-metric and p is a Borel measure. The d-spaces as
introduced in Definition 1.189 are special cases. Quite often, but not always, some-
thing like (1.589) is required, occasionally weakened assuming only the doubling
condition (1.587). Quite recently sometimes even the convenient doubling condi-
tion has been abandoned. This is now a fashionable subject. However it is not our
aim to report on these developments. Our own method will be presented in detail
in Chapter 8 and outlined in the following Section 1.17.6 reducing function spaces
on (X, g, ) by Theorem 1.192 to corresponding function spaces on fractals in R".
Although this way of dealing with function spaces is (as far as we know) unrelated
to other proposals it seems to be reasonable to mention at least a very few papers
dealing with different approaches and to hint on the most elaborated method by
indicating a few details. Diverse aspects how to handle smoothness (intrinsically)
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on fractals and on (quasi-)metric spaces may be found in the recent books [DaS97],
[Hei01], [Kig01], [Sem01]. Based on [Kig01], R.S. Strichartz developed in [Str03]
a theory of Hoélder-Zygmund, Besov and Sobolev spaces of higher order on the
Sierpinski gasket and other post critical finite self-similar fractals. In general, the
spaces considered are different from trace spaces as introduced in Definition 1.178.
For a long time it has been well known that classical Besov spaces and (fractional)
Sobolev spaces on R™ are closely connected with Gauss-Weierstrass semi-groups,
Cauchy-Poisson semi-groups and the underlying Bessel potentials and Riesz po-
tentials. We refer to [Tria], 2.5.2, 2.5.3 for details and to [Triy], 1.8.1 for a short
description. There one finds also the necessary references. It is quite natural to ask
for fractal counterparts. This works to some extent and under some restrictions
(d-sets or Sierpinski gaskets). This will not be considered here. Details and further
references may be found in [Zah02], [Zah04], [HuZ04], [KumO04]. As far as Sobolev
spaces on metric spaces are concerned we refer for different approaches to [HaK00]
and [LLWO02]. The most recent paper in this connection is [YaY05] where one finds
also many references.

We give now a brief description of some aspects of the most elaborated theory of
function spaces on quasi-metric spaces. We restrict ourselves to the simplest case.
We follow partly the presentation given in [TrY02]. Let d > 0 and let (X, o, 1) be
a d-space according to Definition 1.189. According to Theorem 1.187 we suppose
that for some ¢y with 0 < g <1 and all ¢ with 0 < e < gy,

lo(z,y) — oy, 2)| < co(y, 2) [o(z,y) + oz, 2)]"° (1.593)

forz € X,y € X, z € X and a suitable constant ¢ > 0. Let 1 < p < oco. Then the
complex Banach space L,(X) has the usual meaning, normed by

1/p

1 1Lp (X)) = /If(x)l” p(dx) (1.594)

with the usual modification if p = oo. Let Lip®(X) be the Banach space of all
complex continuous functions on X such that

e _ [f(2) = f(y)]
IIf [Lip® (X)|| = igg\f(az)\ +iilf, Floy) < (1.595)

Then Lip°(X) is dense in Lo(X). We refer to [DJS85] and [Han97]. Hence
the dual pairing (Lip®(X), (Lip®(X))") with the usual identification (L3(X))" =
L2(X) makes sense. According to Theorem 1.10 in Section 1.4 one can define
the spaces B, (R") and F, (R") in terms of local means within the dual pairing
(S(R™), S’(R™)). It is remarkable that there is a partial substitute under the above
assumptions which goes back to [DJS85]. We rely here on the modification accord-
ing to [Han97] adapted to our situation. There is a sequence of complex-valued
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functions
Sm(z,y) with z€ X, yeX, and m e N, (1.596)

and a number C' > 0 with the following properties:

S (z,y) = 01if o(x,y) > C2™™ and |Sy(x,y)| < C29™, (1.597)
Sz, y) — S, y)| < C2md+e) pe () 1),
| S (0, y) («',y)| < o°(z,2) (1.598)
1S (2,y) — S, y)| < C 2™+ 02 (y,4/),
|Sm(x,y) — Sm(a’,y) — Sm(z,y") + Sm(z’,y")]
di2 , , (1.599)
< 022 o (2, 2') 0% (y, 9/)
forallze X, 2’ € X,ye X,y € X; and
[ Sty udy) = [ Sy da) = 1. (1.600)
X X

Let
Eo(z,y) = So(z,y)  and  Epn(z,y) = Sm(z,y) — Sm-1(z,y)  (1.601)

if m € N. Then we have

/Em(x,y) w(dy) = /Em(m,y) u(dz) =0 for meN. (1.602)
X X

Now E; given by

@ﬂmzjbmwwwmw> with 1€ No, (1.603)
X

are the local means we are looking for. One can compare the above kernels S, (z, y)
and F,, (z,y) with the kernels 2™ k (2™ (y — x)) in the local means k(2~™, f)(x)
in (1.41). There is an immediate counterpart of (1.597) with d = n. Furthermore
if ko is normalised by kY (0) = 1 and if S,,, is generated by 2™"ky(2™:), one has
(1.600) and (1.602), where the latter corresponds now to (1.42) with |a| = 0 and
hence s < 1. In contrast to Section 1.4, now only the limited Lip®-smoothness is
available, which results in (1.598) and (1.599). But it is not a surprise that one can
reduce the required smoothness for the kernels in Section 1.4 in dependence on s.
We have done this in a slightly different but nearby context of atoms in Section
1.5.2, which is also well reflected by atomic decompositions of the spaces B, (X)
that we are going to introduce now. In other words, E; in (1.603) is a promising
replacement of the local means in Section 1.4 as long as the smoothness s of the
respective spaces By, and FJ is restricted at least by |s| < e.
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Definition 1.194. Let d > 0 and let (X, 0, 1) be a d-space according to Definition
1.189 equipped with the quasi-metric o satisfying (1.593) where 0 < e =¢g9 <1 is
the same number as in Theorem 1.187. Let

1<p<oo, 1<g<o0, and —-e<s<ec. (1.604)

Let Eyf be the local means as introduced in (1.603). Then B, (X) is the collection
of all f € (Lip*(X))" such that

1/q
oo

1 1By (Xl = | D27 B fILy(X)) <o (1.605)
§=0

with the usual modification if ¢ = oco.

Remark 1.195. This definition might be considered as the counterpart of Theorem
1.10. Since Lip®(X) is dense in La(X),

Lip®(X) < La(X) = (L2(X))" — (Lip*(X))’ (1.606)

justifies the definition. Furthermore, B, (X) are Banach spaces which are indepen-
dent of the chosen local means (equivalent norms). These are inhomogeneous Besov
spaces on d-spaces. Similarly one can introduce inhomogeneous spaces F;, (X ) with

l<p<oo, 1<¢g<oo, and —e<s<eg, (1.607)

imitating Theorem 1.10(ii). Furthermore there are several extensions of (homo-
geneous and non-homogeneous) spaces of B-type and F-type on more general
spaces of homogeneous type according to Definition 1.189(i) and to some values
with p < 1 and ¢ < 1. However the admitted smoothness is limited by |s| < e.
Spaces of this type have now a rather substantial history covering in particular
the above special case. The analysis on spaces of homogeneous type started with
[CoWT1]. As far as the above function spaces are concerned we refer here to the
surveys [HaS94], [HaY02], the contributions [Han97], [HLY99] and the recent pa-
pers [HLYO1], [Yang02], [TrY02], [Yang03], [HaY03], [Yang04], [YaL04], [DHYO05],
[HaY04], reflecting at least partly some recent developments. One may also consult
Section 9.3.2, especially in connection with the last two references.

Of special interest for us (and a strong reason to incorporate the above material)
is the following observation. Recall that a compact set T' in R" is called a d-set
with 0 < d < n if there is a Radon measure p with supp 4 =1 and

w(B(y,r) ~r?,  yel, 0<r<l (1.608)

Then we have in particular (1.551) for the trace spaces B, (I, ). Complemented
by the natural metric p,, in (1.578), one gets the d-space (X, o, ) with X =T" and
0 = o,, according to Definition 1.189(ii). Of course one may now choose ¢ = 1 in
(1.593) and Definition 1.194. Again the resulting spaces are denoted by B, (X).
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Theorem 1.196. Let T be a compact d-set in R™ with 0 < d < n and let
0<s<l, 1<p<oo, 1< ¢ <. (1.609)

Then
B;q(F, ) = B;q(X). (1.610)

Remark 1.197. This assertion is due to D. Yang, [Yang03], Theorem 3.1. His proof
uses atomic representations for the spaces B, (X) as established in [HLY99] and
[HaY02] on the one hand and quarkonial representations for the spaces B (T', 1)
according to Theorem 1.185 on the other hand. This result answers a question
posed in [Trie], 9.34(x), pp. 159-160.

1.17.6 Function spaces on d-spaces:
an approach via Euclidean charts

Let (X, p,u1) be a d-space according to Definition 1.189 with d > 0. We may
assume that the quasi-metric g satisfies (1.593) for all € with 0 < ¢ < ¢y where
0 < g9 <1 is the same number as in Theorem 1.187. Since (X, o, i) is assumed to
be complete it is also compact. We apply Theorem 1.192 to the snowflaked version
(X, 0%, ) of (X, 0, 1) now with 0 < € < gg. Hence there is a bi-Lipschitzian map
H, the snowflaked transform,

H: (X,0°p) onto (T,0,, H*) (1.611)

where T is a compact d.-set with d. = d/e in some R" according to Remark 1.179
(or the explanations given in front of Theorem 1.196), where again

Qn(x7y) = |$—y|, T eRn7 Z/Gan (1612)
is the usual Euclidean distance in R"™ and the measure p in (1.608) can be fixed
(up to equivalences) as the restriction of the Hausdorff measure H9% to I'. We call
' with o, and H%|I' an Euclidean e-chart of (X, o, ). In particular,

HX =T, o0,(H(x),H(y))~ o (v,y), veX, yeX (1.613)
and one may fix (again up to equivalences)

p=(H=T)o H (1.614)

(image measure). Now it is the basic idea to transfer the spaces B, (I', u) according
to (1.551) and in particular their quarkonial characterisations in Theorem 1.185
to (X, 0%, i), hence

s . _ s d
By (X, 0,05 H) = By® (T, 0,, HY¥IT) o H, (1.615)
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where

1< p<oo, 0 < q < oo, s> 0. (1.616)

These spaces can be characterised in terms of quarkonial representations now on
X. Taking the intersection of these spaces one can impress a C'°°-structure on
X. This gives the possibility to introduce by duality distributional spaces B;,
on X with s < 0. This will be done in detail in Chapter 8. Obviously one gets
in this way many scales of spaces B, (X, o, u; H) which are different from each
other in general. But there will be a counterpart of Theorem 1.196, saying that
forl<p<oo,1<q< o0,

Bs (X, 0,5 H) = B, (X) if 0<s<e, (1.617)

where By (X) are the spaces according to Definition 1.194.

Remark 1.198. The details of the outlined procedure will be given in Chapter 8.
But we are more interested in the method than in generality. In particular the
restriction to d-spaces is the simplest case but by no means necessary for this
method: The trace spaces as introduced in Definition 1.169 and their quarkonial
representations according to Theorem 1.185 apply to arbitrary Radon measures
p according to (1.515) and the corresponding metric spaces (I, ,,, ). For the
snowflaked transform as described by Theorem 1.192 one needs that the measure
 is doubling according to (1.587) but not more. Hence these two ingredients ap-
ply to much more general situations. But this will not be done. First candidates
would be spaces according to Definition 1.189(ii) where (1.589) is replaced by
arbitrary isotropic measures as introduced in Definition 1.151 or with the specifi-
cation (1.554). Also the assumption (1.588) and that (X, g, i) is compact might not
be necessary. One could deal with complete but not necessarily compact spaces
(X, 0,1t) and begin with a resolution of unity on X in terms of Lip®-functions
according to (1.595). This is possible and the compact pieces can be treated as
indicated. Afterwards one has to glue these pieces together appropriately. But
then one is very near to the usual way as (n-dimensional) manifolds (C* or Rie-
mannian) are represented by an atlas consisting of local charts. In our case one
has Euclidean charts and for compact spaces (X, g, ) one chart is sufficient. On
the other hand the idea of local charts has also been used quite extensively in
connection with function spaces on Riemannian manifolds and on Lie groups. We
refer to [Trivy], [Trie]. Hence following these suggestions one might well arrive at

atlases of Fuclidean charts and snowflaked bi-Lipschitzian maps.

On the other hand, the theory of function spaces on R", on domains in R"™ but
also on spaces of homogeneous type as described in Section 1.17.5 applies equally
to spaces of type B, and of type F}, . But this is not the case for the trace spaces
according to Definition 1.178 and for spaces of type (1.615). They strongly prefer
B,, spaces, so far.
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1.18 Fractal characteristics of distributions

For Radon measures p with (1.515) we introduced in Definition 1.165 the mul-
tifractal characteristics A, (t) and the Besov characteristics s, (t) and collected
in Theorem 1.167 some properties. It is quite natural to ask for corresponding
notation and assertions for arbitrary distributions,

fe S (R") with supp f compact and sing supp f # 0. (1.618)
Recall that the singular support of f € S’(R") is given by
sing supp f ={z € R" : f|B(x,r) & C*™ for any r > 0}, (1.619)

where again B(x,r) is the open ball centred at z € R™ and of radius =, and
f1© € D'(Q) is the restriction of f to a domain £ in R". We refer to [Hor83],
Definition 2.2.3, p. 42. We return to this subject in Chapter 7. Then we introduce
the multifractal characteristics A/ (¢) in modification and generalisation of A, (t)
in (1.518) in case of f = p. We have M\(t) = A, (t) at least if 0 < ¢ < 1. On the
other hand the Besov characteristics

sp(t) =sup{s : fe By (R")}, 0<t=1/p< o0, (1.620)

are the direct generalisations of (1.519). Since f is not C*° in R™ it follows that
s7(t) < oo for any 0 < t < oco. Otherwise some of the properties in Theorem
1.167 can be carried over. As there we say that a real function s(¢) is increasing
for ¢ > 0 if it is non-decreasing. Any concave increasing real function s(t), where
t > 0, is absolutely continuous. Furthermore, s'(t) exists a.e., it is non-negative
and decreasing, [Heu90], p. 113. In particular s'(c0) = lim;_,o §'(t) exists. Recall
that |T|, H4(T') and dim T are the Lebesgue measure, the Hausdorff measure and
the Hausdorff dimension of the set I' in R". Details about Hausdorff measures and
Hausdorff dimensions may be found in [Fal85, Section 1.2], [Mat95, Section 4] and
[Trid, Section 4].

Theorem 1.199.

(i) Let M (t) and s¢(t) be the multifractal characteristics and the Besov charac-
teristics of f as in (1.618), according to Chapter 7 below and (1.620). Then
sf(t) with 0 <t < oo is an increasing concave function in the (t, s)-diagram
in Figure 1.17.1 of slope smaller than or equal to n. Furthermore,

spt) =Mt +n(t—1), 0<t<oo (1.621)

(ii) For any real increasing concave function s(t), where 0 < t < oo, of slope
smaller than or equal to n there is an [ with (1.618) such that

sp(t) =s(t) for 0<t< oo, and || =0, (1.622)
where T' = sing supp f. If in addition s'(c0) < n , then
HU) =0 <= d>n—s(x0) (1.623)
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and, in particular,
dimy ' =n — s'(c0). (1.624)

Remark 1.200. We return to this subject in Chapter 7 where we give also a defi-
nition of A/ (¢) and discuss how it is related to Definition 1.165. Otherwise part (i)
coincides with corresponding assertions in [Tri03c]. In case of s’(00) = n, and hence
§'(t) = nforall 0 < ¢ < oo, one can choose the lifted §-distribution f = I, accord-
ing to (1.5), (1.6), with 0 = —s(1). Then I' = {0} and (1.624) with dimy ' =0
remains valid also in this case. In connection with part (ii) we refer also to [Jaf00],
Proposition 1, p. 58, and [Jaf01], Proposition 1, saying that for a given function
s(t) with the above properties there is an element f belonging locally to a homo-
geneous Besov space with s(t) = sy(¢). The arguments there are based on wavelet
expansions.

1.19 A black sheep of calculus becomes the king
of function spaces

Before starting in earnest we look back at what has been said so far.

The black sheep. Beginners in calculus are usually surprised when they are told
that the function

fl@y=eV"ifz>0 and  f(z)=0ifz <0, (1.625)

on the real line R is C*° but nevertheless cannot be expanded at the origin in a
Taylor series. The function seems to promise more than it delivers. Even the more
handsome version, now considered on R",

_nflm 2 3
gloy={¢ " k<, (1.626)
0 if |z| > /n,

is, in the same way, discredited as a black sheep of calculus, a bad guy.

The rehabilitation. A remarkable rehabilitation came with the rise of the theory of
distributions in the late 1940s due to an enthusiastic marketing and fiery lectures
by Laurent Schwartz on this subject, [Gar97], p. 79. At that time it was a surprise
even for experts (as it might be nowadays for students after their bad experiences
with calculus) that g from (1.626) and its direct descendants play a decisive role in
the foundation of the theory of distributions. One might think of C°° resolutions
of unity of type (1.105), (1.106) and of the density of D(Q) = C§°(2) in L,(R™)
with 1 < p < oo for domains Q in R"™. We refer for more historical details to
[Gar97], Chapter 12.

The king. However the role of the function g from (1.626) goes far beyond what we
just described (at least in our understanding). Beginning with [Trid] we presented
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in [Trie] a new approach to spaces of type B,, and Fj, on diverse sets such as
R"™, domains in R", boundaries of these domains, manifolds and fractals in R".
This undertaking will be continued in this book and extended in several directions,
especially to some function spaces on abstract quasi-metric spaces. Basically all
these considerations have one point in common: The elements of these spaces are
represented as sums over fixed elementary building blocks multiplied with complex
numbers belonging to some sequence spaces. These elementary building blocks,
which we called 3-quarks can be derived from ¢ (and nearby descendants) subject
to a few well-established procedures. To give an impression of what is meant we
assume that the underlying structure is R"™. Then we have the classical (inhomo-
geneous) wavelet procedures,

x+— 272 where z € R", j € Ny, (dilations), (1.627)

and
x+—x—m where xz € R", meZ", (translations), (1.628)

complemented now by the multiplication of functions h with monomials z” =
B Bn
'rl .. .xn s

h(z) — 2°h(x), where z € R", 3 € Nj, (multiplications). (1.629)

Then one arrives at the §-quarks in (1.107) where one might think that v is an
immaterial modification of

g(ﬂ?)-(Zg(m—m)) ,  x€R"™

mezZ™

Now by Theorem 1.39 all spaces B, (R") with s > o}, and Fj; (R") with s >
opq can be represented by these elementary building blocks where the quality of
the elements f in (1.110) and in (1.112) is measured in terms of corresponding
sequences spaces as introduced in (1.108) and (1.109). For arbitrary smoothness
s € R one needs in addition derivatives of the building blocks caused by oscillations
(or cancellations). It is sufficient to work with powers (—A)L of the Laplacian —A
in R", hence

h(z) — (—A)Eh(z), where z € R", L € N, (differentiations).  (1.630)

Complementing dilations, translations and multiplications by differentiations ac-
cording to (1.627)—(1.630), altogether, one gets elementary building blocks now for
all spaces By (R") and F};,(R") originating from g in (1.626). We refer to [Trie],
Section 3. This remarkable success may justify the coronation of the black sheep
of calculus ¢ from (1.626) as the king of function spaces.

The proper empire. The above function g (and the indicated nearby descendants)
subject to the procedures (1.627)—(1.630) generate elementary building blocks for
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all isotropic inhomogeneous spaces B, and [}, in R", where the corresponding
complex coefficients belong to suitable sequence spaces. One may ask whether king
g can extend his empire to other function spaces. This works on a surprisingly large
scale. Looking first for isotropic inhomogeneous spaces in the context of R™ one
may try to replace the whole R" by (bounded smooth) domains €2, manifolds
in R" (maybe boundaries of Q) or bizarre (compact) fractal sets I' in R". Some
adaptations are necessary. The function g itself is untouchable. But what about
the procedures (1.627)—(1.630)? Dilations (1.627) and multiplications (1.629) are
harmless. This applies also to differentiations (1.630) if the underlying structure
is a (smooth bounded) domain € in R™. The situation is different in the case
of (fractal compact) sets T in R". But this difficulty can be avoided if one deals
with spaces of positive smoothness, say, B, (I') with 1 < p < oo and s > 0.
(Then differentiations are simply not needed.) But the translations (1.628) must
be adapted to the underlying structures (domains € in R™ or fractal sets I in R"™).
This must be done on each level j of dilations resulting in the procedure

2792 — {27} (distortions), (1.631)

where {.I‘j’m} are approximate lattices which may be optimally adapted to do-
mains € or to fractal sets I' according to (1.96)—(1.98) and (1.560)—(1.562), corre-
spondingly. Then the above function g subject to the procedures (1.631) (as the
combined adapted replacement of dilations and translations according to (1.627)
and (1.628)) and (1.629) (possibly complemented by (1.630) in case of domains)
generate elementary building blocks for spaces of type B, (€2), F},, (€2) on (smooth
bounded) domains € in R" and for spaces of type B, (I'), s > 0, on fractal sets I’
in R™. We refer to [Trie], Sections 5-7, as far as spaces on domains and manifolds
are concerned, and to [Trie], Section 9, and the above Section 1.17, especially Sec-
tion 1.17.3, for corresponding spaces on fractal sets I' in R™. But this g-philosophy,
which means the generation of elementary building blocks by application of some
of the above procedures to the function g (and nearby descendants), can be ex-
tended to other isotropic inhomogeneous spaces in R™. As far as weighted spaces
of type

Bs, (R™,w(-)) with the weights w(z) = (1 + [z[?)*/2, where a € R,

are concerned we refer to [Trie], Section 8. More challenging is the extension of
the g-philosophy to diverse types of isotropic spaces of generalised smoothness
BZ,(R") and Fj (R"), where the generalised smoothness o = (0;)2, replaces
the above scalar smoothness s. We refer to [MouOlb] and to [Bri02a], where the
corresponding quarkonial expansions in the latter paper are based on [Bri04] and
[FaL01], [FaL04].

The expanding empire. Empires, especially when deeply rooted in a philosophy,
have the tendency to expand (and to collapse). The proper empire as described
above is based on the g-philosophy in R™ and on diverse subsets. The proce-
dures (1.627)—(1.631) are isotropic and intrinsically connected with R™. But the
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g-philosophy can be exported to other structures and spaces, either within R"
or on abstract sets. The anisotropic spaces B;*(R") and F,;*(R") are the first
candidates in R™, where a stands for an anisotropy,

n
a=(ay,...,an), 0<a; < - <ap, Z%‘:n.
j=1

Then g, now subject to the anisotropic counterparts of the procedures (1.627)-
(1.629), generates elementary building blocks for the above anisotropic spaces at
least if s is so large that the anisotropic counterpart of (1.630) is not needed (which
causes apparently some trouble). We refer to [Far00]. A corresponding theory
for spaces with dominating mixed smoothness has been developed quite recently
in [Vyb03], [Vyb06]. But maybe the boldest attempt to conquer other worlds
by means of the g-philosophy has been indicated briefly in Section 1.17.6 and
will be subject to detailed considerations in Chapter 8: According to (1.615) the
snowflaked transforms H as described in (1.611) (and which might be considered
as a further procedure complementing (1.631) and (1.629)) gives the possibility to
transfer spaces of type B, on d-sets I' in R, which are based on the g-philosophy,
to abstract d-spaces.

Resilient spaces. There is no doubt that further spaces can be incorporated in the
above empire based on the g-philosophy. One might think of spaces obtained by
interpolation or extrapolation of spaces which already can be represented by the
same elementary building blocks (and different sequence spaces for the correspond-
ing coefficients). On the other hand, there are some distinguished resilient spaces
which can hardly be incorporated in the above scheme. As unfortunate examples
we might cite such outstanding spaces as L1 (R"), Lo (R™) or C(R™). But maybe
they are not so resilient as they wish to be.

The good guy. The brother of the bad guy of calculus g(x) in (1.626) is the good
guy )
Gz) =e l#7/2 zeR™ (1.632)

This function plays a crucial role not only in several branches of mathematics,
especially in stochastics, but it also managed to be depicted on the former German
banknote Zehn Deutsche Mark, which is dedicated to Gaufl. At least by the opinion
of German bankers it represents (one of) the greatest achievement(s) of Gaus.
Incidentally, the curve (n = 1) on this banknote suggests that G(z) has a compact
support. Too good to be true and the bad guy g(z) in (1.626) would oppose
the idea violently (at least after becoming king just because of his compactness).
Nevertheless having bestowed it with so much honor it is unavoidable to look for a
proper place for G(z) in the realm of function spaces as considered in this book. It
comes out that G(x) can be taken as the basic function of Gausslets we are dealing
with in Section 3.3.1. In addition G(z) plays a decisive role in Gabor analysis or
time-frequency analysis which will be mentioned briefly at the beginning of Section
3.3.1.



Chapter 2

Atoms and Pointwise
Multipliers

2.1 Notation, definitions and basic assertions

2.1.1 An introductory remark

This book consists of two parts. The first part coincides with Chapter 1, which is
a historically-oriented survey in continuation of Chapter 1 in [Triy] concentrating
mainly on recent developments in the last 10-15 years. The other chapters might be
considered as part 2 dealing now in detail with diverse topics of the recent theory of
function spaces. Both parts are essentially self-contained. In other words, we repeat
some notation and definitions if they are directly needed for the understanding
of what follows. This causes a mild, but at the end rather limited, overlap. On
the other hand we wish to benefit from Chapter 1 (and this was just one of the
criteria for the topics selected): explanations, historical comments, references and
assertions quoted on which our arguments rely will not be repeated. We just hint
where one can find them.

Chapter 1, including the fairy-tale in Section 1.19, gives the impression that the
recent theory of function spaces rests to a large extent on diverse building blocks.
So it might be not a surprise that we deal first in the following chapters with
several types of atoms, wavelet bases and wavelet frames.

2.1.2 Basic notation

First we fix some basic notation. Let N be the collection of all natural numbers and
No = NU {0}. Let R" be Euclidean n-space, where n € N. Put R = R', whereas
C is the complex plane. Let S(R") be the Schwartz space of all complex-valued,
rapidly decreasing, infinitely differentiable functions on R". By S’(R") we denote
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its topological dual, the space of all tempered distributions on R". Furthermore,
L,(R") with 0 < p < o0, is the standard quasi-Banach space with respect to
Lebesgue measure, quasi-normed by

i = ([ era)” (2.)

with the obvious modification if p = co.

As usual, Z is the collection of all integers; and Z" where n € N, denotes the
lattice of all points m = (m1,...,my,) € R" with m; € Z. Let N, where n € N,
be the set of all multi-indices

a=(a,...,0n) with o; €Ny and |aof = Zaj. (2.2)
j=1

Ifx=(x1,...,2,) €ER" and = (B1,...,0n) € N then we put
P = xfl oo gBn (monomials). (2.3)

Let @,,, be the closed cube in R™ with sides parallel to the axes of coordinates,
centred at 27¥m with side length 27+ where m € Z" and v € Ny. If Q is a cube
in R" and r > 0 then rQ is the cube in R" concentric with @ and with side length
r times the side length of ). We denote by XL(,IQL the p-normalised characteristic

function of Q,.,,, which means

Xl(};)l(ac) =2W=hn/p if 4 Qum and Xl(};)l(ac) =0ifz & Qum. (2.4)
Of course,
IXE) |L,(R™)|| =1, where 0<p < oc. (2.5)

If a € R, then we put a4 = max(a,0). Throughout this book we use the abbrevi-

ations . )
o, =N -1 and o, =n . -1 2.6
=) )+ = (intova) )+ (26)

where 0 < p < 00,0 < g < 0.

Asusual T: A — B means that T is a linear and bounded operator from the quasi-
Banach space A into the quasi-Banach space B, also written as T' € L(A, B). If
T = id is a linear and bounded embedding then we shorten id: A < B also by
A — B.

2.1.3 Spaces on Euclidean n-space

We are interested in spaces of type B, and F};, on diverse structures. Our starting
point is always R". First we recall some notation.
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If ¢ € S(R™) then

5O =EAO =0 [ e o@dn, cery (2)
denotes the Fourier transform of . As usual, F~1p or ¢, stands for the inverse
Fourier transform, given by the right-hand side of (2.7) with 4 in place of —i. Here

x€ denotes the scalar product in R”. Both F and F~! are extended to S’(R") in
the standard way. Let o € S(R™) with

pol) = 1if [z <1 and poly) = 0 if Jy] > 3/2, (2.8)
and let
or() = o(27Fx) — o (27K 1), reR"”, kel (2.9)
Then, since
1= i w;(x) for all x € R", (2.10)

\

the ¢; form a dyadic resolution of unity in R". Recall that (¢, f) is an entire

analytic function on R" for any f € S/(R™). In particular, (wjf)v(x) makes sense
pointwise.

Definition 2.1. Let ¢ = {(pj};?‘;o be the dyadic resolution of unity according to

(2.8)~(2.10).
(i) Let
0<p<oo, 0<qg<oo, seR, (2.11)
and
1/q
£ [BpgR™)[lo = ZQMH 01 )Y ILp(R™)|9 (2.12)
7=0

(with the usual modification if ¢ = 00). Then

By (R") = {f € S'(R"): [|f[Bp(R")]|, < o0} (2.13)
(i) Let
0<p<oo, 0<qg<oo, seR, (2.14)
and
- 1/q
1f 1By R o = ||| D227 (ps /)Y ()" |Lp(R™) (2.15)

(with the usual modification if ¢ = 00). Then
Fy(R™) = {f € S'(R"): ||f |Fp,(R™)]lp < 00} (2.16)
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Remark 2.2. Recall that this book consists of two parts which we try to keep inde-
pendent of each other as far as basic definitions and basic assertions are concerned.
Part 1 coincides with Chapter 1, whereas part 2 covers the other chapters. But
on the other hand we rely on Chapter 1 when it comes to explanations, further
assertions and in particular to references to the literature. In this sense we restrict
ourselves here to the above definition, which coincides with Definition 1.2, and to
the formulation of the very basic assertion of the theory of these spaces in the next
theorem and refer otherwise to Section 1.3 for the description of some fundamental
properties.

Theorem 2.3. Let p = {(pj};’o:o be the dyadic resolution of unity according to
(2.8)-(2.10).

(i) Letp, g, s be given by (2.11). Then B, (R™) according to (2.12), (2.13) is a
quasi-Banach space (Banach space if p > 1, ¢ > 1) and it is independent of
¢ (equivalent quasi-norms).

(ii) Letp, g, s be given by (2.14). Then F, (R") according to (2.15), (2.16) is a
quasi-Banach space (Banach space if p > 1, ¢ > 1) and it is independent of
¢ (equivalent quasi-norms).

Remark 2.4. Further details and results, explanations and, in particular, (histor-
ical) references may be found in the above Section 1.3. In Section 1.2 we listed
some classical concrete spaces. As usual in this theory we do not distinguish be-
tween equivalent quasi-norms in a given space. This may justify our omission of
the subscript ¢ in (2.12) and (2.15) writing simply

1 1B R and [ f [F5, (R™)]]. (2.17)

2.1.4 Smooth atoms

Atoms are one of the basic building blocks of the recent theory of function spaces.
We recall what we need in the sequel, restricting us to the bare minimum. We use
the notation introduced in Section 2.1.2.

Definition 2.5. Let s e R, 0 <p < oo, K € Ny and C > 1. A continuous function
a: R™ — C for which there exist all (classical) derivatives D%a if |o| < K s called
an (s,p) k-atom if

supp a C C Qum for some v € Ng, m € Z™, (2.18)

and
|D%a(z)| < 27vsn/ptlaly for o] < K. (2.19)

Remark 2.6. This is a special case of Definition 1.15 with L = 0 in (1.60). Again
we indicate the location and size of an (s, p) x-atom with (2.18), (2.19) by writing
aym in place of a. Otherwise one may consult Section 1.5.1 for explanations, results
and references, especially Theorem 1.19 and Remark 1.20.
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2.2 Non-smooth atomic decompositions

We abbreviate
By (R™) = B, ,(R") where 0<p<oo, seR. (2.20)

In particular,
C*(R™) = BZ_(R™), s >0, (2.21)

are the classical Holder-Zygmund spaces according to (1.10), (1.12). Furthermore,

s>n/p, 1<p<oo,

(2.22)
s>n/p, 0<p<L

B,(R") — C(R") <= {
One can replace C(R") by Loo(R™) in (2.22). This follows from [Trif], Section
2.7.1, and (as far as the delicate limiting embeddings are concerned) from the
above Theorem 1.73 including the explanations and references given there. Let o,
be as in (2.6). If
op <s<1/p where 0 <p < oo, (2.23)
then the characteristic functions of cubes are elements of By;(R"). Details and
references may be found in Theorem 1.58 and Remark 1.59.

Definition 2.7. Let C' > 1,
0<p<oo, op <5< 0 < o0. (2.24)
Then a,m € By (R™) is called an (s, p)?-atom (more precisely (s,p)?-C-atom) if
Supp apm C C Qum where v €Ny, meZ", (2.25)

and

laum | BS (R < 27, (2.26)
Remark 2.8. This coincides essentially with Definition 1.25 indicating now the
localisation of a,.,, as in Remark 2.6. Concerning notation we refer to Section
2.1.2. Quite obviously, (2.26) applies to a fixed quasi-norm in Bf (R"). By (2.22),
if s < n/p then there are unbounded (s,p)?-atoms. In case of (2.23) normalised
characteristic functions of cubes are atoms.

In what follows we always assume that the quasi-norm in BJ(R") is fixed in such

a way that immaterial multiplicative constants can be avoided. Recall that o), is
given by (2.6).
Proposition 2.9. Let C > 1, v € Ng and m € Z". Let 0 < p < 00 and o), < s < 0.

(i) Let 0 < K € N. Then any (s,p)kx-atom a,., according to Definition 2.5,
Remark 2.6, is an (s,p)? -atom as introduced in Definition 2.7.
(ii) Let aym, be an (s,p)?-atom. Then

llavm \B;(RH)H <1 and lavm ‘LP(RH)” <277 (2.27)
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Proof. Step 1. We prove (i). First we recall the following homogeneity property:
Let 0 < p < o0, s > 0p, and

g€ Bi(R")  with  supp g C {y: |y| < 1}. (2.28)

Then
lg|By(R™)|| ~ 27==/P) ||g(2") [B5(R™)||, v € Ny, (2.29)

where the equivalence constants are independent of g and v. This follows from
[Trie], Section 5.16, p. 66 and By = F}, (based on [Trie], Sections 5.3-5.5). We
apply this homogeneity property to g(x) = a,(277z) where a, = a,y, with m =0
is an (s, p)k-atom located at the origin. Using

la, (277) | By R[] S 277677 v e N, (2.30)
as a consequence of (2.18), (2.19) (and Theorem 1.19) one gets
llaw | By (R™)|| ~ 270=/P) [la, (27) | By (R™)]| S 2077, (2.31)
Hence, a, and also a,,, with m € Z" are (s, p)?-atoms.

Step 2. We prove (ii) relying again on (2.28), (2.29). It is sufficient to prove (2.27)
for a, = a,,, with m = 0. Then it follows that

lay |By(R™)[| ~ 2777/P) ||a, (277-) | By (R
< 2v6mn/P) g, (277) | B (R™)
<27 |a, | By (R
<1

| (2.32)

This proves the first assertion in (2.27). The second assertion follows by the same
arguments with L, in place of B,. O

Remark 2.10. The proposition coincides essentially with Proposition 1.27 as far
as the above (s, p)x-atoms are concerned. Otherwise Proposition 1.27 covers also
the atoms introduced in Definition 1.21 with L = 0. Having (2.28), (2.29) in mind
one could incorporate these atoms in the above considerations. But this will not
be needed here. Otherwise one may consult Section 1.5.2 for further information
and references. Next we wish to prove Theorem 1.29. For this purpose we need
the following special case of Definition 1.17.

Definition 2.11. Let 0 < p < o0,
A={meC: veNy, meZ"}, (2.33)
and

[e%e] 1/p
A [yl = (Z > Aymp> (2.34)

v=0mezm
(with the sup-norm in case of p = o0). Then

by = {A: | A|by]| < oo} (2.35)
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Remark 2.12. We are interested in the series

i > Nomaum,  AEby, (2.36)

v=0mezn"

where a,., are (s,p)?-atoms according to Definition 2.7. If p < oo then we claim

that (2.36) and also
Z Z [Avml + [awm ()] (2.37)

v=0meZn

converge in some space L. (R") with 1 < r < oo. If p > 1 and r = p then it follows
by (2.25), (2.27) that

P 1/p 1/p
( / n(Ziwwam(m)) dm) s (ZM?) (2.39)

mezn mezn
S 277 A byl

(This applies also to p = c0.) Hence both (2.36) and (2.37) converge in L, (R")
with » = p. If p < 1 then we use the embedding

B, (R™) — B(R") with s—n/p=sx—n/r, p<r <o, (2.39)

[Trif], Section 2.7.1, p. 129. Since s > o, one has s» > 0 for some r with 1 <
r < oo and consequently (2.27) with s and r in place of s and p, correspondingly.
Hence (2.36) and (2.37) converge in L, (R"™) and we shall say that (2.36) converges
absolutely in L.(R™). In particular, (2.36) converges unconditionally in L, (R")
and in S'(R™) to some f € L,(R™). One can replace L,(R™) also by Lz(R"™) with
p = max(p,1). If p = co then (2.36) converges absolutely in the weighted space
Loo(R™, w), normed by ||wf |Loo(R™)|| with w(z) = (1 + |2|?)%/? where § < 0. In
particular, (2.36) always converges unconditionally in S’(R").

Theorem 2.13. Let C > 1, 0 < p < o0 and 0 < s < o, where o, 15 given by
(2.6). Then By (R") is the collection of all f € S'(R™) which can be represented by
(2.36),

f= i > Aomaum  with X€by, (2.40)

v=0mez"

where aym are (s,p)?-C-atoms according to Definition 2.7. Furthermore,
1 1By (R™)[| ~ inf [[A]by|| (2.41)

s an equivalent quasi-norm where the infimum is taken over all admissible repre-
sentations (2.40).
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Proof. Step 1. According to Remark 2.12 the right-hand side of (2.40) converges
absolutely in some space L,.(R™) with » > 1 (with the indicated modification if
p = 00). Hence it is a regular distribution. Furthermore by Theorem 1.19 and
Proposition 2.9 it remains to prove that there is a constant ¢ > 0 such that

1F 1B R™)[ < clIA[by (2.42)

for all representations (2.40). If p < 1 then (2.42) is a consequence of

IF1ByRDIP <D D (vl - llawm | By (R™)? (2.43)

v=0mezm
and (2.27). Here we used that B, (R") with p < 1 is a p-Banach space. This follows
from the corresponding assertion for L,(R™) and (2.12) with ¢ = p.

Step 2. Hence it remains to prove (2.42) for p > 1. To avoid confusion we fix (and
modify) our notation denoting elements

of Ng by 7, k and of Z" by m, w, (2.44)

whereas a,b,d refer to atoms and A,n,v to complex numbers or sequences of complex
numbers. Then f in (2.40) is now written as

F=Y0 Memarm  with Aeb, (2.45)

k=0 mez"

separating temporarily different entries by an extra comma. Then ay, ., are (s,p)’-
atoms (C' > 1 is now fixed and not indicated) located in balls By, ,,, of radius ~ 27%
centred at 27%m (again simplifying notation). We expand ay, ,,(27"-) optimally in
B7(R™) by smooth (o,p)k-atoms bf;” with ¢ < K according to Theorem 1.19
based on Definition 2.5,

g (2 ZZ nys T (), x €R™, (2.46)

J=0 weZm
with
supp b5 € By, DS (a)] < 2730 /pklel (2.47)
where |a| < K, and by (2.32),
1/p
P ~ llawm (27%) | By (R)|| S 27FC/P), (2.48)
Hence,
g (z Z bbby, zeR” (2.49)

J=0 wezZn"
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where the functions b§7’$(2’“~) have supports in balls of radius ~ 27577, By (2.47)
we have for |a| < K,

apk,m ok _ okla apk,m k
Db (2| = 2500 | (Devy ) (24)|
< 9lit+k)lal 9=io=n/p) (2.50)

— 9+k)lal 9—(i+k)(s—n/p) 9~ (i+k)(o—s) gk(o—n/p)

Replacing j + k by j one obtains that

apm(x) = 2KEP) NN g 2707 dR (), (2.51)

j>k wezn

where df;" are smooth (s, p)x-atoms with supports in balls of radius ~ 277 and
in a ball centred at 27%m of radius ~ 27, The last assertion follows from the
multiplication of ag,, in (2.51) with a suitable cut-off function, j > k, and the
properties of corresponding smooth atoms according to Definition 2.5. Let (j, w, k)
with k& < j be the set of all m € Z" producing non-vanishing atoms df;” in (2.51).
The cardinal number of (j,w, k) can be estimated from above by some N € N
which is independent of j, w, k. We insert (2.51) in (2.45) and collect for fixed
j € Ng, w € Z" all non-vanishing terms. Then

o—n k,m k,m
Py 2HOTP) Zme(m,k) 15 ke w ~ Moo~ 5y ()
k,m
Zk< TP Y Gty 15 | X

are correctly normalised smooth (s,p)x-atoms according to Definition 2.5. Fur-

dj,w(x) = (2'52)

thermore,
f = Z Z Vjw dj)w (253)
j=0wezn
with
Vi = 9—i(o—s) ZQk(U—n/P) Z |"7;‘Cfrli,w| . |/\k,m|~ (2.54)
k<j mée(j,w,k)

With 0 < € < 0 — s one gets for p < oo,

—(i=k)(o—s=e)p . 9k(s—n/p)p |,7 wl” e P
k<]m€(]wk:) (2 55)
<Z Z 9k(s—n/p)p |77 |p At |P
k<jmezn
and hence
s—n k.m
D2 Wil S0 D Peml? Y D 25Tt
j=0wezn k=0mezZn >k wezn (2.56)

SO Pl

k=0 meZ"
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We used (2.48). If p = oo then one has to modify the last estimates appropriately.
Hence, (2.53) is an expansion by smooth atoms and (2.42) follows from Theorem
1.19 and (2.56). O

Remark 2.14. We followed essentially [Tri03d]. Otherwise one may consult Section
1.5 where one finds further atomic decomposition theorems and the necessary
references. If p < 1 then the extension of Theorem 1.19 for the spaces B, (R")
from smooth to non-smooth atoms is rather simple and based on (2.43). In this
case one can even admit in Definition 2.7 that ¢ = s. One might ask whether
the above theorem can be extended to other spaces. First candidates are B, (R")
with s > o}, and F; (R") with s > 0,4 according to (2.6). In case of B-spaces one
might use real interpolation, whereas the F-spaces enjoy the crucial homogeneity
property (2.28), (2.29), [Trie], Section 5.16, p. 66. But nothing has been done so
far. Our own interest in non-smooth atoms is connected with function spaces on
d-spaces as outlined in Section 1.17.6 and considered in detail in Chapter 8. The
proof of (1.617) is based on the above theorem. But non-smooth atoms can also
be used for other purposes, in particular for pointwise multipliers which we are
going to discuss next.

2.3 Pointwise multipliers and self-similar spaces

2.3.1 Definitions and preliminaries

Recall that o, is given by (2.6).
Definition 2.15.
(i) Let A(R") be either B, (R™) or Fj (R™) according to Definition 2.1 with
0 <p<oo(p<oointhe F-case), 0 < q < oo and s > o,. A locally
integrable function m on R"™ is called a pointwise multiplier for A(R™) if

femf generates a bounded map in A(R™). (2.57)

The collection of all pointwise multipliers for A(R™) is denoted by M (A(R™)).
(ii) A quasi-Banach space A(R"™) on R™ with

S(R™) C AR™) C S'(R™)

is said to be a multiplication algebra if mims € A(R"™) for all m; € A(R™),
ma € A(R™) and if there is a number ¢ > 0 with

[mama [AR™)[| < ¢[lmy [AR™)] - [lmsg |AR™)] (2.58)

for all my € AR"™), ma € A(R™).
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Remark 2.16. Since s > 0, the spaces from part (i) are embedded in some L, (R™)
with 1 < r < co. Hence mf in (2.57) makes sense as a product of functions.
Otherwise we refer for a more careful discussion of this somewhat delicate point
to [RuS96], Section 4.2.

Proposition 2.17. Naturally quasi-normed, M(A(R"™)) from Definition 2.15(i) be-
comes a quasi-Banach space and a multiplication algebra. Furthermore,

M(A(R™)) — Loo(R™). (2.59)

Remark 2.18. As for the use of — we refer to the end of Section 2.1.2. The above
assertions are well-known. A short proof of (2.59) may be found in [Sic99a], Lemma
3, p. 213. However we do not deal here systematically with pointwise multipliers.
On the contrary, we concentrate on two specific points. First we want to apply
the non-smooth atomic decomposition Theorem 2.13 and secondly we wish to
show that some notions from fractal geometry are useful also in this context.
The study of pointwise multipliers is one of the key problems of the theory of
function spaces. It attracted a lot of attention beginning with [Str67]. As far as
classical Besov spaces and (fractional) Sobolev spaces are concerned we refer to
[Maz85] and, in particular, to [MaSh85]. Pointwise multipliers in general spaces
B,,(R™) and F; (R") according to Definition 2.1 have been studied in great detail
in [RuS96], Chapter 4, where one finds many references and historical comments,
and in the recent papers [Sic99b], and especially, [Sic99a]. Our own contributions
may be found in [Trif], Section 2.8, and [Triv], Section 4.2, including detailed
references. Here we follow [Tri03d].

2.3.2 Uniform and self-similar spaces

Let 1 be a non-negative C>° function in R" with

supp ¢ C {y: |y| < V/n} (2.60)
and
d de-1)=1, xzeR" (2.61)
lezn

These are basic functions for building blocks. We refer to Remark 1.38 or to the
descendants of the king’s function in the fairy-tale in Section 1.19.

Definition 2.19. Let A(R") be either By (R™) or F;, (R") according to Definition
2.1 with 0 < p < 00 (p < 00 in the F-case), 0 < g < oo and s € R. Then Aunisr(R™)
is the collection of all f € S"(R™) such that

£ | Aunit(R™) || = Sup (=0 f [AR™)]] < oo (2.62)
and Aseirs(R™) is the collection of all f € S'(R™) such that

1S [Aseiss(R™) [l = sup [lob(- = 1) f(277) [AR™)]| < oo (2.63)
JENp,leZ™
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Remark 2.20. It follows by elementary pointwise multiplier assertions that
Aunit(R™) is independent of ¢ and that the corresponding quasi-norms in (2.62)
are equivalent for admitted choices of ¥. Similarly for Ages(R™). This justifies our
omission of ¢ on the left-hand sides of (2.62) and (2.63) and to write simply

[1f | Aunie (R™) | and | f | Aserss (R™)]. (2.64)

They are quasi-Banach spaces (Banach spaces if p > 1, ¢ > 1). By embeddings of
type (2.39) with » = oo according to [Trif], Section 2.7.1, p. 129, and (2.21) one
obtains

5 selts(RT) = A3 e(R™) = Con/P(R™) = €5 /P(R™) (2.65)

pg,unif unif

where A = B or A = F. The last equality follows from [Trivy], Section 2.4.7,
p. 124. Spaces of type Aunir(R™) are very natural in connection with pointwise
multiplications. We refer to [RuS96], Section 4.3.1, p. 150. We complemented these
constructions in [Tri03d] by the spaces Agqs(R™). Of interest for us are the spaces
Ay seis(R™) with s > o,. They consist of functions. In [Tri03d], Proposition 1, p.
462, we described explicitly a quasi-norm in B; . (R™) with 0 < p < 00, s > 0y,
in terms of differences of functions, which will be recalled briefly in Section 2.3.4,
Remark 2.27. We used the abbreviation (2.20).

We prepare for the next theorem. Let
0<p<oo, 0<g<oo, s>0p, (p<oointhe F-case), (2.66)

with ¢, as in (2.6). Then A(R") with A = B;, or A = F}, is a multiplication
algebra according to Definition 2.15, which means

AR") - A(R") — A(R™), if, and only if, A(R") < L. (R"). (2.67)

This can be specified (always under the assumption (2.66)) by

ith
B, (R") — Loo(R™) if, and only if, O 0" * > /P (2.68)
or s=n/p, 0<qg<1,
and
ith
F5 (R") < Loo(R") if, and only if, 4 S0 ¢ > /P, (2.69)
pa or s=n/p, 0<p<1.

We refer to [RuS96], Section 4.6.4, p. 221/222, and [SiT95], Remark 3.3.2, p. 114.

Theorem 2.21. Let A(R"™) be either By (R") or Fj (R™) with p,q,s according to
(2.66). Let Aunis(R") and Asass(R™) be the corresponding spaces introduced in
Definition 2.19.
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(i) Then Asars(R"™) is a multiplication algebra according to Definition 2.15(ii)
and
Aselfs(Rn) — Loo(Rn) (270)

(ii) Then
Aunif(Rn) = Aselfs(Rn) (271)

if, and only if, A(R™) is a multiplication algebra.

Proof. Step 1. We do not indicate R" in the proof, hence A stands for A(R™) etc.
First we prove (2.70). Let ¢ € S(R") with

e(x)=1if |z| <1 and ¢(y)=0if |y| > 3/2
and let (in modification of (2.9))
or(@) = p(27%z) — p(27 % 12), zeR", kel (2.72)
Since s > o, it follows by [Triy], Section 2.3.3, p. 98, that
IF 1AL~ (1FTAI+F Lol f €A, (2.73)

where ||f|A|| are the corresponding homogeneous quasi-norms

1/q
£ 1Bl = | D 27U )Y |Ly|? (2.74)
j=—00
and
- 1/q
IF Bl =1 D2 27U V(I |Lyp|| - (2.75)
j=—00

As mentioned at the end of Section 2.3.3 in [Triv], p. 100, it follows that
IF O IAL ~ XTI LA+ AP Lyl fe A, A>0, (2.76)

where the equivalence constants are independent of f and A. We apply (2.76) to
f € Asass. Then we get

(- =) f277) A

‘ ‘ o } 2.77
~ 273 TIP) | 4p(27 - 1) fA]l + 27 || (27 - —1) f | Ly || 27

uniformly for all j € Ny and [ € Z" and, as a consequence,

2 [ W@y =P )P d S I A (278)
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(In (2.78) we may assume that p < oo since (2.70) with p = oo follows immediately
from (2.65).) Hence the right-hand side of (2.78) is a uniform bound for |f(-)|” at
its Lebesgue points. This proves (2.70).

Step 2. We prove that Agqgs is a multiplication algebra. Let f € Agqgs and g €
Aselts- Then it follows by [RuS96], Section 4.6.4, Theorem 2 on p. 222, (2.61),
(2.70) and elementary multiplier assertions that

sup [ (- — 1) F277) 9(277) 4]

7

- _; _; (2.79)
S sup (If ool - (- = 1) 9277 ) Al + llg [ Looll - 1 (- = 1) £(277-) |A]]) -
7,
One gets by (2.70) that Asess is a multiplication algebra.
Step 3. We prove (ii). Let A be a multiplication algebra. Then we have
A Lo and |[ip(27 - 1) A S 267/P) jeNy, ez (2.80)

The first assertion follows from (2.67), the second one from (2.28), (2.29), real
interpolation for the B-spaces and elementary embedding for the F-spaces. Then
one obtains by (2.77), (2.73) that

I (- = 1) F@79) AN S 27772 (27 - =) A - 1| £ | Awni | + 11 | Lol

(2.81)
§ ||f|Aunif||~

This proves (2.71). Conversely, assuming (2.71) one gets (2.78) with Ayni¢ in place
of Ageirs and by A — A,nir, with A in place of Agerrs. Hence, A < Lo, and (2.67)
proves that A is a multiplication algebra. O

2.3.3 Pointwise multipliers

Recall that o, and o, are given by (2.6) and that we introduced the pointwise
multiplier spaces M (A(R")) according to Definition 2.15 for all spaces A(R™) with
A= B,, and A = F}, restricted by (2.66). Let C* = B3, = B3, for s > 0.

Proposition 2.22.

(i) Let Aunis(R™) and Asass(R™) be the spaces according to Definition 2.19 for
the spaces A(R™) where A= By, or A= F,, with (2.66). Then

and
Aselfs(Rn) — Loo(Rn) N Aunif(Rn)- (283)

(ii) Let A(R"™) = Fy,(R") with

0<p<oo, 0<g=<oo, §>0u:
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Then
M(A(Rn)) — Aselfs(Rn)- (284)

(iii) Let either A(R") = F,; (R"™) be a multiplication algebra according to (2.66),
(2.67), (2.69), or A(R™) = C*(R") with s > 0. Then
M (A(Rn)) = Aunif(Rn) = Aselfs(Rn)- (285)

Proof. Step 1. We prove (i). The inclusion (2.83) is an immediate consequence of
(2.65), (2.70). Let m € M(A) (where we again do not indicate R™) and let ¢ be
as in Definition 2.19. Then it follows by elementary properties that

[P =DmlAl S [|m|M(A)|,  1eZ” (2.86)
where the equivalence constants are independent of I and m. Now (2.59) and (2.86)

prove (2.82).

Step 2. We prove (ii). The homogeneity property (2.28), (2.29), remains valid for
F, with the indicated values of p,g,s in place of B} and for C* = BS,. We refer to
[Trie], Section 5.16, p. 66 (based on [Trie], Sections 5.3-5.5). Let m € M (A) and
1 be as in Definition 2.19. Then

I m(279) Al ~ 279670 (27 m |A]

S lm [M(A)] 277672 |l (27) | A (2.87)
S |lm [M (A

Then (2.84) follows from (2.63).

Step 3. The second equality in (2.85) is covered by Theorem 2.21(ii). As for the
first equality we have so far (2.82). Hence it remains to prove that any m € Apir
belongs also to M(A). For the above spaces A one has the localisation principle,

1/p
1 A]l ~ (Z IIw(-—l)fA||p> (2.88)

lezm

with the usual modification if p = oo, hence A = C*. We refer to [Triy|, Section
2.4.7, p. 124. One may replace 9 by 12. Let m € Ayni. Since A is a multiplication
algebra one gets

[mf AP ~ > [l = Dymf |A||P

lezn

SO et = 0flA|P sup [0 — k) m AP (2.89)

lezn
S llm [ Awnie |7 - |1 AN

(with obvious modification if p = co). This proves the first equality in (2.85). O
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The next theorem is the main assertion of Section 2.3: an application of the non-
smooth atomic decomposition Theorem 2.13 for the spaces

AR™) = By(R") = B,,(R") with 0<p<oo, s>o0y, (2.90)

where again o, is given by (2.6). If p = oo then C* = B3, with s > 0 are the
Holder-Zygmund spaces. First we complement Definition 2.19 restricted to the
above spaces.

Definition 2.23. Let 0 < p < oo and s > 0,. Then

BS+ (R") = U B;selfs(Rn)' (291)

p,selfs
g>s

Remark 2.24. According to Proposition 1 in [Tri03d], p. 462, one can describe
By rs(R") and hence also B;;elfs(R") explicitly in terms of differences of func-
tions. We will return to this point in Section 2.3.4 below, Remark 2.27. By Theorem

2.21 the product of two functions belonging to B*" . (R™) is again an element of

p,selfs
s+ n
B e (R"). Furthermore,

B, Lis(R") C By i (R") = Loo(R"), (2.92)

p,selfs P

where we preferred C in the first inclusion since we reserved — for embeddings
between quasi-Banach spaces.

Theorem 2.25. Let 0 < p < 0o and s > o, where o, is given by (2.6).
(i) Then

B;:is_elfs(Rn) cM (B;(Rn)) — B;,selfs(Rn)' (293)
(ii) In addition, let 0 < p < 1. Then
M (By(R™)) = By cs(R"). (2.94)

Proof. Step 1. We prove part (i). The right-hand side of (2.93) is covered by
Proposition 2.22(ii) with p = ¢, complemented by (2.85) if p = co. We prove the
left-hand side of (2.93) and assume m € By . with 0 > s (again we do not
indicate R"). Let

F=3" Neags MBI~ I1F1BSL (2.95)

j=0lez"

be an optimal smooth atomic decomposition according to Theorem 1.19 and Def-
inition 2.11, where aj; are (s,p)x-atoms with K > o as introduced in Definition
2.5 and Remark 2.6. We wish to prove that ma;; in

mf = Z At (majy), (2.96)

Ve
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after normalisation, are (s,p)?-atoms according to Definition 2.7. The support

condition in (2.25) is obvious. If [ = 0 then we put a; = a;; = ajo. We may
assume that ‘

supp a;(277-) C {y: [yl <vn/2},  j €Ny, (2.97)

and that ¥(y) > 0 if |y| < v/n for the function ¢ in (2.60). Then it follows from

the pointwise multiplier assertion according to [Trivy], Corollary 4.2.2, p. 205, that

llaj (277 ) =" [M(B])| £ 2777, j €Ny, (2.98)

uniformly for all atoms. Using this observation and the homogeneity assertion
(2.29) with o in place of s one gets

lm a; |B7|| ~ 277"/ |lm(279-) a;(277-) | By | (2.99)
S 2 [wm(270) | By . '

In case of aj with [ € Z™ one has (2.99) with a; and ¢ (- — ) in place of a; and
. Hence by (2.63)
||majl ‘Bg” S 2j(g_5) ||m ‘Bg,selfs||7 .] € No, le Zna (2100)

and it follows by Definition 2.7 that maj; are (s,p)”-atoms multiplied with the
indicated factor. By Theorem 2.13 and (2.95) one obtains that

lmf Byl < Im | By sesll - 1 1Bl f € By (2.101)

This proves the left-hand side of (2.93).

Step 2. We prove (ii). Let m € B,
with o = s that

and p < 1. Then it follows from (2.100)

,selfs

lmaji |Byll < lm | By seigsll, 7 € No, 1€ Z" (2.102)
Using (2.95) and the counterpart of (2.43) applied to (2.96) one obtains that
[mf |BRlI” < llm | By seassll” - 1S 1By I (2.103)

Hence m € M(B,). Then (2.94) follows from (2.103) and the right-hand side of
(2.93). O

Remark 2.26. Both Proposition 2.22 and Theorem 2.25 make clear that typical
procedures for building blocks of function spaces and of fractal analysis such as

dilations x — 29z and  translations z — x + [ (2.104)

where z € R", j € Ny, [ € Z", are also intimately related to pointwise multipli-
ers. Some assertions of type (2.94) and also of explicit descriptions of the spaces

B rs(R") which will be mentioned in Section 2.3.4, Remark 2.27 below, are
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known, although the formulations given are different. In the case of p = 1 and
0 < s ¢ N we refer to [MaSh85], Section 3.4.2, p. 140 (a formulation of this result
may also be found in [Sic99b], Theorem 2.9, pp. 299/300). As for p < 1 (and
with some restrictions for p = 1) we refer to [Sic99a], Section 3.4.1, pp. 234-236,
and Section 3.4.2, pp. 236-237. There are characterisations of type (2.94) with
op < s < 11in the framework of the more general case of M (F;q(R")).

2.3.4 Comments and complements

Pointwise multipliers are not a central subject of this book. The corresponding
above results will not be needed later on. It was our main point to apply the
non-smooth atomic representation Theorem 2.13 to get Theorem 2.25. Otherwise
we refer to the literature mentioned in Remarks 2.18 and 2.26. We add now a few
comments without proofs which are directly related to the above considerations.
All spaces are defined on R™ which will not be indicated in what follows.

Remark 2.27. Let 0 < p < o0 and 0, < s < N € N, where o, is given by
(2.6). Then B? according to Definition 2.19 with the abbreviation (2.20) is the

p,selfs
collection of all f € Lo such that

Lo
17 1ol o
. - » dadh
- L . 2o / A= | AN f(a +1279)] ‘fl|n <
e o+l 23
(2.105)

(equivalent quasi-norms). We refer to [Tri03d], Proposition 1, p. 462, and the above
embedding (2.70). This makes the spaces in Theorem 2.25 more transparent.

Remark 2.28. One gets by real interpolation the following complement of (2.93):
Let 0 <p<oo,0<qg<ooands> oy Then

Bt © M (Bg,) . (2.106)

p,selfs

But as follows from the next remark an extension of the right-hand side of (2.93)
with B in place of B} is not possible in general.

Remark 2.29. For the spaces A covered by Definition 2.15 one may ask whether
M(A) = Agelfs (2107)

with Agerrs (and Aunie, needed below) as in Definition 2.19. So far we have affir-
mative answers in each of the following cases:
A = F;, is a multiplication algebra, (2.108)
A =C* with s > 0, (2.109)
— RS w 1
A=B; with0<p<1, s>n(,—1). (2.110)
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We refer to Proposition 2.22(ii) and Theorem 2.25(ii). According to Theorem
2.21(ii) in case of multiplication algebras the question (2.107) is equivalent to

M(A) = Aunif = Aselfs- (2111)

This applies to (2.108), (2.109), but not to (2.110) if s < n/p. According to [SiS99]
the assertion (2.111) can be extended to the multiplication algebras

A =By, with 1<p<g<oo, s>n/p. (2.112)
On the other hand, (2.111) is no longer valid in case of the multiplication algebras
A=B;, with 1<g<p<oo, s>n/p. (2.113)

We refer to [Bor88|, p. 162.

Remark 2.30. If the above space A is a multiplication algebra then it follows from
Theorem 2.21(ii) that (2.107), (2.111) is the same as

M(A) = Aunit. (2.114)

This can be applied in particular to the spaces A in (2.108) and (2.109). In this
version the corresponding pointwise multiplier assertions are known. We refer to
[RuS96], Section 4.9, in particular Theorem 1 on p. 247, where one finds detailed
considerations and further references. Let A = A(R™) be the completion of S(R™)
in the spaces A covered by Definition 2.15, hence B, and Fy, with (2.66). One has
A = A if, and only if, max(p, ¢) < oo. [It is well known that S(R™) is not dense in
By (R") if either p = oo or ¢ = 0o. The corresponding assertion for F;  (R") may
be found in [Trie], p. 46.] Now one may extend question (2.114) to these spaces.
We have done this in [Tri03d], Remark 10, pp. 480-481, in some detail for all
spaces B, and Fj;, with max(p,q) = oo. There one finds also further references.
We mention only two examples in obvious notation,

38 :OSC s _ s\ — (S
M(c) C:CC =M(C) =0 s3>0, (2.115)

and
M (Bi,) =M (By,), 0<g<oo, s>0. (2.116)

Remark 2.31. We restricted Definition 2.15 to s > o0,,. This is convenient and one
gets quite easily (2.59). But this restriction is not necessary. One can extend this
definition to all spaces A as introduced in Definition 2.1. One has to say what is
meant by (2.57). But here we again refer to [RuS96], Section 4.2. One advantage
of such an extension comes from the duality assertion

M (2’1) < M ((}1)’) (2.117)
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and the question of equality. As for dual spaces one may consult [Trif3], Section
2.11, or [RuS96], Section 2.1.5. In particular, if 1 < p < o0, 1 < g < o0, s €R,
and A= Bor A=F, then A= A, and

(As) =A%, M(Ay,) =M (A*S ) ; (2.118)

p'q’

where | + |, = ! + | = 1. Interpolation makes clear that spaces of smoothness

s = 0 are of special interest. We refer for corresponding results to [KoS02] and
[Tri03d].

Remark 2.32. Let yq be the characteristic function of the domain Q in R". A
special, but nevertheless outstanding, problem is the question under which cir-
cumstances xq is a pointwise multiplier in some spaces according to Definition 2.1
(adopting the more general point of view indicated in Remark 2.31). As for the
now older contributions we refer to [Trif], Section 2.8.7, pp. 158-165; [Fra86a];
[FrJ90], §13; and the references given there. The state-of-the-art in the middle of
the 1990s may be found in [RuS96], Section 4.6.3, pp. 207-221, 258. More recent
results (and again additional references) are given in [Sic99a], Section 4; [Sic99b],
Section 4; [Tri02a], Section 5; [Tri03d], Sections 2.4 and 4.3. The quality of the
boundary I' = 9 is crucial for the question in which spaces B, or F,, the
characteristic function xq is a pointwise multiplier. In [Tri03d] we dealt with this
problem in some detail assuming that T' is a d-set or an h-set according to (1.495)
and Definition 1.151, correspondingly. Furthermore another fundamental notion
of fractal analysis comes in quite naturally. This is the ball condition or porosity
condition which we mentioned briefly in connection with Proposition 1.172 and
its proof. A compact set I' in R™ is said to be porous if there is a number n with
0 < n < 1 such that one finds, for any ball B(x,r), centred at z € R™ and of
radius 0 < r < 1, a ball B(y,nr) with

B(y,nr) C B(xz,r)  and  B(y,nr)NT =0. (2.119)

We refer for details to [Trie], Sections 9.16-9.19, pp. 138-141, where this property
was called the ball condition. The following assertion may be found in [Tri02a],
Proposition 5.7(iii), p. 511:

Let Q be a bounded domain in R™ such that I' = 02 is porous. Then

xao € M (Fzg)q) foralll<p<oo,1<qg< 0. (2.120)

This applies in particular to bounded domains Q where I' = 0 is a d-set with
n—1<d<n.



Chapter 3

Wavelets

This chapter deals with diverse types of wavelets in the (isotropic inhomogeneous
unweighted) spaces B5 (R") and Fj;, (R"). Some assertions will be extended later
on in Section 4.2 to (isotropic) spaces in domains and in Chapters 5 and 6 to
anisotropic spaces and weighted spaces in R™. In Section 3.1 we return to wavelet
isomorphisms and wavelet bases as described in Section 1.7. In particular we give a
proof of Theorem 1.64 and its counterpart in terms of Meyer wavelets and discuss
some applications. Section 3.2 deals with wavelet frames as outlined so far in
Section 1.8. As an outgrowth we develop a local smoothness theory. In Section 3.3
we complement these diverse types of wavelets by Gausslets and an application of
the quarkonial representation Theorem 1.39.

3.1 Wavelet isomorphisms and wavelet bases

3.1.1 Definitions

We fix our notation and recall some definitions and assertions from Section 1.7
which are indispensable for what follows. Again we rely on [Tri04al.

With exception of Section 3.1.5 we always assume in Section 3.1 that the real com-
pactly supported scaling function 1 € C*(R) and the real compactly supported
associated wavelet 15y € CF(R) on the real line R have the same meaning as in
Theorem 1.61(ii), where k € N. In particular, according to Proposition 1.51,

Yz —m) if j=0,m¢€Z,

o : 3.1
272 Yy (29l —m) ifjEN, meZ, (3.1)

Pl (z) = {

is an orthonormal basis in Lo (R). These are the well-known one-dimensional (in-
homogeneous) Daubechies wavelets which will be denoted as k-wavelets. Further
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details, explanations and references may be found in Section 1.7. In particular we
always assume that (3.1) comes out of a multiresolution analysis.

We need the n-dimensional counterpart of these k-wavelets. We follow the con-
struction described in Remark 1.52, Proposition 1.53 now assuming from the very
beginning that ¢ and ,; are the above functions resulting in the k-wavelets
(3.1). Let n € N,

G=(G,...,Gp) € {F,M}", (3.2)

where G, is either F' or M and where * indicates that at least one of the compo-
nents of G must be an M. Hence the cardinal number of {F, M}"™* is 2" — 1. For
x € R" we put

U () = [[ ve, (@ —my), Ge{F,M}™, meZ" (3.3)
r=1
Let GJ = {F, M }"* if j € N. We complement (3.3) by G° = {(F)"} = {(F,...,F)}
and

Hzpp -m,), GeG° mez". (3.4)

Then it follows by Propos1tlon 1.53 that

m , , 3.5
272" nyC (20-1g) ifjEN,Ge G, meZ, (3:5)

G . . 0 n
\Ile(x):{\I/m(x) ifj=0,GeG’, meZ",
is an orthonormal basis in Ly(R™). The functions ¥7:¢ (and the whole system)
are denoted as k-wavelets where we reserve in Section 3.1 this notation exclusively
for the above construction originating from the one-dimensional real Daubechies
wavelets 1r € CF(R) and ¢p; € C*(R).

Our first aim is the proof of Theorem 1.64. For this purpose we recall the definition
of the corresponding sequence spaces. Again let Q;n, with j € Ng and m € Z"
be the dyadic cubes in R™ as introduced in Section 2.1.2 and let xj, be the
characteristic function of Q.

Definition 3.1. Let 0 <p < o0, 0< g <00, s eR,

J,Gm

A={NfeC: jeNy, GeG, meZ"}, (3.6)
a/p\ M4
IAl85 | = zzﬂs s (z wfp) 6.1
GeGIi \meZ™
and
1/q
A fpqll = > 2% NG ()] |Lp(R™) (3.8)
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(with the usual modification if p = co and/or ¢ = o0). Then
bpy = {A: A 05,1l < oo} (3.9)

and

Joa = {)\ S fpgll < oo}. (3.10)
Remark 3.2. This definition is the adapted counterpart of Definition 1.17. It for-
malises (1.156)—(1.159). In (3.8) the index set (j, G,m) is the same as in (3.7).
Obviously, by, and f,, are quasi-Banach spaces.

3.1.2 Some preparations

The proof of Theorem 1.64 will be based on the observation that the k-wavelets
according to (3.5) can be used simultaneously as smooth atoms according to The-
orem 1.19 and as kernels of local means such that Theorem 1.10 can be applied.
But this requires some adaptations. Let ¥¢ = W& with m = 0 according to (3.3)
and (3.4). Then it follows by Theorem 1.61 that

TO(0) = (2m) ™2 if  GeG° (3.11)
and for G € {F, M},
(D) (0) = / 2208 (2)dz =0 for |a] < k. (3.12)

But then it is quite clear that 277(s=7/P) 2=3n/2 ¥):.C are atoms

in B, (R") if k > max(s,0), — s) (3.13)
and

in F; (R") if k > max(s,0pq — 5) (3.14)

(ignoring inconsequential constants). As for local means the situation is not so
clear for several reasons. We use one of the above functions W< as a kernel in
(1.41) and get for ¢ > 0 as there (at least formally)

WO, f)(x) = / WG (y) £ + ty) dy

n

:t*"/” we <y;”“) F(y) dy.

With G € {F,M}™, j € N, t = 279" and 2 = 277 lm where m € Z", one
obtains that

(3.15)

WO, )2 ) = 20070 [ W@y~ m) £y dy
| " (3.16)

=2 51"/71 i (y) fy) dy.
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Similarly if j = 0 and G € G°. Hence the Fourier coefficients of f with respect
to the orthonormal basis in (3.5) can be represented in terms of local means. But
one must be sure that the right-hand side of (3.16) makes sense if f € B, (R") or
f € F3,(R"). This is the case if ¥ and hence ¥#;,“ belongs to the corresponding
dual spaces. There is a complete duality theory for these spaces. We refer to [Trif],
Section 2.11, and to [RuS96|, Section 2.1.5. For our purpose it is sufficient to deal
with the case ¢ = p, hence B;,(R"). By [Trif], Theorems 2.11.2 and 2.11.3, one
has for the dual space of B; (R") that

s ny/ __ —s+top n
B,,(R") =B (R™), seR, 0<p<oo, (3.17)

'y
where o, has the same meaning as in (2.6),

1 1
+
p p

,=1if1<p<oo and p'=oc0if 0<p<1. (3.18)
This assertion can be extended to p = oo if one replaces C*(R") = B (R™) on
the left-hand side of (3.17) by C*(R"), the completion of S(R™) in C*(R"), [Trif],
Section 2.11.2, Remark 2 on p. 180. Functions belonging to C*(R") with compact
support are also elements of B;;fg” (R™) if & > 0, — s. But this is the case for
the above k-wavelets if (3.13) or (3.14) is assumed. Then (3.16) makes sense for
f e B, (R") or f e F;,(R"). One may also consult Section 5.1.7 where we give
an elementary justification of this dual pairing. Compared with Theorem 1.10
there remain two problems. First one has to find a substitute for the Tauberian
conditions of type (1.42). This can be done. Secondly, and more seriously, the
above kernels in (3.16) have only a limited smoothness, whereas all theorems about
local means assume that the kernels are C'*° functions with compact support. This
applies to the original version in [Triy], Sections 2.4.6 and 2.5.3, and to all the later
improvements as described in Section 1.4, where one finds also the corresponding
references. But the reason is simple: There was no interest and no motivation to
deal with non-smooth kernels. We discussed this point briefly in Remark 1.14.
But the situation is now different. The k-wavelets have only a limited smoothness
and there do not exist compactly supported C* wavelets of the above type. The
latter assertion is well known in wavelet theory and may be found, for example, in
[Mal99], Proposition 7.4, p. 251, going back to Daubechies. We circumvent these
difficulties by returning to our original theory of generalised characterisations of
the spaces F;, (R™) and B, (R") as presented in [Triy], Sections 2.4 and 2.5. This
might be rather crude as far as local means are concerned. But it is sufficient for
our purposes.

Let W4 (¢, f) be the local means according to (3.15) where we now always assume
that k satisfies at least (3.13) if f € B;, (R") or f € F; (R"). Let for j € N and
G e {F M}y™,

Uit fa) = sup  [TCQ@TM (2 ) (3.19)
ly|<v/n 29+t
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be related maximal functions, obviously modified if j = 0 and G € G°. Recall
that summations over j, G, m must always be understood as above, for example
in (3.6).
Proposition 3.3.

(i) Let 0 <p<o0,0<qg< o0, s€R and

2
N3k > k(s,p) = max (8, n—&—;—s). (3.20)
p

Let \IJ?"" f be the mazimal functions according to (3.19) based on the local
means (3.15) and the k-wavelets as introduced in Section 3.1.1. Then

1/q
£ 1By R ~ | S 2750 > ([T f|L,R™)| (3.21)
j=0 GeGi

(with the usual modification if ¢ = 00) are equivalent quasi-norms in B, (R").
(ii) Let 0 <p<o0,0<qg< o0, sE€R and

2n n
N>k > k(s,p,q) = max (8, min(p, g) + 9~ s) ) (3.22)

Let \IIJG"'f be as above, now based on k-wavelets with (3.22). Then

1/q

1 [Fpg ™)~ (| D 2750wt f () |Lp(R™) (3.23)
7,.G,m

(with the usual modification if ¢ = o) are equivalent quasi-norms in I, (R").

Proof. Step 1. We prove (ii). We rely on [Trivy], Corollary 2, pp. 108/109. First we
check that the notation used there and now results in the same expressions. Let

wo= (T ifGeG® o= (V)VifG e {F M}", (3.24)

and ¢;(z) = (277 1), j € N. In the notation of [Triv], p. 100, formula (4), we
have for j € N,

(i (D)N)(@) = (p@77) (@)

— coin / () fla— ) de
" (3.25)

— coi / WO (2I1E) fla 4 £)de

=c \I/G(Q_j'H, ().
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Similarly for j = 0. Hence the maximal functions in (3.19) are modifications of
formula (55) in [Triy], p. 109, and we can apply the indicated Corollary 2 if the
conditions (50), (51) (52) and (54) on p. 108 in [Triy] are satisfied and one has a
substitute for the Tauberian condition (6), (7) on p. 101. First we mention that
the condition s; > o, in (54) is simply not needed. This came out later on and it is
covered by the literature in Remark 1.8, especially [Ry99a] and [Mou01b], Section
1.3. As for (50) one can rely on the product structure of the analytic function ¢
in (3.24), based on (3.3) with m = 0 and G € {F, M }"*. If, for example, G; = M,
then ¢(z) = 2¥@(x) where @ is again analytic. Furthermore one can check by the
corresponding proofs in [Triy] that one can replace |x[** in (50) by x%. This shows
that (50) is satisfied. But instead of this explicit argument one can use the proof
in [Mou01b], Theorem 1.10, saying that (50) is not necessary. We shift the proof
of (51), (52) on p. 108 in [Trivy] with

so+ . " <s and k> k(s,p,q) (3.26)

min(p, q)

where sy has the same meaning as there, to the next step. By (3.11) we have the
Tauberian condition (6) on p. 101 in [Triy] at least if |z| < 2e, for some € > 0,
preferring now the version given in (1.33). As for the counterpart of (7) on p. 101 in
[Trivy], or, better, (1.34) with the same € > 0 as above we rely on the modification
given in [Triy], Section 2.4.4, Proposition 2, p. 120, saying that it is sufficient to
prove that

ST IEDYEI>0 i g/2< ¢ <2 (3.27)

Ge{F, M}

But this is the case even if one restricts the sum in (3.27) to those G € {F, M }™*
where only one of the components of G is an M. Then (¥%)V(¢) is the product
of (one-dimensional) analytic functions of type 12} and @ according to Theorem
1.61.

Step 2. To complete the proof of part (ii) it remains to check (51), (52) on p. 108
in [Triy] if so and k are restricted by (3.26), where sy has the same meaning as
there. Let, as there, H € S(R") with

x)=1if /2 <|x| <2 an x)=0if |z| <e/4 or |x| > 4e 3.28
H f d H f 4

for some € > 0, now adapted to (1.34). Let g = ¢ or g = ¢ according to (3.24).
With gg = DPg it follows that

g5 € C*(R™) has compact support. (3.29)

In particular, it follows from
2 gaa) =c [ DGO, ol <k (3.30)

that
(DPg)(z)| <c27F if |z|~2, 1€N, |8 <o+1, (3.31)
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with n/2 4+ n/min(p,q) < o € R. Let H7(R") = H§(R") be the usual Sobolev
spaces according to (1.7)—(1.9) with p = 2. With sy as in (3.26) and o as above
one gets by (3.31) that

2700 lg(2") H() [H7 (R < 2707 1 e N, (3.32)

where ¢ is independent of [. This is clear if ¢ € N and follows otherwise by
interpolation. If k > ¢ — s¢ then the left-hand side of (3.32) is uniformly bounded
with respect to [ € Ny. This is the case if &k is chosen according to (3.26) with o
as above. But this coincides with (51), (52) on p. 108 in [Trivy] and completes the
proof of part (ii).

Step 3. The proof for the B-spaces is the same, now based on the two corollaries
on p. 134 in [Triv]. This means that one can replace n/ min(p, ¢) by n/p in (3.22)
which results in (3.20). This proves part (i). O

Remark 3.4. The above proof and the crude estimates for k in (3.20), (3.22) are not
satisfactory. It would be desirable to extend the elegant Theorems 1.7, 1.10 and also
Corollary 1.12 from C* kernels to C* kernels with natural restrictions for &, maybe
as in (3.13), (3.14), and to incorporate the very peculiar modification in the above
proposition. Since nothing of this is available we relied on the heavy machinery
of [Trivy], Theorem 2.4.1, pp. 100/101, and its Corollaries on pp. 108/109, which
apply to much more general situations neglecting all peculiarities of the above
cases.”

3.1.3 The main assertion

First we clarify the convergence of

S oNG2IPwRC Nel;

pg’

(3.33)
7,G,m

where W/G are k-wavelets according to (3.5) and by, is given by (3.7), (3.9).
The index set {j,G,m} is the same as there. Let 0 < p < 00, 0 < ¢ < o0,
s € Rand & € N as in (3.13). Then it follows by the previous discussion in
(3.12), (3.13) that (3.33) is an atomic decomposition according to Theorem 1.19,
where we shifted now the normalising factors 277(="/?) from the atoms to the
coeflicients. In particular it follows from Theorem 1.19 and the explanations given
in the Remarks 1.20 and 1.65 that (3.33) converges unconditionally in S"(R™).
If p < o0, ¢ < oo then one gets also by Theorem 1.19 that (3.33) converges
unconditionally in Bf,q(R"), whereas one has in the general case 0 < p < oo,
0 < ¢ < o0, that (3.33) converges unconditionally at least in By  (K) for any ball
K in R" and any o < s (called local convergence in By, (R"™)). Here we used the

*Added in proof: There are now assertions of the desired type which will be published later on.
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quite obvious notation that a converging series in a quasi-Banach space is said to
converge unconditionally if any rearrangement converges too, and the outcome is
the same. This justifies the abbreviation

Y Yoy (334

j=0 GeGi meZ™  jGm
In other words, the unconditional convergence of the series in the theorem below
is ensured by the assumptions about the coefficients and not an extra condition.

Let U/:¢ be always the n-dimensional k-wavelets according to (3.5) and let bpq
and f;, be the sequence spaces as introduced in Definition 3.1. In Definition 1.56
we said what is meant by an unconditional (Schauder) basis in a quasi-Banach
space.

Theorem 3.5.
(i) Let 0 < p <00, 0< q<o0,s€R and let WG be the above k-wavelets with

2
N9k>max<s,:+g—s>. (3.35)

Let f € S'(R™). Then f € B;,(R") if, and only if, it can be represented as

f=) NG mPwie Neb;

pq’

(3.36)
7,G,m

unconditional convergence being in S'(R"™) and locally in any By, (R") with
o < s. The representation (3.36) is unique,

NG = 2In/2 ((f gl G (3.37)
and I: fe {2]‘"/2 (f, xpz;ﬁ)} (3.38)
is an isomorphic map of B, (R") onto by . If, in addition, p < oo, ¢ < 00

then {W,5} is an unconditional basis in By, (R™).

i) Let 0 < p< o0, 0< q<oo,s€R and let U:C pe the above k-wavelets with
(i) p ,0<yq , e

2n n
N> k > max (s, min(p, q) + o s) . (3.39)
Let f € S'"(R™). Then f € F;,(R™) if, and only if, it can be represented as
F=Y NG mPwis, e fy, (3.40)
7,G,m

unconditional convergence being in S'(R™) and locally in any Fy,(R") with
o < s. The representation (3.40) is unique with (3.37) and I in (3.38) is an
isomorphic map of F;,(R") onto fs . If, in addition, ¢ < oo, then {WIG s
an unconditional basis in F,, (R").
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Proof. Step 1. By the above explanations, (3.36) is an atomic representation. This
clarifies also all assertions about convergence. We have

11 1Bpg R < clxog (3.41)

I,
Pa
where ¢ is independent of A. Similarly in the F-case.
Step 2. Let f € B3, (R") and let M;X(f) be the coefficients according to (3.37)
indicating now f. Slnce the functions W7,¢ are real it follows by (3.16) that
MC(f) =W (2774 f) (27 m),  jEeN, (3.42)
(

and a corresponding assertion if j = 0. (Here ¢ = 2"/ 2). Then one obtains by

(3.19) and Proposition 3.3 that

[ACS) bpgll < I f |Bpg(R™)]| < oo, (3.43)
where ¢ is independent of f. Now it follows by Step 1 that
g= > MIH2PwC e By (R). (3.44)
7,G,m

We use the duality (3.17). Since k > o, — s the dual pairing of g and any k-wavelet

\Ilfr;’,G/ makes sense. An elementary argument in connection with this dual pair-
ing may be found in Section 5.1.7. Since (3.5) is an orthonormal basis in Ly(R™)

one gets
(9:905) = > 22 (wf v
3,Gym (3.45)
= (rw5).

This can be extended to finite linear combinations of \I/i,/L’,G/. If ¢ € S(R™) then one
has the unique Lo (R"™)-representation (3.36), (3.37). By the above considerations
it follows that this representation converges also in the dual space of B;q(R")
according to (3.17). Applied to (3.45) one gets

(g,0)=(f,p) for all ¢ € S(R") (3.46)

and hence g = f. Similarly for the F-spaces.

Step 3. Hence f € S'(R™) belongs to B, (R") if, and only if, it can be represented
by (3.36). This representation is unique with the coefficients (3.37). By (3.41),
(3.44) with g = f, and (3.43) it follows that

1 1Bpg R ~ [IACF) 16541, (3.47)

where A(f) are the coefficients according to (3.42). Hence I in (3.38) is an isomor-
phic map from B;q(R") into by,. It remains to prove that this map is onto. Let
A € by,. Then it follows by the above considerations that

f=> Mfoain2wiC e Bs (R"). (3.48)
73,G,m



156 Chapter 3. Wavelets

But this representation is unique and M;¢ = M:%(f) according to (3.42). This
proves that I is a map onto. Furthermore if p < oo, ¢ < oo then {¥}:C} is an
unconditional basis. Similarly for the F-spaces. O

Remark 3.6. We followed essentially [Tri04a]. Accepting Proposition 3.3 as a com-
ment on the corresponding assertions in [Triy], which has little to do with the
specific situation of Theorem 3.5, the proof is surprisingly simple. But the use
of maximal functions spoils the constants. In particular, the restrictions for k in
(3.35) and (3.39) are not optimal. One may ask for conditions of type (3.13) and
(3.14)*. As we indicated at the end of Remark 1.65 a more direct way to asser-
tions of the above type may be found in [Kyr03] (even for more general orthogonal
and bi-orthogonal Lo-systems to begin with). Then one gets also more natural re-
strictions for k. On the other hand, to have the same k in Theorem 1.61(ii) both
for smoothness and vanishing moments is not typical for compactly supported
wavelets. Just on the contrary. The interplay between the size of the supports
of ¥p, ¥, the number of vanishing moments and the (resulting) smoothness is
rather delicate. We refer to [Mal99], pp. 244, 251, 253, 254, and [Dau92].

Remark 3.7. In Section 1.7 we described the general background for wavelets in
function spaces and gave in Remarks 1.63, 1.65 and 1.66 some specific references
which will not be repeated here. Wavelets in function spaces is nowadays a fash-
ionable subject and there is a huge literature. We return later on in Chapters 5 and
6 to anisotropic function spaces and weighted function spaces in R" of the above
type including some wavelet representations. Then we give in Remarks 5.25 and
6.17 corresponding specific references. Section 4.2 deals with the tricky problem
of wavelets in bounded Lipschitz domains. At this moment we restrict ourselves
to a few complements. Real and complex interpolation may extend the property
of being a wavelet basis in two spaces to the corresponding interpolation spaces.
Starting from L,(R"), 1 < p < oo, and, say, from the above k-wavelets with k € N
one gets by interpolation bases in some Lorentz spaces L, ., and Zygmund spaces
L,(log L), (both briefly mentioned after (1.210), (1.211)) and in more general re-
arrangement invariant spaces. We refer to [Soa97]. In Section 1.9.5 we described
some Besov spaces BI(,Z’\P) (R™) and By, (R") with o = (0;) of generalised smooth-
ness. There one finds also the necessary references. Some of these spaces can be
obtained by real interpolation with functional parameters from the above Besov
spaces B, (R"). Based on this observation, part (i) of Theorem 3.5 has been ex-
tended in [Alm05] to some Besov spaces of generalised smoothness. A counterpart
of Theorem 3.5 for corresponding spaces with dominating smoothness has been
proved recently in [Vyb05a], [Vyb06].

*Added in proof: Based on an adapted version of Proposition 3.3 one can replace (3.35) by (3.13)
and (3.39) by (3.14).
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3.1.4 Two applications

Again we follow [Tri04a] and describe two simple applications of Theorem 3.5. If
A and B are two quasi-Banach spaces then A = B means that A is isomorphic to
B, hence there is a linear isomorphic map of A onto B. Let 0 < p < oo. Then ¢,
is the usual quasi-Banach space of all sequences \ = ()‘j);‘)im Aj € C, such that

1/p

MG =D INIP < 00 (3.49)
=0

(with the obvious modification if p = oo).

Corollary 3.8. Let 0 < p < o0 and s € R. Then
By, (R™) = £, (3.50)

Proof. By Definition 3.1 one has by, = £;,. Now the corollary follows immediately
from Theorem 3.5(i). O

Remark 3.9. Assertions of this type have some history. One gets as a special case
C°(R"™) = B3 (R") 2/l (3.51)

for the Holder-Zygmund spaces according to (1.10). We refer to [Cie60] for a
corresponding assertion on intervals. The isomorphism (3.50) with 1 < p < co goes
back to [Tri73], [Tric], Section 2.11.1, and [Pee76], pp. 180/190. The corresponding
assertion for 0 < p < 1 seems to be new, at least we could not find a reference.
By Theorem 3.5 the isomorphic structure of the spaces B, (R") is independent
of s (quite obvious), and of n. The situation for the spaces F%I (R™) seems to be
more complicated. Especially for the Hardy spaces hi(R") = F{;(R") and related
Hj-spaces this question attracted some attention, [Mau80], [Bog82], [Bog83|, with
the outcome that the spaces hi(R") are not isomorphic to each other for different
values of n € N.

For elements f with (1.618) we introduced in (1.620) the Besov characteristics
sf(t) where 0 <t = 1/p < oo. According to Theorem 1.199 it is an increasing
(which means non-decreasing) concave function in the (¢, s)-diagram in Figure
1.17.1 of slope smaller than or equal to n and for any such function s(t) one finds
an element f with (1.618) such that sf(t) = s(t). We formulated these assertions
in Section 1.18 and return to this subject in detail in Chapter 7. Our proof will
be based on (fractal) compactly supported Radon measures. But one may ask
whether one can employ wavelet expansions of distributions and, in particular,
Theorem 3.5 for this purpose. Our way is different, but we hinted in this context
in Remark 1.200 to [Jaf00] and [Jaf01l]. We restrict ourselves here to a simple
example how to use Theorem 3.5 for this purpose. If f is given by (1.618) then it
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follows for s¢(t) in (1.620) by elementary embedding that
sp(t)=sup{s: fe B, (R")} =sup{s: f e F;(R")} (3.52)

where again 0 < ¢t = 1/p < oo (p < oo in the F-case) and 0 < ¢ < oo. What
happens directly on such curves s = s(t)? Here is a simple example in the case
when s(t) is constant.

Corollary 3.10. Let 0 < p < 0o (p < o0 in the F-case), s € R and

fo= Y NG wle (3.53)
7,G,m

according to (3.36) where WI:C are k-wavelets with k > max(s, j — s) and
MG = 2705 if m| <27 and N;¢ =0 otherwise. (3.54)

Let 0 < ¢ < 0co. Then

Bs,(R") i i, q =
fSE{ oo (R™) if, and only if, ¢ = oo, (3.55)

Fy (R™) if, and only if, ¢ = occ.

Proof. Step 1. We can apply Theorem 3.5 if p, and in case of the F-spaces also g,
are sufficiently large. For j € Ny (and G) we have that

1/p
2i(s=n/p) (Z INLC P) ~1 (3.56)

where the equivalence constants are independent of j. Hence for large p it follows
by Theorem 3.5 and Definition 3.1 that

[s € B, (R") if, and only if, ¢ = oc. (3.57)
Recall that for all s e R, 0 < p < 00, and 0 < ¢ < o0,

F5,(R") < B (R™). (3.58)

p,max(p,q)

Then one obtains for large p < oo and all 0 < ¢ < co that
[s € F,(R™) if, and only if, ¢ = oo, (3.59)

using (3.8) with ¢ = oo and (3.57) with 0 < ¢ < co. This proves the corollary if p
is large.

Step 2. If g € Fy; ,(R") has compact support then g € F  (R") for any p; with

0 < p1 < po. This is well known and essentially a consequence of characterisations
in terms of local means according to Theorem 1.10. But it follows also immediately
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from Theorem 3.5 and (3.8) (the integration in connection with L, (R™) is restricted
to a bounded set). Applied to f, one obtains by (3.59), (3.58) that

fs € Fy o (R™) — By (R™) (3.60)

for all 0 < p < oo, hence the if-part of the corollary. By (3.58) it is sufficient to
prove the only-if-part for the B-spaces. We assume that

fs € B, (R")  for some 0 < p < 00, 0 < g < oc. (3.61)

By fs € C*(R™) = B2, (R") and Holder’s inequality applied to (2.12) it follows
that

fs€ B, (R") for0<6<1andpg=p/0,qe=q/0. (3.62)
But for small 6 this contradicts Step 1. 0

Remark 3.11. According to (3.52) one has sy (t) = s for all 0 < ¢t < oco. The
corollary is a refinement of this assertion.

3.1.5 Further wavelet isomorphisms

The arguments in the proofs of Proposition 3.3 and Theorem 3.5 are qualitative.
For the system {¥7:¢} in (3.5) of wavelets one needs essentially three ingredients:

e {U7:¢} is an (orthogonal) basis in Ly (R™),
e UJC are related to atoms in the spaces considered,

e UJC may serve as kernels of corresponding local means.

Nowadays there are many orthogonal and bi-orthogonal systems of wavelets which
fit in this scheme. We refer to [Woj97] and [Mal99], Chapter VII. We preferred
so far the Daubechies wavelets. They have compact supports but only a limited
smoothness. The latter effect cannot be avoided, [Mal99], Section 7.2.1, p. 244.
The n-dimensional version of the Meyer wavelets according to Theorem 1.61(i) is
much better adapted to the original Fourier analytical definition of B, (R") and
F;, (R™), and the arguments to arrive at the corresponding counterpart of Theorem
3.5 are simpler in many respects. We formulate the outcome and indicate its proof.

But first we complement Theorem 1.61(i). We choose for the real scaling function
Yrp € S(R™) and the associated real wavelet ¢y € S(R) the explicit example in
[Woj97], Exercise 3.2, p. 71, Proposition 3.2, p. 49, and formula (3.15), p. 50. Then
one gets e

[Yr(§)] >0 if, and only if, |§| < 4n/3, (3.63)

and
[¥ar(€)] >0 if, and only if, 27/3 < |¢| < 87/3. (3.64)

This fits perfectly in the scheme of Theorem 1.7 with ¢o(§) = 12}(5) and ¢°(¢&) =
¥ar(2€) where one may choose ¢ = 2r/3 in (1.33)-(1.35) (and < in place of <
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which is immaterial). The extra factor 2 comes from the index-shifting j € N
in Theorem 1.7 compared with j — 1 in (3.1). In particular the one-dimensional
Tauberian condition (3.27) is satisfied.

We use the same notation as in connection with Theorem 3.5. In particular with
n € N the sequence spaces by, and f,, have the same meaning as in Definition 3.1.
In Definition 1.56 we said what is meant by an unconditional (Schauder) basis in
a quasi-Banach space.

Theorem 3.12. Letn € N and let W),¢ be the n-dimensional Meyer wavelets accord-
ing to (3.1)~(3.5), where Yp € S(R) is the real scaling function and Py € S(R)
the real associated wavelet according to Theorem 1.61(i) and (3.63), (3.64).

(i) Let0 <p<o00,0<qg<ocoands€eR. Let f € S"(R"). Then f € By, (R") if,
and only if, it can be represented by (3.36), now with the above n-dimensional
Meyer wavelets, unconditional convergence being in S'(R™) and locally in any
By, (R™) with o < s. This representation is unique where N:C s given by
(3.37). Furthermore, I in (3.38) is an isomorphic map of B, (R™) onto b5, .
If, in addition, p < oo, q < oo, then {W5C} is an unconditional basis in
By, (R™).

(ii) Let0<p <o00,0<q<o0ands€R. Let f €S (R"). Then f € Fj; (R") if,
and only if, it can be represented by (3.40) now with the above n-dimensional
Meyer wavelets W:C  unconditional convergence being in S'(R™) and locally
in any Fg(R"™) with o < s. This representation is unique where X, is given
by (3.37). Furthermore, I in (3.38) is an isomorphic map of F,,(R") onto
fiq- If, in addition, q < oo, then {¥},5} is an unconditional basis in F5, (R™).

Proof. First we remark that there is an immediate counterpart of Proposition 3.3
where everything is now simpler because one does not need the extra consider-
ations caused by the limited smoothness of the Daubechies wavelets. Also the
counterpart of the n-dimensional Tauberian condition (3.27) follows from the ar-
guments given there and the one-dimensional case according to (3.63), (3.64). As
for the counterpart of the first step of the proof of Theorem 3.5 we remark that the
above n-dimensional Meyer wavelets U7:¢ are molecules in all spaces considered.
Recall that molecules have all the properties of atoms as used in Theorem 1.19
with the exception of the support conditions (1.56), (1.58) which are generalised
by sufficiently strong decay conditions with respect to the distance to the cubes
Qum- We refer to [FTW91], Section 5, especially p. 48. However in the above case
it is not difficult to reduce the needed molecular decompositions to corresponding
atomic decompositions. One may find some details in a slightly different context
in Section 3.2.3 and (3.133) below. The other arguments in the Steps 2 and 3 of
the proof of Theorem 3.5 are the same. O
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3.2 Wavelet frames

3.2.1 Preliminaries and definitions

We described in Theorem 1.39 and Corollary 1.42 quarkonial frames based on ap-
proximate lattices. This high flexibility might be considered as the main advantage
of this approach. It paves the way to a substantial theory of function spaces on
rough structures such as (compact) fractal sets in R" and abstract quasi-metric
spaces. The theories described in Sections 1.12-1.18 depend at least partly on
these possibilities. We return to problems of this type at the end of this book in
the Chapters 7-9. If R is the underlying structure then the pure lattices 277Z"
are the first choice and the corresponding (-quarks simplify to (1.107). We return
now to this subject but in a modified way compared with Section 1.8. We repeat,
modify and formalise some definitions given there and it will be our first aim to
prove Theorems 1.69 and 1.71. We follow essentially [Tri03al.

First we complement the notation as introduced in Sections 2.1.2 and 2.1.3. Let

RY, ={yeR": y=(y1,..,yn), yj >0} (3.65)
and let k£ be a non-negative C*° function in R"™ with
supp k C {y e R" : |y| <2/} R}, (3.66)
for some J € N, such that
Z k(x —m)=1 where 1z € R". (3.67)
mezn

One may fix J = n (which is luxurious). Then
EP(z) = (2772)P k(z) >0 if z € R™ and § € Nj. (3.68)

We wish to compare what follows with the wavelet bases and wavelet isomorphisms
according to Section 3.1: gain and loss. We restrict ourselves to the spaces B;q(R")
with p = ¢, again abbreviated by

B,(R") = B,,(R") where 0 <p < o0, s €R, (3.69)
as in (2.20) and with the Holder-Zygmund spaces
C*(R™) = B, (R"), s € R, (3.70)
as a special case.
Definition 3.13. Let 0 <p < oo, s € R, p € R,
/\:{A?meC: jeNO,ﬂeNS,meZ"} (3.71)

and
1/p

||)\|bf,’9|| — Z Z Z 90lBlp+i(s—n/p)p ‘)\?m|p (3.72)

BENZ j=0 meZn
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(with the usual modification if p = co0). Then
by? = {x: [ 652 < oo}. (3.73)
s _ ps,0
Let by = bp".
Remark 3.14. One may compare this definition with Definitions 2.11 and 3.1.
Since ¢ > 0 in Theorem 3.21 below can be chosen arbitrarily large one has now
an exponential decay with respect to 4 € N{j instead of the finite sums over G in
(3.7). Compared with Definition 2.11 we insert now the normalising factors in the

sequence spaces in contrast to the normalised atoms (but of course this is only a
matter of convenience). In the sequel we always use the abbreviation

Yoy Y Y (3.74)

B.j,m  BEND j=0 mezZn

Next we introduce the counterparts of the father wavelet (or scaling function)
V¢ = UC with G € G° and m = 0 in (3.4) and of the (mother) wavelets ¢ = ¥
with G € {F, M}"™* and m = 0 in (3.3). Instead of G we have now § € Nj. Again
we call them (father and mother) wavelets.

Definition 3.15. Let w be a C° function in R™ with

supp w C (—m,m)" and w(z)=17f |z] <2. (3.75)
Let for the same J € N as in (3.66),
, PV . .
WP (z) = (2m) 9! Pw(z), zeR", peNg, (3.76)
and _
0P (z) = Z (WP)Y (m) e~ M=, x e R™ (3.77)
mezn
Let ¢y be a C function in R™ with
wo(x) =11df|z| <1 and @o(x)=07if|z| >3/2, (3.78)

and let p(x) = po(z) — wo(2z). Then for G € Ny the father wavelets ‘IJ[; and the
mother wavelets <I>ﬁ4 are given by
(@7)V(6) = 9o(6) Q°().  £€R™, (3.79)
(@)Y(6) =) °().  €eR™ (3.80)
Remark 3.16. Obviously, |3] and 2° have the same meaning as in (2.2) and (2.3).

Expanding w?(z) in the cube (—m,7)" in its Fourier series one gets

)= 2m) " 3 e [ Lt de = (2m) S (W)Y (m)e e

mez” mezn

=(2n) 20 (2), ze(—mmn)", (3.81)
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where we used the normalisation (2.7) of the Fourier transform and its inverse.
Hence Q0 is a periodic C* function in R™ which coincides in (—, )" with
(2m)"/? wP. By the support properties of ¢y and ¢,

supp ¢ C {z € R" : 1/2 < |z| < 3/2}, (3.82)

it follows that both ®7. € S(R™) and &7, € S(R") are entire analytic functions
with

®p(z) = Y (W) (m)@o(x+m), xR (3.83)
mezZn

o () = > (@?)V(m) @z +m), z € R™ (3.84)
mezn

By (3.79)-(3.81) and the properties of @, ¢ and w” it follows that

/ B (©)¢*de =0, aeNy, (3.85)
[ eh@eacroea=s (3.56)

and, in particular,
20.(0) = Q°(0) = (2m)"/2w(0) = (27)"/2. (3.87)

These properties, including the normalisation (3.87) are similar as for the smooth
wavelets of Meyer type or Daubechies type. We refer to Theorem 1.61 and (3.11),
(3.12). Next we introduce the counterpart of the wavelets ¥7:¢ in (3.5) where
G € G and G = {F, M}™ is now replaced by 3 € Njj with an (even more than)
exponential decay with respect to [, originating from 3! in the denominator in
(3.76).

Definition 3.17. Let 5 € Ny and m € Z".

(i) Let kP be the functions according to (3.66)(3.68) for some admitted J € N.
Then ‘
kfm(ac) =kP(29x —m) where j € Ny and x € R™. (3.88)

(i) Let @f; and @6\34 be the functions as introduced in Definition 3.15 with the
same J € N as in part (i). Then

4 @Y @—-m)  ifj=0,
®j (x)_{@']gw(?ac—m) if jeN. (3.89)

Remark 3.18. The structure of (3.89) is the same as in (3.5). Whereas the or-
thonormal system {W7:C} is dual to itself it comes out that {kfm} and {Qj"CDfm}
are dual to each other, where J € N is assumed to be the same for both systems.
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3.2.2 Subatomic decompositions

Again let 0, be as in (2.6), where 0 < p < co. Let

Bf(R") = J ByR"), 0<p<oo, (3.90)

s$>0p

where we used the abbreviation (3.69). The following slight improvement of Propo-
sition 1.45, especially of (1.123) with p = ¢ will be of some service for us.

Proposition 3.19. Let {y; 720 be the dyadic resolution of unity according to (2.8)-
(2.10). Let 0 < p < oo and s € R. Then

1/p

1/ 1B (R™)[| ~ Z Yo 2T (s )V (27 Im) P (3.91)

j=0 mezn

(with the usual modification if p = 0o) where the equivalence constants are inde-
pendent of s and f.

Remark 3.20. In other words, (1.123) with p = ¢ remains valid if one strengthens
279=7m in (1.122) by 27/m. Otherwise we have the previous assertions with the
references given in Remark 1.46. In particular, for given f € S/(R") the right-hand
side of (3.91) is finite if, and only if, f € B,(R"). This follows from (2.12) and
the equivalence assertion in [Trid], (14.56), p. 102, where we referred in turn to
[Trif], pp. 19-22. There one finds also a discussion with the outcome that there
are functions ¢ with (2.8) (which coincides with (3.78)) and ¢; according to (2.9)
such that one has (3.91) for all p with 0 < p < oo (again with a reference to the
literature, especially [Tri77]), which is tacitly assumed in the sequel.

The next theorem deals with series

SNk Aebse, (3.92)

gm Vimo
B,3,m

for o > 0,0 < p < oo and s > o,, where kfm and by¢ have the same meaning
as in the Definitions 3.17 and 3.13. We used the abbreviation (3.74) which is also
justified by the following comment. By (3.66) the support of k is also contained in
an open ball centred at the origin of radius 27~¢ for some ¢ > 0. Then by (3.68),
(3.88), Definition 2.5 and Theorem 1.19,

{26|ﬂ| 273/} L e Ng,m e Z"} , BeNn, (3.93)

are admitted systems of atoms in B, (R™) with s > 0y, ignoring constants which
are independent of j, m, 8. By the same arguments as in Remark 2.12 it follows

that -
SN XL KD, (3.94)

j=0 mezZn
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converges absolutely in Lz(R"™) with p = max(p, 1) (and the indicated modification
if p = 00) to, say, some g° € L;(R") and that

lg” [Lp(R™)]| < c27=I7, (3.95)

where ¢ > 0 is independent of 5. Then the series in (3.92) converges also absolutely
in Lz(R™) (indicated modification if p = c0), and hence unconditionally in L;(R"™)
(indicated modification if p = oo) and in S'(R™). (As for the notion of uncondi-
tional convergence we refer to the beginning of Section 3.1.3 and the references
given there.) In particular, (3.74) makes sense. We use the above notation and

B _ 9jn B ! (Topm
Nim () =277 (f,®5,,), [ eSRY). (3.96)
To avoid any misunderstanding we remark that in the following theorem kfm and

@?m according to Definition 3.17 are fixed, based on fixed admitted k, J, ¢¢ and w.

Theorem 3.21. Let 0 < p < oo, p =max(1l,p), s > g, and ¢ > 0.

(i) Then f € S'(R"™) is an element of B, (R"™) if, and only if, it can be represented
as

f=> M.k, — xebvye (3.97)
Bigsm

absolute convergence being in Lz(R™) if p < oo and in Loo(R"™,w) with
w(z) = (1+ |2]?)7/? where o < 0 if p= oco. Furthermore,

1f 1B (R™)|[ ~ inf [|X o], (3.98)

where the infimum is taken over all admissible representations (3.97).
(ii) Let X, (f) be given by (3.96). Then any f € B, (R™) can be represented as

F=> N.(HK,, (3.99)

B,3,m

absolute convergence being in Lz(R™) if p < oo and in Loo(R"™,w) with
w(z) = (1 + |2]?)7/? where 0 < 0 if p= oo. Furthermore,

BY(RY) = {f € B (R") : |A(f)[b3e]] < oo} (3.100)
(equivalent quasi-norms).

Proof. Step 1. Let f be given by (3.97) and let

F=>_r0 with =Nk (3.101)
B

Jm
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As remarked above, (3.97) converges absolutely in Lz(R™) (with the indicated
modification if p = oo) and (3.93) are atoms in B, (R"). Then it follows by Theorem
1.19 that

1/p
||f’8 |B;(Rn)” < ¢2~elbl Z 9i(s=n/p)p |)\?m‘p ’ (3.102)
J,m
where ¢ is independent of ¢, and consequently
If 1B RM)] < clAlbye] (3.103)

for any o > 0.

Step 2. We prove that any f € B,(R") can be represented by (3.99) with (3.96)
and

[ACS) b2l < ellf IBy(R™)]| < o0 (3.104)
where ¢ is independent of f € B;(]R"). Then one gets as a by-product the converse
of (3.103) and hence part (i). We adapt the relevant arguments in [Trie], pp. 17-24,
to our situation. Let f € B, (R™) with 0 < p < 0o and s > 0;,. Let Q; with j € Ny
be cubes in R™ centred at the origin and with side-length 2727. In particular
supp ¢; C Q; where @; are given by (2.8), (2.9). We have

FO="¢i©)f&), ¢€er™ (3.105)
j=0
We expand gojfin Q; in its trigonometric series and obtain that
(i) =D bjmexp (—i277me) de, €€ Q;, (3.106)
mez”

with

b = (20) "2 [ (0P exp (1277 me) dg
oF (3.107)
= (2m) 227" (o, )V (27 m).
By Proposition 3.19 we have
- 1/p

IF[ByR™)| ~ | Y D 20r2mU=Upr iy, 0<p<oo, (3.108)
mezn j=0

(with the usual modification if p = c0). By (3.75) it follows that w;(z) = w(277x)

has compact support in @; and w;(x) = 1 if x € supp ¢;. Then it follows from
(3.106) that

(i HV(@) = bjmw)(z—27m)
mezn
=2in Z bimw” (272 —m), x € R"™.

meZ"

(3.109)
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Let k be given by (3.66). Expanding the analytic function w"(2/z — m) at 2771
with [ € Z" one gets

k(272 — ) wY (272 —m)

718 ‘ ‘
::E:Qm (DPwY)(1 —m) (x — 2791)° k(272 — 1)
ot (3.110)
2718l Y 5
:ﬂ§n g (PRl =m)ky (@),

where we used (3.68) and (3.88). By (3.67) and (3.109), (3.110) one obtains that

= > 2"bin > k(2r—DwY(27z —m)

mezZ™ lezn
18] (3.111)
= 22 D K@) XY gy (D)= m).
BENy leZn mez”
Hence,
=3 >SN, (3.112)
j=0 BeNg lezn
with
P . 2718l 5 v
Ny= " 2" 4 (DPwYY (1 —m). (3.113)
mezZn ’

First we check that )\?l are optimal coefficients. In other words, if ¢ > 0 is given
we must find a constant ¢ = ¢, such that

IA[BS2] < c|lf [BSR™)|  for all f € B(R™) (3.114)

with b;¢ according to Definition 3.13. We claim that for any given a > 0 there are
constants C' > 0 and ¢, > 0 such that

DAY (z)] <2981 (1 +|z|*)~, zeR", BeNi, (3.115)

where C' is independent of x,a,3, and ¢, is independent of x,3. We shift the proof
of this assertion to Remark 3.22 below and take it temporarily for granted. Let
p > 1. Interpreting (3.113) as a convolution in ¢, it follows that for any ¢ > 0
there is a constant ¢(g) such that

1/p 1/p
(Z |A?Z|P> < c(g)2 (e IIF! (Z 2j"bﬂ|p> : (3.116)

lezn ez
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The term with |3] follows from Stirling’s formula for the I'-function
D(t) = e tt71/2V2m PO/ with 0 < 6(t) < 1/2, (3.117)
where ¢t > 0, and
nl=T(n+1)~e " n"t/2 n € N. (3.118)

This may be found in [ET96], p. 98, with a reference to [WiW52], 12.33. If p < 1
then one can use the p-triangle inequality. Now (3.114) follows (3.72), (3.108),
(3.116). This completes also the proof of part (i).

Step 3. It remains to prove that the optimal coefficients )\fm according to (3.113)
can be written as (3.96). By (3.107) and well-known properties of the Fourier
transform we have

20" by = (2) 7" / () (279 m —vy) fly)dy,  j € No. (3.119)

n

With ¢ as in Definition 3.15 we have ¢;(z) = ¢(277z) if j € N. Then it follows
that

2"y = (2m) "2 [ -2y f)dy, SN, (3.120)

n

Recall that
(DPwY)(€) = il (z°w(@))" ().
Inserting (3.120) in (3.113) one obtains by (3.76) that

Xy =20 - f) Y @)Y (I—m)e¥(m—2y)dy, jeN.  (3.121)

mezZ"

Replacing [ — m by m and using ¢V (z) = $(—z) one gets

Afz =" f() Z (W)Y (m) @ (27y — 1 +m)dy
¥ mezr (3.122)

=2 (f,8)).  jeN,
where we used (3.84) and (3.89). If j = 0 then one has to use (3.83) and (3.89).
This completes the proof of part (ii). O

Remark 3.22. We prove (3.115) where we only need that w in (3.75) has a compact
support. We may assume that « = K € N. Let o € Ny with |a| < 2K. Then

x Dﬁwv(ac) = xailgl(%r)_"/z/ izt ¢h w(§)d¢

n

_ ilﬁl—lal(gﬂ)—nﬂ/ D2 () P (€) de (3.123)

n

— e lam) 2 [ e D [eu(e)] de.

n
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Since w has a compact support it follows for some ¢ > 0 that

D¢ [Pw(©)]| <ex Y IDEP]-|DTw(©)|
THn=a (3.124)

< cpe(L+ |85 24001,

Inserting (3.124) in (3.123) and using again that w has a compact support it follows
that
|z DALY (z)| < e 29181, 2z e R™. (3.125)

This proves (3.115).

Remark 3.23. The representation (3.99) with (3.96) might be considered as a
special case of (1.116), (1.117) and Corollary 1.42. As there we call {kfm} a frame.
Originally, the notation frame comes from Hilbert space theory. Its extension to
Banach spaces, then called Banach frames, goes back to [Gro91]. We refer for
further details to [Gro01] and also to the survey part in [Tri02c]. We use here the
word frame in a wider sense for quasi-Banach function spaces, preferably of type
B, and F ,

as a system of distinguished elements, in the above case {k?m}, such that any ele-
ment of this space can be expanded by this system where the corresponding complex
; . 3 . .
coefficients, in our case )\jm(f), depend linearly on f and produce an equivalent
quasi-norm when measured in a suitable sequence space, in our case by?.

Then the corresponding coefficients, in our case )\fm( f), are linear and bounded

functionals on the space considered, generating a dual frame, in our case {Qj"q)fm}
according to (3.96).

Remark 3.24. In contrast to the general quarkonial representations for the spaces
By, (R™) and F; (R") according to Section 1.6 and to [Trie], Sections 2 and 3,
we restricted ourselves in the above considerations to the B-spaces and to the
special case B,(R") = By (R") with ¢ = p. There is hardly any doubt that the
above theory can be extended to the spaces B;q(R") and maybe also to the spaces
F;,(R™). But this has not yet been done. But the main reason for this restriction
is the following. After presenting further decompositions in Sections 3.2.3, 3.2.4
based on Theorem 3.21 we develop in Section 3.2.5 a local smoothness theory as
an application. But in this context one does not need possible generalisations of
the above theory to more general spaces B, (R") and F};, (R").

Remark 3.25. The above system {kfm} comes from (3.66)—(3.68) and (3.88). This
fits pretty well in the g-philosophy as outlined in Section 1.19, so far restricted to
(1.627)—(1.629). One may even identify the above function k& with

~1
k(x) = g(x —mP) ( Z gz — m)> , x e R, (3.126)

mezZ"
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where g is the bad guy of calculus according to (1.626) promoted to the king
of function spaces and where m® € Z" is appropriately chosen ensuring (3.66).
Incidentally, k in (3.126) does not refer to king but to kernel (of local means).
Similarly, qu in (1.102) comes from quark and not from queen as one might guess
after reading Section 1.19. (By the way, F' in F},, refers to nothing. It is a free
invention of mine around 1970 looking for a letter not used so far in connection
with function spaces).

3.2.3 Wavelet frames for distributions

Roughly speaking we dualise Theorem 3.21 resulting in spaces BIS,(R") according
to the abbreviation (3.69) with 1 < p < oo and s < 0. The counterpart of B, (R")
in (3.90) is now given by

By*®R") = ByR"), 0<p<oc. (3.127)
s<0

If 0 < p1 < p2 < oo then one has by well-known embedding theorems,
B, *(R") C B, *(R") C BL>°(R") = C~*(R"), (3.128)

where the latter is reminiscent of the Holder-Zygmund scale (1.10). If f € S"(R")
has compact support then f belongs to any space B, >(R") with 0 < p < oo.
This follows from

((f ol <cllelCE®MI < elB RN, —s>K+n/p/,  (3.129)

for some ¢ > 0, K € N, all p € S(R"), 1 < p’ < 00, duality as in (3.17), resulting
in f € By(R") if 1 < p < oo, and the indicated monotonicity assertion at the
beginning of Step 2 in the proof of Corollary 3.10 with B in place of F. Hence
the local behavior of any f € S'(R") is captured by B, *°(R"). But globally the
situation is different. For example, if f = P is a polynomial then one has for ¢¢ in
(2.8) that (@9 P)Y = P. Hence, P does not belong to C~>°(R") with exception of
constants. To incorporate global assertions and to cover all f € S/(R") one needs
weighted spaces. We return to this subject (in the context of wavelet bases) in
Chapter 6.

It is the main aim of this subsection to deal with universal wavelet expansions
f=Y N, o7  feC™R"), (3.130)
B,3,m

with the same functions @L?m as in Definition 3.17 and the abbreviation (3.74). In
analogy to (3.92)—(3.95) we discuss first the meaning of

SN el Aebs, seR 0<p< o, (3.131)
B.j,m
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assuming ¢ = 0 in the sequence spaces b;¢ according to Definition 3.13. For any
e >0,

{QEIBI 9-is=n/0) §F . j €Ny, m € Z"} ,  BeNn, (3.132)

are admitted systems of normalised molecules in BIS,(]R")7 ignoring constants which
may be assumed to be independent of j,m, 3. As for the factor 2¢1°l we refer to
Definitions 3.15, 3.17 and the arguments in connection with (3.116) based on
(3.117), (3.118). Normalised molecules have all the properties of normalised atoms
according to Definition 1.15 with exception of the compactness assumption in
(1.58) which is replaced by a sufficiently strong decay. Then Theorem 1.19 remains
valid. This applies especially to the system (3.132) which are analytic functions
belonging to S(R™) satisfying the moment conditions (3.85). We refer for details
about molecular decompositions to [FJW91], Section 5, especially p. 48. But in
the above case it is not difficult to reduce the needed molecular decompositions to
corresponding atomic decompositions: Let L € N and let (—A)% be the Lth power
of the Laplacian in R"™. Then it follows from (3.80), (3.67) that such a reduction
can be based on

89, = 3 (A [k(~ —m) (—A)*ch@] (3.133)

mez”

with L large enough such that the required moment conditions are satisfied. Each
series

YA el BeNg, (3.134)
J,m

converges unconditionally in S’(R™) to some ¢” € By (R"™) with

1/p

lg” [By(R™)|| < c27<W81 [ = 20(emm/mie |\ e (3.135)

Jim

where c¢ is independent of 3. This follows by the same arguments as in Remark
1.20 which can be extended from atoms to molecules with the same references as
given there and by the indicated molecular version of Theorem 1.19. Then the full
sum in (3.131) converges unconditionally in S'(R") to

9= 3 P ByRY) with [g|ByRM)| < [N (3.136)
BEND

for some ¢ > 0 which is independent of A € b;,.
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The role of the local means (3.15), (3.16) is now taken over by k? according to
(3.66)(3.68) in place of &, hence

Kt f) () = / () f(z + ty) dy

n

—en [ (y;x) f(y) dy

(3.137)

with £t > 0 and x € R", and

B )@ m) =20 [ K- m) fw)dy

(3.138)

= 2" . kS () £(y) dy

where we used (3.88) with j € Ng,m € Z", 8 € Nj. As in (3.96) we abbreviate
(3.138) by
N () =277 (f7 kfm) . JeS'®RM). (3.139)

To avoid any misunderstanding we again remark that in the following theorem kfm
and @fm according to Definition 3.17 are fixed, based on fixed admitted k, J, pq
and w.

Theorem 3.26. Let 1 < p < 0o and s < 0.

(i) Then f € S'(R™) is an element of B, (R"™) if, and only if, it can be represented
as
F=> X, o AeEb, (3.140)

m = gm?’
B,3,m

unconditional convergence being in S’'(R™). Furthermore,
£ 1B, (R™)|| ~ inf [|A b5, (3.141)

where the infimum is taken over all admissible representations (3.140).

(ii) Let /\?m(f) be given by (3.139). Then any f € C~°°(R"™) can be represented
as

F=> N_(Hes. (3.142)

B,3,m

unconditional convergence being in S’(R™). Furthermore,
B3(R™) = {f € C™°(R") : [A(f) B3] < o0} (3.143)

(equivalent norms).



3.2. Wavelet frames 173

Proof. Step 1. By the above considerations, especially (3.134)—(3.136), it follows
that
£ 1By (R™)[[ < c[[A1bp]l (3.144)

for any representation (3.140), where ¢ is independent of f and A. This covers also
the unconditional convergence.
Step 2. Let A\(f) be the sequence with the components (3.139). We wish to prove
that there is a number ¢ > 0 such that for all f € Bj(R"),

[ACS) b5l < ellf [By(R™)]| < oo. (3.145)

Using the duality ¢, = (¢,)" with 117 + 1}, =1 (hence 1 < p’ < 00) it follows from
(3.139) and (3.72) with o = 0 that
INA B3l = sup 3 1 (£ (3.146)
B,3,m

where the supremum is taken over all p = {ufm} such that the terms in (3.146)
are non-negative and

[[pe[b,°]] < 1. (3.147)
Here we used that 297 2i(s=n/p) — 2i(s+n/p") Then
IACS) B3]l < sup|(f,g)| where g= Y 4 Kk (3.148)
B.j,m

with (3.147). Hence by Theorem 3.21,

N 511 < sup {I(£,9)] = 9 € B (R"), g |B*(RM) < e} (3.149)

for some ¢ > 0 which is independent of g. Then (3.145) follows from (3.149) and
the duality (3.17).
Step 3. We prove part (ii) of the theorem. Then one gets as a by-product the
converse of (3.144) and hence part (i). By Theorem 3.21 any ¢ € S(R") can be
represented as

p=3 2n (¢, @fm) K (3.150)

B,3,m

converging unconditionally in any space By, (R") with o > 0. Then it follows for
f € By(R") with 1 < p < oo and s <0 that

()= 30 2 (£k5,) @)t |- (3.151)
B,3,m
Here we used Step 2 and the above considerations about unconditional convergence

in connection with (3.134)-(3.136). But this proves (3.142) with (3.139) and also
(3.143). O
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Remark 3.27. By the Theorems 3.21, 3.26 and the explanations given in Remark
3.23 one gets the dual frames

() 3. {2me7 } and  {® ), {27k}

in the corresponding spaces. By (3.138), (3.139) one needs only a knowledge of f
near a given point, here 277m, to calculate the corresponding coefficients )\?m( 1)
This gives the possibility to develop a local smoothness theory. We return to this
point in Section 3.2.5. But first we extend the underlying above approach from
s<0tos>0.

Remark 3.28. In contrast to Theorem 3.21 we restricted our considerations in
Theorem 3.26 to o = 0. This is sufficient for what follows. But one can extend
the above assertions, in particular (3.140), (3.141), (3.143) from b;, (which means
0= 0) to by¢ now with ¢ < 0 according to Definition 3.13. In particular,

A el ~ IF IByRM), - f € BR(R™), (3.152)

where A(f) is given by (3.139) and 1 < p < 00, s < 0, 9 < 0 (the equivalence
constants depend on g, maybe on s,p, but not on f): The estimate of the left-
hand side of (3.152) from above by the right-hand side is a consequence of (3.145).
The converse assertion follows from the above considerations, in particular from
(3.135) with, say, € = |g| +n, n > 0. Finally we mention that (3.143) and (3.152)
are essentially discrete versions of characterisations of the spaces B, (R") and
Fj, (R™) with s < 0 as described in Corollary 1.12. In particular for 0 < p < oo
and s < 0 there is a number rg > 0 such that for all » with 0 < r < rq,

- 1/p
IF IBR @RI~ | D277 k(277 /) | Lp(R™)|IP
=0
) " (3.153)
~ Z Z 2i(s=n/P)P | |(279 £)(r2~Im)|P
j=0 mezZn

(with the usual modification if p = co) where k(¢, f) are the local means (3.137)
with 8 = 0. This follows from (1.54) where the second equivalence in (3.153) can be
obtained from the corresponding characterisation in terms of maximal functions.
An explicit formulation may be found in [Win95], Theorem 4, pp. 16/17. Obviously,
(3.138), (3.139) with 8 = 0 and corresponding terms in (3.143), (3.152) are closely
related to the discrete version in (3.153).

3.2.4 Wavelet frames for functions

Let L € N. Then

62
_ L _
Dy =id+ (-A)~, where A = ]Ezl 92 (3.154)
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is the Laplacian in R"™. It is well known that
DyB;,(R") = B5**(R")  is an isomorphism (3.155)

for all parameters s € R,0 < p < 00,0 < ¢ < oo. Similarly for F;, (R"). Let
1<p<oo,s>0and L € N such that s — 2L < 0. Then one can try to lift the
characterisations and representations in Theorem 3.26 from B 2L(R") via D!
to By, (R™). We have done this in detail in [Tri03a]. What follows is a simplified
and modified version of some aspects of this paper. First we fix some notation.

Definition 3.29. Let § € Ny and m € Z".
(i) Let k and k” be the same functions as in (3.66)—(3.68). Then

L (z) = (=AY kP (x), LeNy, zeR" (3.156)

and
Kil(e) = KL (Pr —m),  jeN,, zeR" (3.157)

(ii) Let QP ¢o and ¢ be the same functions as in Definition 3.15. Let L € Ny
and | € Ng. Then <I>'f;L and <I>’§/’IL’Z are given by

©0(§)

B,L\v _ yé3 n
(@4 () = 22lf<f>| PO €ERL )
Furthermore a1
B (x) = {q)f;L(.x A (3.160)
Q729 —m) if jeN

Remark 3.30. This is the L-version of Definitions 3.15, 3.17. If L = 0 then (3.157)
coincides with (3.88) and in case of part (ii) we have

2000 =% and 2050 =0 (3.161)

Otherwise we modified Definition 3 in [Tri03a] where we split the mother wavelets
(3.159) into a homogeneous part without the summand 272 and a remainder
part. This has some advantages but will not be done here. We use k%% and kﬁ’nL
similarly as in (3.137), (3.138), as kernels of local means, hence

KPR ) @) = [ kP (y) flo+ty) dy
R (3.162)

S [ (7
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and

KPP, )27 m) =2 [ KPRy —m) fy) dy
Rn

—2 [ W) ) dy.

In particular, if 0 < s < 2L with L € N, then k%Z(t, f) are local means as used in
Theorem 1.10 satisfying (1.42). For fixed 8 € Ny and L € Ny,

(3.163)

{(‘I)@’L’Z)V s le No} and, hence, {(ID'?/}L’Z cle No}, (3.164)

are bounded sets with respect to the topology in S(R"). Then it follows by the
discussion and the references at the beginning of Section 3.2.3, especially in con-
nection with (3.131), (3.132) that for any e,

{alomatmnm Rl (2l ) jeN, meZ"}, BEN;,  (3165)

are systems of normalised molecules in B, (R") (but also in B, (R") and Fj;, (R")),
ignoring constants which are independent not only of j,m, but also of 3,1. This
applies in particular to the ‘diagonal’ functions @']?;IL’J (272 —m) where | = j. Hence
for any ¢ > 0,

{25|5| 2i==n/D) QL e Ny, m € zn} ,  BeNr, (3.166)

are systems of normalised molecules in B;(R"), ignoring constants which are in-
dependent of j,m, 5. In analogy to Theorem 3.26 and (3.130) we are interested
now in wavelet expansions

F=2 Nn ¥, FELRY), Aeb, (3.167)
B,3,m

where 1 < p < oo and 0 < s < 2L. Here by, = by¢ with ¢ = 0 are the sequence
spaces according to Definition 3.13. As for the convergence of the series
YMoN, el 1<p<oo, 0<s<2L, Aeb;, (3.168)
B,3,m
we are in the same position as in (3.131), (3.132). By the arguments as given there
in connection with (3.132)—(3.136) it follows that (3.168) converges unconditionally
in S'(R™), say, to g, with a counterpart of (3.136),

g 1B, (R™)[| < clIA[bgll, (3.169)

where ¢ is independent of \. (By the special properties of @me it follows that the
series in (3.168) converges unconditionally in S’(R"™) for any p, s with 0 < p < oo,
s € R, and A € by with (3.169) for the limit element.) But if 1 < p < oo and
s > 0, then one is in the same situation as at the beginning of Section 3.2.2,
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especially in connection with (3.93)-(3.95) and with a reference to Remark 2.12.
The arguments in Remark 2.12 can be extended from compactly supported atoms
to the above rapidly decreasing molecules (D]ﬂmL belonging to S(R™). Then it follows
that the series in (3.168) converges absolutely in L,(R™) if 1 < p < oo and in
Loo(R™, w) if p = 0o, where Lo (R",w) with w(z) = (1 + |z|>)?/2, ¢ < 0, is the
same weighted L-space as at the end of Remark 2.12. This argument works for
all 0 < s < co. The full restrictions for p and s in (3.168) are needed when it comes
to the question as to whether any f € B (R") can be represented by (3.167). Next
we formulate the counterpart of Theorem 3.26 with the optimal coefficients in
(3.139). Let 0 < s < 2L with L € N and let k," and Kk}, = &’ be as in (3.157)
and (3.88). Then

() = 2" (f7 k‘ii,f) ,  feS'RY), (3.170)
and
XD f) = s () + 20m 2k (f, ) . feS(RY), (3.171)

is the adequate counterpart of (3.139). Here the two terms are the same as in
(3.163) and in (3.138), the latter multiplied with 272/L. Otherwise we use in the
following theorem the above notation. In particular, kﬁ,{‘ , kﬂ and <I>]ﬂmL have the
same meaning as in Definitions 3.29 and 3.17(i), based on ﬁxed admitted k, J, pg,w
and, now, L. The sequence spaces b;, are the same as in Definition 3.13. Let B;r (R™)

be as in (3.90).
Theorem 3.31. Let 1 <p<oo, LeN and 0 < s < 2L.

(i) Then f € Ly(R™) is an element of B, (R"™) if, and only if, it can be represented
as
f=> N, ol AEDS, (3.172)
B,3;m
absolute, and hence unconditional, convergence being in L,(R"™) (with the

indicated modification for p = o0o). Furthermore,
1S 1B, (R™)[| ~ inf | A ]b]] (3.173)

where the infimum is taken over all admissible representations (3.172).
. B,L B,L - n
(ii) Let s, (f) and N} (f) be given by (3.170), (3.171). Then any f € B, (R")
can be represented as
=Y Moy, (3.174)
B,3,m
absolute convergence being in Ly(R™) (above modification if p = o). Fur-
thermore,
By®") = {1 € L(R") : [\*() byl < oo}
={f € Ly@®") = [l=" () byl + I [Lp(R™)]| < oo}

(equivalent norms).

(3.175)
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Proof. Step 1. It follows by the above considerations that (3.172) is a molecular
decomposition in By (R"). It converges as indicated and

I 1By (R < clxfppll, — Aeb, (3.176)
where ¢ > 0 is independent of .
Step 2. We prove that f € B, (R") can be represented by (3.174) with
INCAY gl < el IBRRMIL - f € B(R™), (3.177)

where ¢ > 0 is independent of f. Then one gets as a by-product the converse of
(3.176) and hence part (i). Let f € B;(R"). By (3.154), (3.155) we can apply
Theorem 3.26 to D, f € B3~ *L(R") and one gets by (3.142), (3.139)

@) =3 2 (Gd+ (~A)") .k, ) - DIt [0 - —m)] (2)  (3.178)
B,3,m

with G=Fif j =0and G = M if j € N as an optimal decomposition. By (3.88)
and (3.156), (3.157) it follows that

27 ((id + (~A)") £k,
= 2in /n (L4 (—=A)") f(z) - k(272 — m) da

(3.179)
= 2in (z) kP (272 — m) da + 2923 (z) EPE(292 —m)dx
Rn Rn
_ 92jLy\B,L —_\B.L
= 290N () = Ag (F),
where we used (3.170), (3.171). By Theorem 3.26 it follows that

I B3Il = IXE () [y 22
<c|DLf|By 2R (3.180)
<dIfIB;RM)]-

This proves (3.177). Recall that

Choosing g = @f,( — m) one gets by (3.79),

g"(€) = €™ (D])V(€) = ™ o (€) Q7€) (3.182)
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and by (3.158), (3.160)
D;t {cbf;(- - m)] =00 —m) =L (3.183)

0,m

Let g = ®7,(27 - —m) with j € N and m € Z". Then

g"(€) =27 (94, —m)) (279)

- v (3.184)
=27 e (9 )" (277¢).
By (3.80) we have
9" (&) i o—2ip P27 QP(27IE) i
= 9-in9=2 , . i27/m 1
L4 e 2ot} |p-igit ¢ 159
and by (3.159), (3.160) that
g€ \" oL BuLd (0
(1 L |(£)2L) (z) = 272L0 9 (272 — m) (3.186)
and hence
D! [cp?w(zj : —m)} (2) = 2721 0L (). (3.187)

Inserting (3.183), (3.187), and (3.179) in (3.178) one gets the representation
(3.174). Now (3.176) and (3.177) prove part (i) and also the first characterisa-
tion in (3.175).

Step 3. We prove the second characterisation in (3.175) and rewrite (3.171) as
B,L _ L < ~3 _ 92jL 0
Nl (F) = s () + v (s 7h(f) = 250, (f). (3.188)
Since s — 2L < 0 it follows from Theorem 3.26 that
[ (F) B3I~ N7 () 157250 ~ (1F 1By 22(R™)]| < el f [Lp(R™)]]. (3.189)

Then one gets
£ 1 BR@®™)] ~ IAE(f) 165l
Sl () Bl + 11 1 Lp(R™)|
SN Il + 1L 1L (R™)]
S IBR R

(3.190)

since By (R"™) < L,(R™). This proves the second assertion in (3.175). O
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Remark 3.32. We used s > 0 only to make sure that the series in (3.172) converges
absolutely in L,(R") (with the indicated modification if p = co) and in connection
with the above Step 3 proving the second characterisation in (3.175). But otherwise
we did not need this assumption in the above Steps 1 and 2. As remarked, (3.165)
are universal systems of normalised molecules in all spaces B;, (R") and F;, (R"),
including the unconditional convergence of series of type (3.172) in S’(R"™). Then
one gets by Steps 1 and 2 the following generalisation of Theorems 3.26 and 3.31.
We use the above notation. We only recall that we introduced C~°°(R") in (3.128).

Corollary 3.33. Let 1 <p < oo, L €Ny and —o0 < s < 2L.

(i) Then f € S'(R™) is an element of By (R™) if, and only if, it can be represented
as
f=> M okt AEbs, (3.191)

gm = gm>
B,3,m

unconditional convergence being in S'(R™). Furthermore,
1 1B (R™)[| ~ inf [|A[b3]], (3.192)

where the infimum is taken over all admissible representations (3.191).
(ii) Let /\me be given by (3.171). Then any f € C~°(R™) can be represented as

f=22 X (e, (3.193)
B,3,m
unconditional convergence being in S'(R™). Furthermore,
ByRY) = {feC=®"): ANl <o} (3.194)
(equivalent norms).

Proof. As mentioned above, the proof is covered by Steps 1 and 2 of the proof of
Theorem 3.31. O

Remark 3.34. This corollary extends Theorem 3.26 from —oo < s < 0 to —o0 <
s < 2L, where L € Ny. If L = 0 then it follows from (3.171) and (3.139) that

8,0 _9)\8
The additional factor 2 is compensated by (3.161). Hence (3.193) with L = 0
coincides with (3.142).
3.2.5 Local smoothness theory

We wish to use Theorems 3.26, 3.31 and, in particular, Corollary 3.33, to say
something about the local behavior of a given element f € By (R™) in dependence
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on the coefficients, say, )\]’QT,LL(f) in (3.193). Again we follow [Tri03al, but in a sim-
plified and more qualitative version. For this purpose we introduce some notation.
Let Q be a domain in R™. Then

B, (%), 0<p<oo, seER, (3.196)
is the restriction of
B,(R") = B,,(R"), 0<p<oo, seER, (3.197)

to Q. We use again the abbreviation (3.69) and rely on Definition 1.95 and the
explanations given there. As usual,

s,loc
B;°(Q), 0<p<oo, seR, (3.198)

is the collection of all f € D’(Q) such that the restriction of f to any bounded
domain w with @ C § belongs to B, (w), hence f € By(w) (with the usual abuse
of notation).

We need the counterpart of these local function spaces on the sequence side for
the coefficients )\]’QT,LL(f) in (3.171), hence

B.L( gy _ ojn B8.L (o]
N =2 [ By - m) f) dy
(3.199)
+2m 720 [ ORP 27y —m) f(y) dy,
Rn
where f € S/(R"™), with the C* function k according to (3.66), (3.67), and the
abbreviations

Fo) = @70 k@), K@) = (=8) K (@), (3.200)

as introduced in (3.68) and (3.156). As before § € Ng, j € Ng, m € Z". In
particular,

supp k*F C supp k” = supp k C {yeR": |yl < 2‘]} (3.201)

for some J € N. We assume that J is fixed, maybe J = n (which is luxurious). We
do not indicate the dependence on J in what follows. As before, B(z,r) is the ball
centred at © € R™ and of radius r > 0. The kernels of the local means in (3.199)
have supports in balls B(277m,2777). After these reminders setting the stage of
what follows we introduce now the local counterparts of the sequence spaces b,
according to Definition 3.13.

Definition 3.35. Let Q be a domain in R™ and let (j, Q) for j € Ny be the collection
of all m € Z" such that _ _
B(277m,2/77) cq. (3.202)
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Let
A= {Afm €C: jeNy, BeN, me (j,Q)} (3.203)

and
1/p

BT D DD D A DU (3.204)
HeNg 1=0 me(.0)

(with the usual modification if p = 00). Then
b () = {A: [IA[b5()]| < oo} (3.205)

Furthermore, b5(€2)'°° is the collection of all X according to (3.203) with X € bj(w)
for any bounded domain w with © C Q.

Remark 3.36. Recall that we do not indicate the dependence on J. One may
replace 2777 in (3.202) by 277,
Ifl<p<oo, Le€Nyand —oo < s < 2L, then we have for any f € C~>°(R") the

representation (3.193) with the explicit coefficients )\]’gmL(f) according to (3.199)
and the entire analytic functions

o0l (x) = @4 (27x —m), @ €R", jEN, mez" (3.206)

according to (3.160) (modification if j = 0), which are elements of S(R™). The
local behavior of f in a given domain 2 in R™ will be described by

fo= > A(HeL (3.207)
B5me (5,2)

with (3.199), (3.206) (modification if j = 0) and the same summations as in
(3.203), (3.204). Otherwise we use the notation as introduced in Definition 3.35
naturally adapted to the sequences in (3.193), (3.207), hence with AZ(f) in place
of . In connection with (3.198) we again write f € BZ'°(Q) if f € S’(R") and
its restriction f|Q2 to 2 belongs to B]‘;71°C(Q). Let C*°(€2) be the collection of all
complex-valued C*° functions in €2 (nothing is assumed near the boundary). To
avoid any misunderstanding we recall that the kernels £%%, k% in (3.199) and (I’]ﬁmL

have the same meaning as in the Definitions 3.29, 3.17 based on fixed admitted
k,J,¢o,w and L.

Theorem 3.37. Let Q2 be a domain in R™. Let 1 < p < oo, L € Ng and —o0 < s <
2L. Let f € By(R").

(i) Let f and fq be represented by (3.193) and (3.207). Then
f—fa€C™®(Q). (3.208)
(ii) Let —oo < s < o < 2L. Then
fEeBIQ) if and only if, A(f) € bI(Q)'°C. (3.209)
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Proof. Step 1. We begin with a preparation. Let
(@) =1+ 22, zeR™ (3.210)

Let a € NI, 0> 0, and d > 0 be given. Let ®° be either &% or 7! according
to Definition 3.29. Then we claim that there is a constant ¢ = ¢(«, o, d, L) which
is independent of 3,1 and x such that

|DY®P(z)] < c27WBl(z)"4  zeR", BeNl. (3.211)
First we remark that according to (3.76) and (3.115), (3.117), (3.118),
(W)Y ()| < c279 DALY (y)] < d27Ply)=, y e R, (3.212)

where » > 0, and hence ¢ > 0, and a > 0 are at our disposal, and ¢, ¢’ are
independent of 4. By (3.158), (3.159) and for fixed 5 € N, the functions <I>’f,’L

and @@L’l form a bounded set in S(R™) with respect to I. We apply (3.83), (3.84),
obviously modified to these functions and obtain by (3.212) uniformly with respect
to [ that
D@7 (z)| < 27PN (m) ™ (@ 4 m)
mezn (3.213)
< 2 elBl gy, x e R™

This proves (3.211).
Step 2. We need a second preparation. Let f be given by (3.193) and let f3; be
the sum over m € Z" for fixed B € Nj and j € Ny. Then with ®° being either
%L or 757 and (3.206),

D% fa5 (@) < | S NE(F) - (DY) (25 — m) 271! (3.214)

mez™
and by (3.194), (3.211),
1D f5.4(x)| < c277emn/pitlelg=elBl N 9dy — )=, (3.215)
mez™
where 0 > 0 and d > 0 are at our disposal. Then f3 ; and also

fi=>_ fs; areC®nR", jeN. (3.216)
BeNE

Step 3. We prove (3.208). Let f = fo + f©. We may assume that 0 € Q. Then
it is sufficient to show that f is C* in a neighborhood of 0. The sum in f is
restricted to those (4, m) for which we do not have (3.202). In particular, |m| > a2’
for some a > 0 and all j with j > jo. However the terms f; with j < jo are C*
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and, hence, to prove (3.208) we may assume j > jo in what follows. Let |z| < ¢
with 0 < £ < a. Then it follows by (3.215) that

DO f9 ()] < caICmmptlal—dlgmid <o (3.217)

where o > 0 and d > 0 are at our disposal. Now one is in the same position as
in Step 2. Summation over 3 € NJ} and j > jo shows that f* is C* in a ball of
radius ¢ centred at the origin. This proves (3.208).

Step 4. We prove (ii). Let AL (f) € b7 (92)'°¢. Then A= (f) € b (w) for any bounded
domain w with @ C Q. We split now f represented by (3.193) into f = f, + f“.
Since o < 2L it follows by Corollary 3.33 that f,, € By (R"). By the above consid-
erations we have f“ € C*(w). Both together gives f € Bg'°¢(Q). Conversely, let
f € B3'°¢(Q) and let w as above. Then f € BY(w) and by Definition 1.95 there
is an element g € By (R") such that glw = f|w. One can apply Corollary 3.33 to
g- Then one has the counterpart of (3.194) with g and bj in place of f and b5. If
the ball in (3.202) is a subset of w then one has /\me(g) = /\me(f) This applies
to any domain w with @ C € and, as a consequence,

B,Ly \ _ \B.L e

N (9) = X5 (f) - if = j(w). (3.218)

However for j < j(w) there is nothing to prove since the local improvement from
s to o is a matter of large j. One gets AL (f) € bg(Q)lOC. O

Remark 3.38. The above theorem is the qualitative version of the more quantita-
tive considerations in [Tri03a] where we studied in greater detail the influence of
the number J and where we expressed (3.209) more explicitly. But even the above
version makes clear how to proceed

from global via local to pointwise smoothness. (3.219)

One may begin with the global Besov characteristics s¢(t) according to (1.620)
with ¢ = 1/p, where one can replace B, (R") by B, ,(R") = B;(R") with the
same outcome. Quite obviously there is a local counterpart, say, sf(€2,t) where Q
is a domain in R”. If 2° € R" such that 2° € sing supp f according to (1.619)
then

sp(a¥,t) = Jim sy (1) < oo with O = B(2°,27h) (3.220)

makes sense. Theorem 3.37 suggests to calculate sp(,t), s¢(Q,t) and sp(2°,t)
in terms of the local means (3.199) and the sequence spaces, say, b7 (£2;). However
there are some difficulties. Substantial progress has been made quite recently in
[Scn05], [Scn06] converting these questions in a detailed study of related Besov
spaces of varying pointwise smoothness. On the one hand, by the properties of
@me both (3.193) and (3.207) are universal molecular representations for any
f € S'(R™) (or at least f € C~°°(R") according to (3.128)), but on the other
hand optimality of the coefficients (generating equivalent quasi-norms) according
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to Corollary 3.33 is only guaranteed if 1 < p < oo and o < 2L. We refer to [Tri03a]
where we dealt with these questions and problems in some detail. It might be of
some interest that the flexibility of the basic kernel functions k, k%, k%X according
to (3.66), (3.200) paves the way to deal with the more subtle

directional (or conical) local and pointwise smoothness. (3.221)

For this purpose one can replace ; in (3.220) by the intersection of €2; and a given
cone with vertex 2°. One can modify k in (3.66) in such a way that one needs in
(3.199) only values of f within this cone. But this has not been done so far.

Remark 3.39. According to Theorems 1.64 and 3.5 one can expand any f belonging
to B3, (R™)or F5 (R™) uniquely in terms of the Daubechies wavelet basis {¥7%}.
The coefficients \;¢ in (3.37) are again local means. The question whether one
can extract from these wavelet coefficients an improved local smoothness of f
compared with the given global one attracted a lot of attention. It is the same
question as considered in part (ii) of the above Theorem 3.37 and Remark 3.38.
We refer to [Jaf00], [Jaf01], [Jafo4], [Jaf05], [JaM96], [JMRO1], [Mey98], [Mey01].
There one finds also further suggestions about how to measure local and pointwise
smoothness and how questions of this type are related to problems in physics,
science, and technology. Especially some basic ideas in [Jaf05] how to deal with
problems of this type are similar as the above constructions.

Remark 3.40. One point seems to be of special interest when comparing Theorem
3.37, especially (3.209), with the literature mentioned in the preceding remark.
Let 2% € R™ and let {¢;} be the same dyadic resolution of unity as in (2.8)(2.10)
and in Definition 2.1. Let s € R and s’ € R. Then the two-microlocal spaces

¢ (%, R") = {f e S'(R™) : |If|C> (2%, R™)|| < oo} (3.222)
with
I£lc*" (2% R™) | = sup  27° (1+2]x — 2°)* (¢, )" (2)] (3.223)
j€Ng,zeR™

are refinements of the Holder-Zygmund spaces C*(R"™) according to Definition 2.1
and (1.10). These globally defined spaces have local counterparts C*"1°¢ (20, R™)
with respect to the same point z° similarly as in (3.198). We refer to [Mey98],
Definitions 3.1 and 3.5, pp. 58, 67/68. Furthermore there are characterisations of
these spaces in terms of wavelet coefficients based on Meyer or Daubechies wavelets
as introduced in Section 1.7.3. In particular according to [Mey98], Theorem 3.6,
p. 66, one can characterise the two-microlocal versions C** (20, R™) of the Hélder-
Zygmund spaces C*(R™) = B3, (R™) as in Theorem 3.5(i) with p = ¢ = oo and
the coefficients

(14 [272° —m|)* MG = (1 + (2720 — m|)* 2772 (f, 0,C). (3.224)
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In [JaM96] and [Mey98] these two-microlocal spaces of Holder-Zygmund type have
been used to study delicate local and pointwise regularity assertions for functions
belonging to Sobolev-Besov spaces. Replacing the Loo-norm in (3.223) by Le-norms
one gets the original version of two-microlocal spaces in [Bony84], [JaM96], p. 19.
Recently corresponding two-microlocal spaces B;;IS/ (2%, R™) have been considered
in [MoY04] again characterised as in Theorem 3.5(i) with the coefficients (3.224).
On the other hand, Theorem 3.37(ii) is a satisfactory local smoothness theory
based on the expansions (3.174), (3.207), with optimal coefficients originating from
the simple local means (3.199)-(3.201). There are the factors (27y —m)? in the
corresponding kernels which resemble the additional factors in (3.224). One could
try to incorporate the extra factors in (3.224) in these kernels in the framework of
a two-microlocal extension of Theorems 3.26, 3.31 and especially Corollary 3.33
and to develop a refined smoothness theory as in Theorem 3.37. But nothing has
been done so far.

3.3 Complements

3.3.1 Gausslets

So far we dealt with several types of building blocks for the spaces B, (R™) and
F;, (R™): atoms (molecules), quarks, wavelet bases and wavelet frames. One may
ask to which extent other distinguished expansions in R™ fit in this scheme. First
candidates might be the building blocks in the time-frequency analysis or Gabor
analysis dealing with frames in Lo(R"™) of type

flx) = Z Z Comk €77F T (2 — am), xr € R", (3.225)
mezn ke

unconditional convergence being in Ly(R™). Here g is a window,
g€ Loo(R")NLy(RY), a>0, b>0, (3.226)

with the most prominent example of the adapted Gauss-function g(x) = ezl

As explained in Remark 3.23 the question of whether (3.225) is a frame represen-
tation requires that there are distinguished coefficients ¢,k (f) depending linearly

on f such that
1/2

S leme(HOP ]~ I1f [L2(R™)]. (3.227)
m,k

We do not discuss these problems here and refer to [Gro01]. A short description of
some aspects from the above point of view may also be found in [Tri02c|, Section
2.1. We only mention that

f(z) = Zcmk e L z €R”, (3.228)

m,k
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is a frame in Ly(R™) if ab > 0 is small. One may ask whether this theory can
be extended from La(R"™) to L,(R™) or to By (R™) and F, (R™). But there are
serious obstacles which can be seen if one takes the Fourier transform of (3.225),

FE) =3 dpe ™ G(¢ — 2mbk), €€ R™ (3.229)
m,k

According to Definition 2.1 the structure of all spaces B5 (R") and Fj;,(R") is
characterised by dyadic resolutions on the Fourier side. This is also well reflected
by all building blocks considered so far. But the above building blocks in (3.225),
(3.226), (3.229) behave differently. Hence there is little hope to extend the Gabor
analysis to spaces of type B, (R") and F}; (R"). They do not fit in the g-philosophy
as described in Section 1.19. However if one replaces on the Fourier side the dyadic
annuli in Definition 2.1 by congruent cubes then one gets the so-called modulation
spaces My (R™) where s € R (or even a function), 0 < p < 00, 0 < ¢ < o0,
which are not the subject of this book. But (3.229) is well adapted to this type of
space. The present state of art of these spaces and also references may be found in
[Gro01], Sections 11-14. On the other hand one may ask whether one can take the
Gauss-function subject to the procedures (1.627)—(1.629) to get building blocks in
the space B, (R") and F;, (R"). This can be done. We restrict ourselves here to
a description of this theory referring for details and proofs to [Tri02c].

Definition 3.41. Let

H(z)= Y elomml/2 (3.230)
meZn
and
xﬂ 2
GO (x) = /8 e"lBP 2 g-1(z),  BeN!, zeR™ (3.231)
Let se R, 0<p<o0,jENgand m eZ". Then
Gfm(m) = 97Imn/P) GB(27 g — m), x eR", (3.232)

are the (s,p)-B-Gausslets.

Remark 3.42. This is the direct counterpart of the regular (s, p)-3-quarks accord-
ing to Definition 1.36 and (1.107) and of the functions kfm in (3.88). As for basic
notation we refer to Section 2.1.2. The Gausslets have no longer compact supports,
but otherwise they behave similarly to the #-quarks. In particular one can prove
by elementary calculation that

max G (z) ~ _Hlu +p3;)7 V4 BeNG, (3.233)
]:

where the equivalence constants are independent of 3, [Tri02c|, p. 438. This can
be complemented by

IDYGP(x)| <25, 2zeR", |y <K, BeNZ, (3.234)



188 Chapter 3. Wavelets

where for given € > 0 the constant ¢ may depend on € and K, but not on 3 and
x. Some of the notation and considerations in connection with Definition 1.36,
Theorem 1.39 and Remark 1.41 can be taken over. In particular, for 0 < p < oo,
0<g<oo, peR, and

A={\: BeNg) with Aﬂ:{A?mEC: jeNo,meZ”}, (3.235)

let as in (1.108), (1.109),

A ‘bPLI”Q = Ssup 20l ”)‘B |b;nq|| (3.236)
BENy
and
X fpalle = sup 271N | (3.237)
BeNy

where || - [bpg|| and || - | fpql| have been introduced in (1.64), (1.65). Let o, and oy,
be as in (1.68) or (2.6). We are interested in representations of the type
f=3 XN.G; 1A Bpgllp < o0, (3.238)

J jm>’
B,3,m

where Gfm are (s, p)-p-Gausslets with 0 < p < 00, s > 0, and g > 0. Here ngj m
is the abbreviation introduced in (3.74) which must be justified. As in connection
with (3.132), the related comments and references, and (3.234), for any £ > 0,

{2*€|ﬂ| GO, jeNy, me Z"}7 BN, (3.239)

are systems of normalised molecules, ignoring constants which are independent of
j, m, 8. Let p = max(1,p). Now it follows by the same arguments (and the same
interpretation) as in Remark 2.12, that the series in (3.238) converges absolutely
in Lz(R™) (with the indicated modification if p = 0o) and, hence, unconditionally
in S’(R™). One has now the following counterpart of Theorem 1.39 and Corollary
1.42.

Theorem 3.43.
(i) Let o> 0,
0<p<oo, 0<g<oo, s> o0p. (3.240)

Then By, (R™) is the collection of all f € S'(R™) which can be represented as

f= Z )‘Jﬁm Gfm’ A 1bpglle < 00, (3.241)
B,3,m

where Gfm are (s,p)-0-Gausslets, unconditional convergence being in S'(R™).
Furthermore,
1f 1B (R™)|| ~ inf [ X [bpgl o (3.242)
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where the infimum is taken over all admitted representations (3.241). There
are functions ‘Ilfnf € S(R™) such that [ can be represented by (3.241) with

N (f) = (f7 ‘Iff;,f) ,  Jj€Ny, meZ", BeNg, (3.243)

in place of )\fm and
1 1Bpg (R ~ IACS) [bpg l - (3.244)

(ii) Let o >0,
0<p<oo, 0<g<oo, 5>0p. (3.245)

Then F,, (R") is the collection of all f € S"(R™) which can be represented as

f= Z A?m Gfm’ [A [ fpalle < o0, (3.246)
B,3,m

where G, are (s,p)-B-Gausslets, unconditional convergence being in S’ (R™).

Furthermore,

I1f [Epg (R ~ inf [[X | fiqllo (3.247)
where the infimum is taken over all admitted representations (3.246). Addi-
tionally,

1 1E5g R~ M) | fpalle (3.248)
for the representation of f with )\fm = )\fm(f) according to (3.246) and
(3.243).

Remark 3.44. Since (3.239) are systems of normalised molecules one gets for some
¢ > 0 the estimate
1f [Bpg R < ¢ [[Abpqll (3.249)

with f given by (3.241). As for the converse and the frame representation of f
with (3.243), (3.244), we refer to [Tri02c]. Similarly for £, (R™).

Remark 3.45. The restriction s > o, for the B-spaces and s > o, for the F-
spaces is the same as for the quarkonial decompositions in Theorem 1.39. Then
one does not need moment conditions for the corresponding building blocks. As
for the quarkonial decompositions we extended this theory in [Trie], Section 3, to
all s € R. We refer also to Remark 1.47. This is the point where the procedure
(1.630) (differentiations) is coming in, hence G¥ in (3.231) must be complemented
by

GPLl(z) = (-A)GP(x) =e *"/2 P L(x), BeN! LeN, (3.250)

where Ppg 1, are distinguished polynomials. Then one can extend the above theorem
to all s € R. This has been done in [Tri98] which is the first paper about this theory.
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However it came out later on that there are problems with the convergence of
some series. This has been corrected in [Tri02¢|, and Theorem 3.43 coincides with
the main assertion of the latter paper. An extension to all s € R based on (3.250)
should be possible following [Tri98] appropriately modified. In connection with the
above theorem we refer to [KyP01] where wavelet bases in homogeneous spaces
of type By, and F,, have been constructed which may have exponential decay

or even a decay of type e~171°/2 There are also some applications to nonlinear
approximation and one may ask whether the above theorem can be used for similar
purposes.

3.3.2 Positivity

Using the lift (1.7) any element f of the Sobolev space Hj(R") with s > 0,
1 < p < o0, can be written as

f(x) = (Ifs Isf)(‘r) = (;75(‘7j - y) (Isf)(y) dyv (3251)

Rn

where I, f € L,(R™) and where G_;(y) are the positive Bessel potential kernels.
As for the latter assertion we refer to [AdH96], Sections 1.2.4, 1.2.5, pp. 10-13.
Then it follows from the corresponding property for the spaces L,(R™) that any
f € Hy(R") can be decomposed as

f=h—Jfa+ifs—ifs, (3.252)
with f; >0, f; € H;(Rn)7 and

4
L [H R~ > (12 [ Hy (R™)] (3.253)

=1

(equivalent norms). The question arises for which other spaces one has a similar
decomposition property in non-negative elements.

Definition 3.46. Let s € R, 0 < p < oo (p < o0 for the F-spaces) and 0 <
q < oo. Let A; (R") be either By (R") or F;, (R™) according to Definition 2.1.
Then A3, (R™) is said to have the positivity property if any f € Aj (R™) can be
decomposed as

f=h—fo+ifs—ifs with f;>0, feAs (R"), (3.254)

and

4
1F (A5 R ~ > i [ A5 (R™)], (3.255)

=1

with equivalence constants which are independent of f.
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Remark 3.47. Recall that f > 0 for f € S’(R") means that
f(¢) >0 for any real non-negative ¢ € S(R"). (3.256)

By the above considerations the Sobolev spaces Hy(R") with 1 < p < oo and
s > 0 have the positivity property. We use o, and 0,4 as introduced in (2.6).

Theorem 3.48.
(i) The spaces

By, (R™) with 0<p<oo, 0<g<oo, s>0p, (3.257)
and
Fj (R™) with 0<p<oo, 0<g<oo, 5> 0y, (3.258)

have the positivity property.
(ii) The spaces By, (R™) and F; (R™) with

0<p<oo(p<oo forthe F-spaces), 0<q<oo, s<op (3.259)

do not have the positivity property.

Proof. Step 1. We prove (i). Let ¥ be the same non-negative C*° function as in
(1.105), (1.106) with the additional property

supp » CRY , ={y e R": y=(y1,...,yn), y; >0} (3.260)

Then (5-qu)jm(x) > 0 in (1.107). We apply Theorem 1.39 and Corollary 1.42 to
the spaces in (3.257), (3.258) and get

F=" N () (B-au)jm (3.261)
B,j,m
with
£ 1B R ~ A [bpalles 1 1ES, R~ I [ fralle (3.262)

in the notation used there. Recall that a4 = max(a,0) for a € R. Let f1, f2, f3, f4
be given by (3.261) with

Re A (M4 (RN (M) ImALL ()4, (~ImAT(F)+ (3.263)

in place of )\?m( f). Then (3.255) is an immediate consequence of Theorem 1.39.

Step 2. We prove (ii). Let f > 0 be a compactly supported element of B; (R™)
or Fj (R™) with (3.259). Then it follows from the Riesz representation theorem
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according to [Mat95], 1.16, p. 15 (and 1.11, p. 12) that there is a unique finite
Radon measure g with supp g = supp f and

f0)= [ end),  oeSE. (3.204)

(More detailed versions of this famous assertion may be found in [Lang93], Chapter
IX, Theorems 2.3 and 2.7, pp. 256, 264, and in [Mall95], II,2, Theorem 2.2, pp.
61/62.) We refer also to Section 1.12.2. It follows by Proposition 1.127 that f €
B?)OO(R"). Then one obtains that any compactly supported element of a space
As (R") with the positivity property belongs also to Bf  (R"). But this is not
possible if p, g and s are restricted by (3.259). This follows from Theorem 1.199(ii).

U

Remark 3.49. We followed [Tri03e] where one finds also further results. In partic-
ular, all spaces I}, (R") with

F3,(R") < C(R™) (3.265)

have the positivity property. This applies to s > n/p and to the limiting cases
according to (1.204).



Chapter 4

Spaces on Lipschitz Domains,
Wavelets and
Sampling Numbers

4.1 Spaces on Lipschitz domains

4.1.1 Introduction

Recall that this book consists of two parts. Chapter 1 is a self-contained survey
of some aspects of the recent theory of function spaces and its applications in
continuation of [Triy], Chapter 1, with the same heading. The second part cov-
ers the other chapters of this book. Both parts should be readable independently.
This causes a mild overlapping as far as some basic definitions are concerned.
But otherwise we use Chapter 1 as a source of references in the later chapters.
The present Chapter 4 is an especially good example of this procedure. In Section
1.11 and in [Tri02a] we surveyed some aspects of the recent theory of function
spaces on non-smooth domains in R", especially on bounded Lipschitz domains.
This will not be repeated here with the exception of a few basic definitions. We
focus our attention now on wavelets and on the recovery problem of continuous
functions in bounded Lipschitz domains and the corresponding optimal rates of
convergence for sampling. In Section 4.1 we collect the underlying assertions for
function spaces on bounded Lipschitz domains. Section 4.2 deals with wavelets.
The indicated recovery problem will be considered in Section 4.3 in terms of sam-
pling numbers. These results will be complemented in Section 4.4. In particular we
compare the sampling numbers with other means to measure compactness such as
approximation numbers and entropy numbers.
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4.1.2 Definitions

First we recall some definitions from Sections 1.11.1, 1.11.4 for sake of completeness
and independence as just explained in Section 4.1.1. Let €2 be an arbitrary domain
in R™. As before we identify open sets with domains. Then L,(€2) with 0 < p < oo is
the usual quasi-Banach space of all complex-valued Lebesgue measurable functions
in  such that

1/p
I ILp(Q)] = </ |f (@)l dx) < o0, (4.1)
Q
complemented by Lo (), normed by
1] [ Loo ()] = ess sup ()|

= inf {N : |{z € Q with |f(z)| > N}| =0}.

(4.2)

As before, |T'| is the Lebesgue measure of a Lebesgue-measurable set T in R™. As
usual, D(Q) = C5°(£2) stands for the collection of all complex-valued infinitely
differentiable functions in R"™ with compact support in Q. Let D’(€2) be the dual
space of all distributions on Q. Let g € S'(R™), where S'(R"™) is the space of
all tempered distributions according to Section 2.1.2. Then we denote by ¢g|Q its
restriction on €2,

gl eD(Q): (9I2)(p) =g(p) forpe DQ). (4.3)

Let A7 (R") be the spaces according to Definition 2.1 where either A = B or
A=F.

Definition 4.1. Let Q be a domain in R™ and let
0<p<oo, 0<qg<oo, seR, (4.4)

(with p < oo for the F-spaces). Then Aj () is the collection of all f € D'(Q)
such that there is a g € A, (R"™) with g|Q = f. Furthermore,

1/ 145 () = inf [lg | A7, (R™)]| (4.5)
where the infimum is taken over all g € A3 (R™) such that its restriction g|S) to
Q coincides in D'(Q2) with f.

Remark 4.2. This definition coincides essentially with Definition 1.95(i). As re-
marked there A3 (€2) is a quasi-Banach space (Banach space if p > 1, ¢ > 1).
Otherwise one may consult Section 1.11 where we listed special cases, properties
and references.

Next we introduce Lipschitz domains following essentially Section 1.11.4. Let 2 <
n € N. Then
R" 32— h(z') eR (4.6)

is called a Lipschitz function (on R™ ') if there is a number ¢ > 0 such that

|h(z") — h(y)| < clz’ —y/| forall 2/ eR™™ o eR"L (4.7)
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Definition 4.3. Let n € N.

(i) A special Lipschitz domain in R™ with n > 2 is the collection of all points
x = (2',x,) with ' € R"™" such that

h(z") < 2, < 00, (4.8)

where h(z') is a Lipschitz function according to (4.6), (4.7).

(ii) A bounded Lipschitz domain in R™ with n > 2 is a bounded domain Q in R"
where the boundary 02 can be covered by finitely many open balls B; in R™
with j =1,...,J, centred at 02 such that

BjﬁQ:BjﬂQj fO’(’ jzl,...7J, (49)

where ) are rotations of suitable special Lipschitz domains in R™.
(iii) A bounded Lipschitz domain in the real line R is the interior of a finite union
of disjoint bounded closed intervals.

Remark 4.4. Of course we always assume that bounded Lipschitz domains are not
empty. Again we refer to Section 1.11 for further information and in particular
for properties and special cases of corresponding spaces A;,(€2) which will only be
quoted when needed.

4.1.3 Further spaces, some embeddings

Sampling and the recovery of continuous functions comes from numerics. We deal
here with these problems mainly within the scales of the spaces By, and F};,. But
there are a few other spaces which are of interest in this context and which are
not covered by these scales. The most distinguished examples are L, L, C' and

the corresponding smoothness spaces WF, WX . C* with k € N, built on them.

First we introduce these spaces on R". Obviously, L,(R"™) with 1 < p < oo has the
same meaning as above, normed by (4.1), (4.2) with Q = R". Let C(R") be the
collection of all complex-valued bounded uniformly continuous functions on R",
normed by

IFICRMI = sup |f(2)]- (4.10)
Let k € No. Then
C*(R™) ={f € C(R"): D*f c C(R"), |a| <k}, (4.11)
and for 1 < p < oo,
Wy (R") = {f € Ly(R") : D*f € Ly(R"), |a] <k}, (4.12)

are the usual Sobolev spaces, always naturally normed. According to (1.3), (1.4),

WE(R™) = F¥y(R") if 1<p<oo, keN. (4.13)
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Now we are also interested in the spaces with p = 1 and p = oo. Then (4.13) does
not hold.

Let © be a bounded Lipschitz domain in R™ according to Definition 4.3. Let Q
be the closure of Q. Then C(£2) is the collection of all complex-valued continuous
functions on 2, normed by

IFIC(Q) = sup | f(z)| = max | f(z)]. (4.14)
zeN z€eQ

Then C(Q) is the restriction of C(R™) on €2,
C(Q) = C(R™)|Q. (4.15)
If £ € N, then
CFQ) ={feC(Q): D*feC(Q), |a| <k}, (4.16)

naturally normed. As for the Sobolev spaces W} (€) with 1 < p < oo and k € N
one has two possibilities, either as restriction of Wlﬂ“(R") as in Definition 4.1,
temporarily denoted by

WER™IQ, 1<p<oo, keN, (4.17)
or intrinsically,
Wy () = {f € Ly(Q) : |[f W ()| < oo} (4.18)
with
IF Wy @)l = g;k 1D f | Lp()]]- (4.19)

Both possibilities coincide. In particular, one has according to (4.13) that

Wy(Q) =F,(Q), 1<p<oo, keN. (4.20)
But the spaces with p = 1 and p = oo are also of interest. We formulate the
outcome together with some consequences which will be useful later on.

Proposition 4.5. Let © be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3. Let 1 < p < oo and k € N. Then

Wr(R™)|Q=WF(Q). (4.21)

Furthermore,
BY1(Q) — W(Q) — By () (4.22)

and
Bt () — CF(Q) — Wk

oo,1 00

(Q) — BE (). (4.23)
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Proof. The assertion (4.21) is covered by Theorem 1.122 and the references given
there. As for (4.22), (4.23) we first remark that

BY1(R") < Li(R") — B} (R") (4.24)
and
B 1(R") = C(R") > Loo(R") = BY, o (R™). (4.25)

We refer to [Trif], Proposition 2.5.7, p. 89, [ET96], p. 44, with a reference to
[SiT95]. This can be lifted from level 0 to level k € N. Restriction to 2 based on
(4.21) and Definition 4.1 proves all inclusions in (4.22), (4.23) with exception of

CF(Q) — WE (). (4.26)
But this is obvious by definition. O

Finally we collect a few basic assertions setting the stage for what follows. Recall
that A7 (Q2) are the spaces as introduced in Definition 4.1 and that oy, is given by
(2.6).

Proposition 4.6. Let Q) be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3.

(i) Let s1 € R, s € R and p1,p2,q1,92 € (0,00] (with p; < 0o for the F-spaces).

Then
id: A, () — A2, (Q) (4.27)
18 compact if, and only if,
1 1
51—82>n( — ) . (4.28)
D1 D2 +

(ii) Let s€e R, 0 <p < oo (with p < oo for the F-spaces), 0 < g < co. Then
id: A3,(Q) — C(Q) (4.29)
if, and only if,

either s >n/p,
or A=B, s=n/p, 0<q<1, (4.30)
or A=F s=n/p, 0<p<1.

(iii) Let 0 < p < oo (with p < oo for the F-spaces), 0 < ¢ < oo and s > op,. Then
id: A3,(Q) = Ly(Q). (4.31)

This embedding is compact.
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Proof. The compactness of id in (4.27) and (4.28) is covered by Theorem 1.97
where one has even the sharper assertion (1.306) measuring the degree of com-
pactness in terms of entropy numbers. We return to this point later on. The
non-compactness assertion in part (i) means that id in (4.27) is not compact in all
cases where id is continuous but (4.28) is not satisfied. But these are the limiting
cases discussed at the end of Section 1.11.1. The corresponding embeddings are
not compact as remarked at the beginning of Section 1.11.2. But one can also
prove this assertion rather quickly shifting this question to sequence spaces. By
(1.299) it is sufficient to care for the B-spaces. Then the non-compactness of the
limiting embeddings follows now from the wavelet representation in Theorem 3.5,
combined with Corollary 3.10 and its proof making clear that there is no com-
pact embedding if so > s1. As for part (ii) with s = n/p and R" in place of Q2
we refer to Theorem 1.73(ii). This can be extended to s > n/p by elementary
embedding. The restriction from R" to Q follows from Definition 4.1, (4.15) and
the observation that the sharpness of these assertions is a local matter. As for the
latter claim one may consult the references in Remark 1.74. The R"-counterpart
of the continuous embedding in (4.31) can be found in [Trie], Theorem 11.2, pp.
168-169. Then one gets (4.31) by restriction. But (4.31) follows also from part (i)
and Holder’s inequality including the compactness. O

Remark 4.7. If s < o, then there is no continuous embedding of type (4.31). A final
answer for the delicate limiting case s = o, may be found in [Trie], Theorem 11.2,
pp- 168-169. But this will not be needed here. As for further (sharp) embeddings
one may consult the end of Section 1.11.1 and the references given there.

4.1.4 Intrinsic characterisations

For spaces A3 () with s > ¢, on bounded Lipschitz domains 2 in R" we have
the characterisations described in Theorem 1.118. We deal now with some modi-
fications of the parts (ii) and (iii) of this theorem. Again for sake of completeness
and independence we repeat first some notation introduced there and needed in
what follows. Let

(ALH @) = flx+h) = f(z), (A (@) = A (AL (@) (4.32)
where x € R", h € R", [ € N, are the iterated differences in R".

Definition 4.8. Let Q2 be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3. Let

MeN, z€Q, 0<t<oo, 0<u<oo. (4.33)

Then

Vol(z,t) ={h €R™: |h| <t, x+Th € Q for 0 <7< M} (4.34)
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and for x € ),

1/u
M (7) = (tn S T(AYS) (@) dh) if 0 <wu<oo, (4.35)

heVA! (z,t)
SUPpevr (o) | (AN f) (2)] if u=o0.

Remark 4.9. If one replaces 2 in (4.34), (4.35) by R"™ then one has the ball
means (1.377) in R", and in Theorem 1.116 corresponding characterisations of
some spaces By (R") and F;, (R"). In case of bounded Lipschitz domains we have
so far Theorem 1.118 where V4 (x,t) coincides with VM (z,¢) in (1.385) (indicat-
ing now ). In particular, V37 (x,t) is the maximal star-shaped open subset of a
ball of radius ¢, centred at the origin, such that x + M - V3 (x,t) C Q. Otherwise
one may consult Remark 1.119 where we listed some papers dealing with charac-
terisations of function spaces, preferably of B-spaces, in terms of differences. We
wish to adapt the parts (ii) and (iii) of Theorem 1.118 to our later needs.

Let M € N. Let PM(R™) be the space of all complex-valued polynomials in R™ of
degree smaller than M and P (Q) be the restriction of PM(R™) to the bounded
(non-empty) Lipschitz domain Q in R™. Let

dim™
{PQ7M} with dim™ = dim P (R") = dim PM (Q) (4.36)
J =1
be an Lo(Q)-orthonormal basis consisting of real polynomials in P (). Recall
that ay = max(0,a) for a € R.

Theorem 4.10. Let Q be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3. Let §) be connected. Let d%;ﬂf be the means as introduced in Definition 4.8

and let {PJQ’M} be the above orthonormal polynomial basis of PM ().

(i) Let 0<p<o0,0<g<o00, 1 <u<r<oo, and

1 1
n( — ) <s<MeN. (4.37)
p ),

Then B,,(1?) is the collection of all f € Liax(p,r)(§2) such that

dim™

1 1By (D50 =D
j=1

1
([
0

in the sense of equivalent quasi-norms (usual modification if ¢ = 00).

/ f(a) PP (2) da
Q

(4.38)

1/q
a dt
d%ﬁﬂLP(Q)H t) < 0
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(ii) Let0<p<oo,0<g<oo,l1<u<r<ocoand
1 1
n( ) - ) <s<MeN. (4.39)
min(p,q) 1/,
Then F,,(2) is the collection of all f € Liax(p,r)(€2) such that

d1m

1 1Eg (Dl ar =

(4.40)

+ < o0

(/ 0 @) )" ff)l/q me)‘

in the sense of equivalent quasi-norms (usual modification if ¢ = 00).

Proof. Step 1. By (4.40), (1.389) and Holder’s inequality we have

1 15 (DM ar 2L TER (D), ar (4.41)
where we used the abbreviation (1.390). Similarly for B, ().

Step 2. We prove the converse of (4.41) by contradiction assuming that there is
no positive constant ¢ such that

I ILpN < cllf 1Fpg(Diar  f € Fpp(9). (4.42)
Then there is a sequence of functions {f;}52; C Fj, () such that
L= [If5 ILp( > 51115 [Fpe(Dlanr, G €N (4.43)

By Proposition 4.6(i),(iii), the embedding of Fy, () into L;(£2) is compact. In
particular, the set { f;} is bounded in F;, (2) and hence precompact in L;(£2). We
may assume that

fi = fin Lp(Q),  hence |[|f[Lp(Q)] = 1. (4.44)
By (4.43) and (1.389) the sequence { f;} converges also in F},, (2) and
(#525) (@) = 0in . / f@ 2)dz =0 (4.45)

for I = 1,...,dim™. Then we have also (dN’Qf)( )=0forall M < N € N.

Since (1. 389) is a characterisation it follows that f € Fy () for any o € R. By

well-known embedding theorems of type (4.27), say, Wlth Az = C*2, it follows
that D*f € C(Q) for all @ € Nfj. Hence f € C*(2) and we have (AM f)(z) =0
locally. Then f must be locally a polynomial of degree less than M. We add a
comment about this point in Remark 4.11 below. Since we assumed that € is
connected it follows that f is also globally in 2 a polynomial of degree less than
M, hence f € PM(Q). Now one gets from the second part of (4.45) that f = 0.

This contradicts (4.44). Similarly for the B-spaces. O
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Remark 4.11. We used that functions f € C°°(Q2) with (AM f)(x) = 0 locally must
be (locally) polynomials of degree less than M. This follows from distinguished
integral representations of functions and its derivatives in terms of differences
as it may be found in [Triy], Proposition 3.3.2, pp. 174/175, with the outcome
(DPf)(x) = 0 for all |8] = M. Hence f is locally a polynomial of degree less
than M. We add a second comment about the additional assumption that
is assumed to be connected. By Definition 4.3 an arbitrary bounded Lipschitz
domain in R™ has finitely many, say L € N, connected components. One can apply
Theorem 4.10 to each of these components. Then one clips together the outcome
by extending the polynomial basis (4.36) in each of these components by zero to
the other components, if L > 1. One gets a basis consisting of L - dim™ elements
and corresponding characterisations of the spaces B, (£2) and F}, () in the above
theorem.

Corollary 4.12. Let  be a bounded Lipschitz domain in R™ according to Defi-
nition 4.3. Let Q be connected. Let di\i’gf be the means as introduced in Defini-
tion 4.8 and let {P]Q’M} be the orthonormal basis (4.36) of PM(Q). Let 0 < p < oo,
p = max(p, 1) and let for f € L(2),

LM

gr(z) = Z a; P]Q’M(x) with  a; :/Qf(x) P]Q’M(m) dex. (4.46)

1

(i) Letp, q, u, r and also s, M be as in Theorem 4.10(i). Let f € B, (). Then

o 1 = 9 1Bpg(Dlla,nr = I1f = 97 1Bpg (Dl ne

gePM(Q
1 1/a
B dt
= ([ renaesimen )

4.47)

(ii) Letp, q,u, r and also s, M be as in Theorem 4.10(ii). Let f € F; (2). Then

oo 1 = g1 Eg(Dlanr = 1 = 97 [Fpg (Dl ne

([ e (as2) o ff)l/q L,()

Proof. This follows immediately from Theorem 4.10 and the assumption that
{P*M} is a real orthonormal basis in P (Q). O

(4.48)

Corollary 4.13. Let d%f f be the means according to (4.35) with respect to the
balls
Q=w,={zeR": |z| <71} (4.49)

(i) Let 0<p<o0,0<g<o0,1<u<oo and

n/p<s<MeN. (4.50)
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Then there is a positive constant ¢ such that for all T with 0 <7 <1 and all
[ € Bpg(wr),

inf su z) —g(x
il S 1)~ gla)

T dt 1/q (451)
<err ([Cenat e )
0
(ii) Let 0 < p<oo,0<qg<o0,1<u<o0, and
n/min(p,q) <s <M € N. (4.52)

Then there is a positive constant ¢ such that for all T with 0 < 7 <1 and all
f € Fpy(wr),

inf sup z)—gx
A o 15@) ~ g(2)

(/OTM (a7r) e ‘jf)l/q Ly (wr)

Proof. We prove part (ii). The proof of part (i) is the same. Let f € Fj (w,).
Then f(7-) € F3, (w) where w = wy is the unit ball. Let g € P (w,) be such that
g(7-) € PM(w) is the optimal polynomial according to (4.46), (4.48) for f(r-) and
O = w. It follows by (4.29), (4.30) and (4.48) that

(4.53)

< s

|Sl|l<p |f(x) —g(z)| = lSlllfl |f(r2) — g(72)]
1 1/q (4.54)
( / 1AM f () dt) |Lp(w)

<
o t

By (4.35) we have for |[z] < land 0 <t < 1,0 <7 <1 (and 0 < u < oo, usual
modification if u = c0),

(a1 5) @ = [ 1) @l an

REVM (x,t)
= (rt)™" / | (AMF) (r2)[* 7 dh (4.55)
TheVM (ra,7t)
= (a7f)" (ra).
Inserting (4.55) in (4.54) one gets (4.53). O

Remark 4.14. By construction g(7-) are optimal polynomials for f(7-) according
to (4.46). Hence they depend linearly on f. In this subsection we followed [NoT04].
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4.2 Wavelet para-bases

4.2.1 Wavelets in Euclidean n-space, revisited

In Section 3.1 we dealt with wavelet bases in B3 (R") and F}; (R"). In the present
Section 4.2 we try to shift this theory from R" to bounded Lipschitz domains
in R™ following partly [Tri06a]. Wavelet bases and wavelet frames on intervals,
domains and other structures attracted a lot of attention. We commented briefly
on this topic at the beginning of Section 1.8 including a (rather incomplete) list
of relevant references. This will not be repeated here. We combine here what has
been said in Section 3.1 about Daubechies wavelets in R™ with a few (more or less
sophisticated) properties of function spaces on R™ and in domains characterised by
such key words as scaling properties, refined localisation and (boundary) atoms, in
a purely qualitative way. In other words one can replace the Daubechies wavelets
by any other (orthogonal or bi-orthogonal) wavelet bases or wavelet frames as long
as the corresponding building blocks meet the qualitative requirements. But we
will not stress this point. Just the contrary. First we return to Section 3.1 adapting
and modifying what has been said there to what follows. As at the beginning of
Section 3.1.1 and in Theorem 1.61(ii) we always assume that

Yp € C*(R) and 1+ € C*(R)  with k€N (4.56)

are the real compactly supported scaling function ¢ and the real compactly
supported associated wavelet 1ps on the real line R. Now we adapt (3.1)—(3.5) to
our later needs. Let n € N and | € Ny. Let

G=(Gi,...,G,) e GV = {F, M} (4.57)
if G, is either F' or M. Let
G=(Gy,...,Gn) €GP ={F,M}™, I<jeN, (4.58)

if G, is either F' or M and where * indicates that at least one of the components
of G must be an M. The cardinal number of G*! is 2" and the cardinal number
of G¥! with j > [ is 2" — 1. Let

UG m(z) = 2L7/2 H Ve, 2F, —m,), GeGH, meZ" (4.59)
r=1
and . ‘ . ‘
Y (x) = 2" (22), j>1, GeGH, meZ (4.60)

Here L € Ny and [ € Ny are (independently) at our disposal and will be fixed later
on in connection with Whitney decompositions of bounded Lipschitz domains.
If L =1 = 0 then we have the orthonormal wavelet basis in La(R™) according
to (3.2)-(3.5). By the multiresolution analysis as described in Section 1.7.1 this
assertion remains valid for all L € Ny and all [ € Ny. Hence,
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for fired L € Ny and |l € Ny,
{v8,: izt Gec mez"} (4.61)

is an orthonormal basis in Lo(R™) of compactly supported real n-dimensional
Daubechies wavelets.

A little bit in contrast to (3.5) we clip together (not only notationally as we shall
see later on) the n-dimensional scaling function and the wavelet \I/l’lo with G € GU!

at the same basic level 2/*L of dilation. The notation W7 is somewhat luxurious
since these functions do not depend on [ at least as far as scaling is concerned.
But later on we fix L once and for all and deal simultaneously with all I € Ng.
Then it might be good to know where the diverse wavelets are coming from. By
the above comments we have for fixed L and [ in Ly(R") the orthonormal wavelet

expansions

F=3000 Y etamirell (4.62)

J>l GEGit meLn
with
. , . 9

NG = MO f) =22 (£.9E,,) (463)
where again the latter is the scalar product in Lo(R™). If L = [ = 0 then we
have Theorem 3.5. By the above comments one can extend these assertions to all
L € Ny, [ € Ng. This is quite clear, but it seems to be reasonable to give an explicit
formulation. First we modify Definition 3.1 introducing related sequence spaces.
Let

leNg, seR, 0<p<oo, 0<gq<o0, (4.64)

and ‘ ‘
A={NCeC: j>1, GeG" mez"}. (4.65)

Then by, ; is the collection of all sequences (4.65) quasi-normed by

1/q

a/p
M [Bg il = [ D 2/Cm/ma 3~ (Z A?f”) (4.66)

j=l GeGist \mezn

(usual modification if p and/or ¢ is infinite), and f; ; is the collection of all
sequences (4.65) quasi-normed by

1/4q
Mzl =11 D0 275 INE xgm ()] |Lp(R™) (4.67)

J,Gm

(usual modification if ¢ = co). Here xjn, is the same characteristic function as
in connection with (3.8). The summation over j,G,m in (4.67) is the same as in
(4.66).
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Proposition 4.15. Let L € Ny and | € Ny.
(i) Let

2
O<p§oo,0<q§oo,s€R,k>max<s,:—|—n—s> (4.68)

n (4.56). Then f € S"(R") is an element of B, (R") if, and only if, it can
be represented by (4.62) with A € by ;. Furthermore, if f € By (R") then
the representation (4.62) is unique with A = X(f ) = (NG )} according to
(4.63) and f +— A(f) is an isomorphic map of By (R") onto by,

(i) Let

2n n
— 4.
min(p, q) T S) (4.69)

n (4.56). Then f € S'(R™) is an element of F;,(R™) if, and only if, it can
be represented by (4.62) with X € f; ;. Furthermore, if f € Fy(R") then

the representation (4.62) is unique with A\ = \(f {/\j Gl } according to
(4.63) and f — A(f) is an isomorphic map of (R”) onto qul

Remark 4.16. This is a modification of Theorem 3.5 based on the above remarks
about the multiresolution analysis. All other arguments remain unchanged. This
applies in particular to the rather careful discussions in Section 3.1.3 and Theorem
3.5 about the unconditional convergence of (4.62). This will not be repeated here.
If p < o0, ¢ < oo then (4.62), (4.63) are unconditional Schauder bases in the
corresponding spaces By, (R") and F, (R"). *

0<p<oo, 0<g<oo, sER, k>max(s,

4.2.2 Scaling properties

Our approach to find suitable counterparts of Theorem 3.5 for spaces on bounded
Lipschitz domains in R™ is based on scaling properties and refined localisations of
some F-spaces. First we deal with scaling properties.

Preparing our later notation, let for [ € N,

Q) CQ CQfcaq (4.70)

be open cubes with sides parallel to the axes of coordinates, centred at the origin

and with respectlve side-lengths 2715 - 27172 6 . 271=2 2~ l“ By (4.59), (4.60)

the functions \IJ]G . have compact supports centred at 27 L=im and of diameter
~ 27L=3 Now we fix L € Ny once and for all such that

supp U2, C Q1 if 27 "Im € QF for | € Ng and j > I, (4.71)
and
27L=im e @} if Q) Nsupp \I/]Glm # () for I € Ng and j > . (4.72)

*As far as k in (4.68), (4.69) is concerned we refer to the footnote on p. 156.
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This can be done first for [ = 0. Then it follows for any | € Ny by the structure
of \I!] ! Of course, L depends on the supports of ¥ p and Yy in (4.56) and on k.
By the well-known dependence of the diameters of the supports of the Daubechies
wavelets in R on £ € N one may even assume L = bk for some b € N which is
independent of k. But this will not be needed. Let F _ = BS

Proposition 4.17. Let
1
O<p§oo,0<q§oo,s>opq=( . —1) (4.73)
min(p, q) +
with ¢ = oo if p = oo.
(1) Let 0 <t <1 and
f e F5(R") with supp fC{y€R": [yl <t}. (4.74)

Then
1 () g (R ~ #5772 || £ | Fpg (R (4.75)
where the equivalence constants are independent of t and f.

(ii) Let, in addition, k € N be chosen as in (4.69). Let (afterwards) L be fized as
above. Then

f € Fy,(R")  with supp f C Qf, €Ny, (4.76)

can be represented by (4.62), (4.63) with
1 1ES, R~ IAG) | (4.77)
according to (4.67), where the equivalence constants are independent of 1

and f.

Proof. Step 1. Part (i) follows immediately from [Trie, Corollary 5.16, p. 66, and
Proposition 5.5, p. 45], where the latter coincides essentially with (1.336)—(1.338)
for A=F.

Step 2. For fixed [ € No we have (4.62), (4.63), and (4.77) for all f € F;, (R").
Hence it remains to prove that under the restriction (4.76) the equlvalence con-
stants in (4.77) can be chosen independently of I € Ny (and f). Let f be given by
(4.76). Then we apply (4.62), (4.63) with 0 in place of [ to f(27!z), hence

=503 ST NGO (fh)) 2w (x) (AT8)

>0 GEGIO mezn

=D > DSt 2Ry (). (4.79)

J>0 GEGIO mezn
We have by (4.60) that

and

Vgm(2') = 27PN, G e G = G, (4.80)
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and by (4.63), (4.80) that
NEO(fTh) =22 e ) B (2) da
]Rn

= oni=D/2 27 l) Wi (2~ ly) da
Rnf( ) G,m( ) (481)

= 2" f () W () da
Rn

= ),
We insert (4.80), (4.81) in (4.79) and replace j + [ by j. Then one gets
D=0 D NN, @), (4.82)
i>l GeGil meLr
arriving again at (4.62). But now we get by (4.67) and (4.81) that
IN(F271) 1£5q0ll

1/q

=12 ST ST 2 O g @) LR

i>0 GEGI-O mezn

Vg (4.83)
_ 27l(sfn/p) Z Z Z 2]sq ’)\]l ij ‘q |LP(Rn)
j>l GeGIt meZn
= 271D ) |l
By Proposition 4.15(ii) we have
1F @) [FR™) ~ (1A (£27) |fpgol (4.84)
independently of I € Ny. Then (4.77) follows from (4.75) with ¢t = 2~! and (4.83).
|

4.2.3 Refined localisation

First we complement Definition 4.1. Let as there A}, be either By, or Fy,.
Definition 4.18. Let 2 be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3 and let

1

1
0<p<oo, 0<q< o0, max( —1,n(
p p

- 1)) < s <00 (4.85)
(with p < oo for the F-spaces). Then A; () is the closed subspaces of Ap (R")
given by

={fe€A5,(R"): supp fCQ}. (4.86)
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Remark 4.19. This coincides with Definition 1.95(iv) where we have now (1.337)
under the restriction (4.85). In particular, by the discussion in Section 1.11.6 the

spaces Ay (£2) can also be interpreted as subspaces of D'(€2) according to Definition
1.95(iii) which can be quasi-normed by (1.338).

The refined localisation we have in mind is based on the well-known Whitney
decomposition here applied to bounded Lipschitz domains in R™ in the version
of Stein, [Ste70, Theorem 3, p. 16, Theorem 1, p. 167] adapted to our needs. In
generalisation of (4.70) we introduce the concentric open cubes in R™ with sides
parallel to the axes of coordinates,

QY. c Qi cQi cQ, leNg, r=1,...,M, (4.87)

centred at 27'm” for some m” € Z" and with the respective side-lengths 27,5 -
2712 6.271=2 271+ According to the Whitney decomposition there are pairwise
disjoint cubes Q. of this type such that

o=[Jae (4.88)
lLr

and
dist (Qir,0Q) ~ 27" with 1€Ny; r=1,...,M" (4.89)

We note that M! ~ 2"~V By the construction in [Ste70] we may assume that
|l—1'| <1 for any two admitted cubes Q} ., @}, having a non-empty intersection.
Let {0} be a related resolution of unity of non-negative C*° functions such that

supp 0y, C Qllr7 ‘D’yglr('r)‘ S C’Y 2”’”7 Y € Ng7 (490)
for some ¢, > 0, and

oo M!

YD onl@)=1 if zeq (4.91)

=0 r=1
Let ﬁlfq () be the spaces according to Definition 4.18 notationally complemented
by 5. (Q) = B, (Q). Let 0y, be as in (4.73).
Proposition 4.20.

(i) Let Q be a bounded Lipschitz domain in R" according to Definition 4.3 and
let {o;,.} be the above resolution of unity. Let

l<p<oo, 1<g< o0, s>0 (with ¢ = 0o if p = 0). (4.92)
Then ﬁ;q(ﬂ) is the collection of all f € L1(Q2) such that

1
oo M /v

D o fIE, R <00 (4.93)

=0 r=1
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(usual modification if p = q = o0). Furthermore, (4.93) is an equivalent
norm.

(ii) Let Q be a bounded C* in R"™ and let
0<p<oo, 0<g<oo, 5> 0, (4.94)

(with ¢ = o0 if p = 00). Then ﬁzfq(ﬂ) is the collection of all f € L1(Q) with
(4.93) (equivalent quasi-norm,).

Proof. Part (ii) coincides essentially with [Trie, Theorem 5.14, p. 60/61]. Its (rather
long and complicated) proof relies on the equivalent quasi-norms in Theorem
1.118(iii) with » = 1 which in case of C*° domains remain valid for all p,q,s
with (4.94) and

0 < uw < min(1, p, q) or u =1 < min(p, q). (4.95)

We refer also to Theorem 1.116(iii) and a corresponding explicit assertion in [Trie,
Corollary 5.15, p. 66]. The latter part with u = 1 was not stated explicitly (there
was no need to do so) but it is covered without any changes. Otherwise the proof
relies on maximal inequalities based again on (4.95). In case of Lipschitz domains
only (1.389) with v = 1 is available. Then we can apply only the second part
of (4.95). Afterwards one can follow the arguments in [Trie] in order to prove
part (i). O

Remark 4.21. The difference between bounded C*° domains in R™ on the one
hand and bounded Lipschitz domains in R™ on the other hand comes from u > 1
in Theorem 1.118(iii) in contrast to u > 0 in Theorem 1.116(iii) and its counter-
part for C*° domains. Whether part (i) remains valid for all p, ¢, s with (4.94) is
unclear.*

4.2.4 Wavelets in domains: positive smoothness

We combine Propositions 4.17 and 4.20 in order to get decompositions of f €
F3,(€2) by wavelets according to (4.60) having supports in 2. But the technicalities
are a little bit tricky. We are mainly interested in bounded Lipschitz domains (2
in R" furnished with Whitney decompositions and related resolutions of unity
according to (4.87)—(4.91). Let {F, M }™ and {F, M}"™* as in (4.57), (4.58) and let
L be as in (4.71) and (4.72). Let for j € Ny,

S;“ ={F, M} x {meZ": 2777 m € Q}, for some | < j, some r} (4.96)
be the main index set and
SJQ’Q ={F,M}" x {m ezZ™: 277 km e QJQ-T for some r} \S]Q’l (4.97)

*Added in proof: Part (i) remains valid for all p, ¢, s with (4.94).
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be the residual index set. Since | € Ny one has ng’l = (). Recall that the numbers [
in the scaling factors 27! of adjacent cubes QY. differ by at most 1. It may happen
that an element of S;M with j € N and, say, [ = j — 1, belongs also to the first
set on the right-hand side of (4.97). Then it is taken out what is indicated by
\Sy’l. The cardinal number of SJQ’2 is ~ 2/"=1)_ We allocate now the wavelets

(and scaled scaling functions) to the above index-sets. Recall that \IIJGZm = \Il]é’m
in (4.60) does not depend on [ as far as scaling is concerned. Indexed by

R T e ) e e UL (4.98)
=0 =0

we get the main wavelet system

v = fwl s (,Gom) e s (4.99)
and the residual wavelet system

P20 = {q/g’m . (j,G,m) € 5972} . (4.100)

We always assume that k& € N is (4.56) is sufficiently large, for example, in agree-
ment with (4.69),

5
k>max<s,2n—s) if 1<p<oo, 1<qg<oo, s>0, (4.101)

and that L in (4.71), (4.72) is fixed afterwards. Any element of the main wavelet
system W is orthogonal to any element of the residual wavelet system W2, Let

Ly(Q) = LV(Q) @ LI (Q) (4.102)

be the corresponding orthogonal decomposition. Then ¥ is an orthonormal
basis of L(Ql)(ﬂ). The pairwise scalar products of the elements of U2 generate a
band-limited matrix caused by the mild overlapping of the supports of elements
belonging to adjacent cubes. In any case, U2 is locally finite and the cardinal
number of elements of U2 with supports intersecting

{x € Q: dist (z,00) > 277}

is ~ 2"=17. As we shall see UH? U W29 is a frame and almost a basis in Ly ()
and also in other spaces in the understanding of Theorem 4.22 below.

Let p,q,s as in (4.101) (and also k and L as indicated). We apply to each term

erf of
oo M!

F=3 3 ot feF), (4.103)

=0 r=1
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the wavelet expansion (4.62), (4.63). Then we get

f= > NEpH2reL, (4.104)
(j,G,m)es

As for the coefficients ;% (f) one has to check which terms in (4.62), (4.63) with
0,,.f in place of f contribute to this coefficient. If (j, G, m) € S*! then this is the
case for the full resolution of unity (4.90), (4.91) and one gets

NED = XN e =2 Y [ (e fo) W () o
Lr Lr TR (4.105)

= 20n/2 (2) U4, (x)dz,  (j,G,m) € S,
]Rn

(as it should be having in mind the above orthogonality and almost-basis-prop-
erty). As for the residual terms (j, G, m) € S*2, not all relevant functions g;, may
contribute and one gets

Nl () =22 | ol (@) f(@) W (@) e, (,Gom) € 872, (4.106)
o

where oJ, are C°° functions with
supp o), C Qjr, DYl (2)] < ey 220 4y eND, (4.107)

where 7 = r(m) has the same meaning as in (4.97). Recall that we always have
the obvious counterpart of (4.71), (4.72). We need the counterpart of the sequence
spaces (4.65)—(4.67). Let now

A={\NCeC: (j,G,m)e S} (4.108)

Then bf,’qQ is the collection of all sequences (4.108) quasi-normed by

o a/p\ Y4
”)“b;bQH _ ZQj(s—n/p)q Z |>\‘17;;LG|p (4.109)
Jj=0 (G,m)es$

with S = SJQ’1 U S;),z according (4.96), (4.97), and f5 is the collection of all
sequences (4.108) quasi-normed by

1/q
A5 = S 2 N xm O] L) (4.110)

(4,Gm)€SS

Here 0 < p < 00, 0 < ¢ < o0, s € R with the usual modifications in (4.109),
(4.110) if p = oo and/or ¢ = oco. Furthermore X, is the characteristic function of
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a cube centred at 277/m with side-length 277~ for some M € N and sides parallel
to the axes of coordinates. (One may think that M is chosen such that these cubes
have a distance to 9Q of at least ¢277 for some ¢ > 0 and all j € Ny, but this is
unimportant). Let F},, (€2) and B, (2) be the spaces according to Definition 4.18
and Remark 4.19. If p > 1 and s > 0 then, quite obviously,

F5(Q) = Ly(Q)  and B3 (Q) — L,y(Q). (4.111)

Theorem 4.22. Let Q be a bounded Lipschitz domain in R"™ according to Defini-
tion 4.3 and let

5
1<p<oo,1<q<oo,s>0,max(s,;—s><k6N (4.112)
in (4.56).
(i) Then f € Ly(Q) is an element of ﬁ;q(Q) if, and only if, it can be represented
by
f= > Nfirw (4.113)
(j,G,m)ese

with~)\ € [ (unconditional convergence being in Fv;q(ﬂ)). Furthermore,

[ € F,,(Q) can be represented by (4.104) with (4.105), (4.106) and

N I~ L 1 Epg () = ILf | Ey (R™)] (4.114)

(equivalent norms).
(ii) Then f € L,(R) is an element of E;Q(Q) if, and only if, it can be repre-
sented by (4.113) with X € b5 (unconditional convergence being in é;q(Q)).

Furthermore, | € E;Q(Q) can be represented by (4.104) with (4.105), (4.106)
and

N 18571~ 1 1 Bog (@ = I1f | By (R™)] (4.115)

(equivalent norms).

Proof. Step 1. This is the counterpart for bounded Lipschitz domains € of cor-
responding assertions for R™ according to Theorem 3.5 and its modification in
Proposition 4.15. Many technical details are the same as before and will not be
repeated here. As there, after the correct normalisation, (4.113) is an atomic de-

composition and _
1f 1E5 (1 < elIX £l (4.116)

for some ¢ > 0 which is independent of A\. Conversely if f € ﬁ;q(ﬂ) and if A(f) as
in (4.105), (4.106) then it follows from the crucial Propositions 4.17(ii) and 4.20(i)
that

XA < ellf [FpgR™)| = eI f | Egg (). (4.117)

Now (4.116), (4.117) prove part (i) of the theorem.
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Step 2. Let 1 <p<o0,1<g<o0,0<sy)<sy <ooands=(1—0)sy+0s;.
Then one has the real interpolation formula

(B, B@), = Bhu(®). (4.118)
This is a special case of [Tri02a, Theorem 3.5, pp. 496/497]. Although the out-
come is the expected one it is by no means obvious. Its proof is based on duality
arguments which will not be repeated here. But it may explain the restrictions for
p and ¢ in (4.112). The counterpart for the related sequence spaces is given by

(055, by

_ 150
by ), = b (4.119)

As for the proof of (4.119) we first remark that the R™-counterpart of (4.119)
follows from isomorphic maps of sequence spaces of type by, according to Theorem
3.5 (or Proposition 4.15) onto corresponding spaces B, (R") and related well-
known interpolation formulas. Sequence spaces of type bf,;lﬂ can be interpreted as
complemented subspaces of their R"-counterparts by,- Then one gets (4.119) from
its R"-counterpart and the method of retraction-coretraction, [Tric, 1.17.1, p. 118],
or, more simply by the same arguments as in the proof of Theorem 1.110, especially

by a suitable modification of (1.365). Recall that b55* = f5? and é;p(Q) =

ﬁgp(ﬂ). Then part (ii) of the theorem follows from part (i) by the same type of
reasoning as just indicated. O

Remark 4.23. There are two reasons for the somewhat disturbing restriction of p, q
in (4.112). First we have (4.93) for Lipschitz domains only under the assumption
(4.92) in contrast to (4.94) for bounded C*° domains. Secondly, (4.118) is known
only for the indicated restrictions for p and ¢ (for Lipschitz domains and C*°
domains). Nevertheless it might be reasonable to collect those assertions which can
be obtained from the above propositions but which are not covered by Theorem
4.22. Recall that _ _ _

C°(Q) = Bl () = FE0e () (4.120)

collects all f with supp f C Q belonging to the Holder-Zygmund spaces C*(R").
Corollary 4.24.

(i) Let Q be a bounded Lipschitz domain in R™ according to Definition 4.3 and
let s > 0. Then f € Loo(R) is an element of 55(9) if, and only if, it can
be represented by (4.113) with A € b3St (unconditional convergence being in
Loo(Q)). Furthermore, f € C*() can be represented by (4.104) with (4.105),
(4.106) and

b )2]-5 INGEN~ £ IC )] = [1f (R (4.121)
J,G,m

(equivalent norms).
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(ii) Let Q be a bounded C*° domain in R". Then part (i) of Theorem 4.22 remains
valid for all

O<p<oo, 0<g<oo, s>0p and feLsQ) (4.122)
with p = max(p, 1).

Proof. This follows from the proof of Theorem 4.22 and the related assertions in
Propositions 4.17, 4.20 where k in Proposition 4.15 must be chosen appropriately.
O

Remark 4.25. Hence (4.104) with (4.105), (4.106) is a frame representation in
the understanding of Remark 3.23 for all spaces covered by Theorem 4.22 and
Corollary 4.24. Tt is almost a basis if p < 00, ¢ < co. The somewhat disturbing
summation over (j,G,m) € S*2 in (4.104) gives a function belonging locally to
C*(Q). In the one-dimensional case one has also a slight improvement for the global
behavior (reverse embedding) which will be detailed in Remark 4.31 below. One
may call such a frame a para-basis, indicating that its main part is an orthonormal
system and that its residual part can be neglected (with respect to local and global
smoothness, and localisation). The desirable extension of part (ii) of the above
corollary to B-spaces is not so clear. It depends on the question of whether the
interpolation formula (4.118) can be extended appropriately.

4.2.5 Wavelets in domains: general smoothness

One may ask to what extent representations of type (4.113) apply to other values
of p,q, s. If s < 0 then one is in a surprisingly good position. The proof of Theorem
3.5 for wavelet representations in R™ and its preparations in Sections 3.1.2, 3.1.3
are based on atomic representations and local means combined with some duality
arguments and maximal inequalities. This will not be repeated here. Again we
only discuss those specific points coming in when switching from R" to bounded
Lipschitz domains € in R™. If s < 0 then Section 1.11.6 and the references given
there suggest asking for intrinsic wavelet characterisations of type (4.113) for the
full spaces B, () and F}, (€2). Let now

0<p<oo, 0<g<oo, s<0 (4.123)
and )
n n
- keN 4.124
min(p.g) T2 "< FE a2y

as in (4.69). Let A € f;;IQ quasi-normed according to (4.110) and

f= Y NE2mPuL =N+ =fi+fo (4.125)

(4,G,m)eS sl 592
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splitting the sum into the main wavelet system and the residual wavelet system
based on (4.98)-(4.100). The terms W7, =€ W1 in (4.99) are atoms in F3,(R")
as described in Theorem 1.19(ii) and, hence also in F;, (€2). This is not necessarlly
the case for those terms \I/J Gm € U2 in (4.100) referrmg to the scaling functions
(they do not have the required moment conditions). But

diam (supp \I/]Gm) ~ dist (supp \Ilé’m, 00) ~ 279 (4.126)

if (j,G,m) € S%2. Then \I!] G.m are boundary atoms (where moment conditions
are no longer needed). The corresponding theory has been described in [ET96,
Sections 2.5.2, 2.5.3] with a reference to [TrW96] for details. In particular one can
extend a function ¥, € U2 outside of Q to a function \IJ{; ., being an atom in
Fy (R™) (after correct normahsatlon) with all required moment conditions and

(Ivf{;mm = ‘I’]é,m and diam (supp \T/]Gm) ~ 277, (4.127)

Extending (4.125) in this way one gets an atomic decomposition for some g €
F;,(R™) with the same coefficients and g|Q2 = f. Hence, (4.125) can be considered
as an atomic decomposition in 2 and

1 1Epg (1 < llg [E5 R < e IA £ (4.128)

The last estimate is justified by Theorem 1.19 and Proposition 1.33. The question
arises whether these representations characterise the spaces B, (Q2) and F,(Q),
complementing Theorem 4.22. As before, D’()) stands for the set of all distribu-
tions in €.

Theorem 4.26. Let Q be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3 and let

O<p<oo, O0<g<oo, s<0. (4.129)

(i) Let k € N be as in (4.124). Then f € D'(Q) is an element of Fj (Q) if,

and only if, it can be represented by (4.113) with \ € ;L’]Q (unconditional

convergence being in Fj (). Furthermore, f € F, (Q) can be represented
by (4.104) with (4.105), (4.106) and

IACE) LE 1~ 1 1B (D)) (4.130)

(equivalent quasi-norms).
(ii) Let 2; + 5 —s <k €N (as in (4.68)). Then f € D'(Q) is an element
of By, () if, and only if, it can be represented by (4.113) with \ € b;’qﬂ

(unconditional convergence being in B, (Q2)). Furthermore, f € B, () can
be represented by (4.104) with (4.105), (4.106) and

INCH) 0 ~ I1f 1 Byg ()] (4.131)

(equivalent quasi-norms).
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Proof. By the above considerations we have (4.128) and a similar assertion for the
B-spaces. If f € Fj,(Q) then (4.105) with the kernels W¢, = and (4.106) with the

kernels an‘l’jc,m are local means. By Theorem 1.10 and Corollary 1.12 one does
not need for s < 0 any moment conditions for these kernels. In particular one gets
by the same comments as after (4.128) that

X 2 N < el [Eg (@)l f € Fpp(€), (4.132)

and a B-counterpart. After these preparations one can prove the theorem as fol-
lows. First we assume that f € D(Q2) = C5°(£2). Then one gets by Theorem 4.22
that f can be represented by (4.104) with (4.105), (4.106) and one has by (4.128),
(4.132) that

L 1E5 (D~ INH 2 f € D), (4.133)
and a B-counterpart. On the other hand, the restriction S(R™)|Q2 of S(R") to Q
is dense in all spaces considered. Any function f € S(R™)|Q2 can be approximated
in L;(2) with p = max(p, 1) by functions belonging to D(). Since

Ls(Q) — By, (Q) and  Lp(Q) — F, (Q) (4.134)
it follows that D(£2) is dense in all spaces considered. Now (4.104), (4.133) can be
extended by completion to all elements of the above spaces. O

Remark 4.27. The above theorem is based on the favorable situation about
(boundary) atoms, local means and the density of D(2) in the spaces with (4.129).
This cannot be extended to spaces with s > 0. But one can combine Theorems
4.22 and 4.26 using the interpolation properties according to Section 1.11.8 and
the comments on subspaces in Section 1.11.6. In particular we rely on the notation
A5 (Q) with A= B and A = F as introduced in (1.343), (1.344).

Corollary 4.28. Let Q be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3. Let K > 0 and

5
l1<p<oo, 1<g<oo, " K<s<K, 2"+K<keN. (4.135)

(i) Then f € D'(Q) is an element of F35 (Q) if, and only if, it can be repre-
sented by (4.113) with X € f5 (unconditional convergence being in Fy, ().
Furthermore f € F;, () can be represented by (4.104) with (4.105), (4.106)
and

N a1~ 11 | Epg ()] (4.136)
(equivalent norms).

(ii) Then f € D'(Q) is an element of B3, (Q) if, and only if, it can be repre-
sented by (4.113) with X € b5 (unconditional convergence being in B3, (€)).
Furthermore, f € B, () can be represented by (4.104) with (4.105), (4.106)
and

IACH) B3~ 1Lf [ Byg () (4.137)
(equivalent norms).
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Proof. The cases s > 0 and s < 0 are covered by Theorems 4.22 and 4.26. In case
of s =0 we rely on (1.344) and the complex interpolation formula

[F30(Q), Fpt ()], ), = Fpe (), 0<s<1/p, (4.138)

covered by Corollary 1.111(ii). By the same argument as in Step 2 of the proof of
Theorem 4.22 it follows that there is a counterpart for the related sequence spaces.
Then one obtains part (i) by the same arguments. Similarly for the B-spaces. O

Corollary 4.29. Let Q be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3 and let

1
0<p<oo, 0<gqg<o0, —oo<s<min<p,1>. (4.139)

If k € N is chosen sufficiently large then Corollary 4.28(i) remains valid with
Fq () in place of F5, (). Simalarly, Corollary 4.28(ii) remains valid with B, (€2)
in place of By, ().

Proof. By (1.340) we have
F;.(Q) = F;, () and B;,(92) = B;, () (4.140)
if 1 1
l<p<oo, 1<g<o0, p—1<s<p. (4.141)

Any B-space or F-space with (4.139) can be obtained by complex or real inter-
polation according to Corollary 1.111 and Proposition 1.114 of spaces covered by
(4.140), (4.141) on the one hand and spaces covered by Theorem 4.26 on the other
hand. Now the above corollary follows by the same type of arguments as above. [

Remark 4.30. Recall that
hp(R™) = F o (R™), 0<p< oo, (4.142)

are the well-known (inhomogeneous) Hardy spaces with h,(R™) = L,(R") if 1 <
p < oo, [Trif, Theorem 2.5.8/1, p. 92]. Hence one gets by the above corollary
intrinsic wavelet characterisations of all spaces h,(€2), where again 2 is a bounded
Lipschitz domain in R™.

Remark 4.31. Let f be an element of one of the B, -spaces in bounded Lipschitz
domains covered by one of the Theorems 4.22, 4.26 or Corollaries 4.24, 4.28, 4.29.
Let f2 be the residual part of the wavelet expansion as indicated in (4.125) col-
lecting the scaled scaling functions and the related first wavelets. Then fy belongs
to C*(w) for any domain w with w C © and the question arises whether one has

even a global improvement

2 € BL(Q), 0<p< oo, —oo<J:8—Z+g<k7 (4.143)
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including equivalent quasi-norms (direct and reverse embedding) where p < p is
of interest. By the structure of b:? in (4.109) and atomic arguments (including
boundary atoms used above) one gets such an improvement in the one-dimensional
case when ) consists of finitely many intervals. Then the interior ¢,-quasi-norm
in (4.109) is equivalent to a corresponding ¢z-quasi-norm. Similarly let f be an
element of one of the F), -spaces in one of the indicated theorems or corollaries.
Then again f» belongs to C*(w) for any domain w with w C  and for 0 < p < oo
and o as in (4.143) with n =1,

f2€ FS(Q),  0<g< oo, (4.144)

including equivalent quasi-norms. This follows from the peculiarities of f; and of

*%in (4.110) and (boundary) atomic arguments.

4.3 Sampling numbers

4.3.1 Definitions

Let A5, (Q2) be the spaces introduced in Definition 4.1 where  is a bounded
Lipschitz domain in R™ according to Definition 4.3. We are interested in compact
embeddings

id: G1(Q) — G2(Q) (4.145)
with the source spaces
G1(Q) =4}, (Q) (4.146)
where
0<pr <oo, 0<q <00, 851 >n/p1, (p1<ooin the F-case), (4.147)
and the target spaces either
G2(Q) =L () with 0<r<oo (4.148)
or
G2(Q2) = A2, () (4.149)
with
0<p2<o00, 0<qa <00, (p2< o0in the F-case), (4.150)
and . ) )
n( —1) <52<31—n< - > . (4.151)
b2 + b1 P2/,

The left-hand side of (4.151) coincides with oy, given by (2.6). Then it follows by
Proposition 4.6 that -
id: A% (Q) — C(Q) (4.152)

p1g1
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with (4.147) and
id: A2 (Q) — Li1(Q) (4.153)

P29q2

with (4.150), (4.151). In particular if in addition » > 1 in (4.148) then all spaces
G1(2) and G2(£2) involved are spaces of regular distributions, continuously em-
bedded in L;(Q). If 0 < r < 1 then L,(Q2) cannot be interpreted as a subspace
of the space of distributions D’(2). But in this case we have (4.152), and (4.145)
makes sense as an embedding between spaces of measurable functions. We will not
stress this point in the sequel. In all cases the embedding (4.145) is compact. This
is covered by Proposition 4.6 and an additional application of Hélder’s inequality
in case of (4.148) with r < 1.

Next we describe the basic ingredients of sampling methods for the compact embed-
ding (4.145) with the indicated specifications for G1(2) and G2(). Let {27 };?:1 C
Q. By (4.152) the information map

Np: G1(Q)—CF  keN, (4.154)

given by
Nof = (f(@'),....f@a"),  feGQ), (4.155)

makes sense. Obviously, C* is the collection of all k-tuples of complex numbers.
Let

S = ®p 0 N, where @, : CF— G2(Q) (4.156)
is an arbitrary map (also called method or algorithm). Hence,
Sef = (f(2'),..., f(2") € G2(Q), [ e Gi(9). (4.157)

One wishes to recover a given continuous function f € G1(Q2) in G2(£2) by asking
for optimally scattered sampling points {x’ };?:1 and optimally chosen methods
®.. This results in the following definition of sampling numbers where again we
rely on [NoT04].

Definition 4.32. Let Q2 be a bounded Lipschitz domain according to Definition 4.3.
Let G1(Q2) be given by (4.146), (4.147) and let G2(Q2) be either the spaces in (4.148)
or the spaces in (4.149)—(4.151). Let k € N and let id be the embedding (4.145).

(i) Then
gr(id) = inf [sup | — Sef [G2(@) = IFIGU@I <1} (4158)

is the kth sampling number, where the infimum is taken over all k-tuples
{acj}é?:l C Q and all maps Sy = @y, o Ny, according to (4.154)—(4.157).

(ii) The linear sampling numbers gi™(id) are given by (4.158) where the infimum
is taken over all k-tuples {acj}f:l C Q and all linear maps Sy, = @1, 0 Ny, with

k
Sif =) f@)hj,  hj€GaAQ), feGLA). (4.159)

Jj=1
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Remark 4.33. In Section 4.4.1 we compare (linear) sampling numbers with other
distinguished numbers for compact embeddings such as approximation numbers
and entropy numbers. At this moment we only remark as an immediate conse-
quence of the above definition and the definition of approximation numbers ay (id)
according to (1.283) that

gr(id) < gi(id) and axi1(id) < gin(id), k€ N. (4.160)

There is a huge literature about optimal recovery and sampling. We give some
references later on in Remark 4.42.

4.3.2 Basic properties

Again let © be a bounded Lipschitz domain in R" according to Definition 4.3. Let
G1(92) and G»(Q2) be as in Definition 4.32. Let T' = {/}!_, € Q. Then

l
id": GI Q) =S feGUQ): D If@)] =0} — Ga(Q) (4.161)

is a compact operator and its quasi-norm [[id"|| has the usual meaning.

Proposition 4.34. Let ) be the above bounded Lipschitz domain in R™. Let G1(Q),
G2(Q) and id be as in Definition 4.32 and let id" be given by (4.161). Then

gi(id) ~ inf{||idF|| . cardD < k} keN, (4.162)
where the equivalence constants are independent of k.
Proof. Step 1. Let k € N. By definition
[id"[| = sup {|Lf [G2()II = [/ IG2 ()] < 1, f(a?) = 0} (4.163)

with I' = {2/}!_; € Q and I < k. We denote the right-hand side of (4.162) by
g% (id) and prove in this step that

gn(id) < gr(id), ke N. (4.164)

Let f° be the identically vanishing function in  and let S for £ > 0 be a map
approximating g (id) in (4.158) up to . In particular,

1S5 1G2()]] < gi(id) + . (4.165)
Furthermore,

gr(id) < sup || f[G2(Q)l| = sup [|f — SEf + Sif01G2(Q)] (4.166)
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where the supremum is taken over all f € G1(2) with || f|G1(Q)|| < 1 and f(29) =
0. Enlarging the right-hand side of (4.166) by taking the supremum over the whole
unit ball in G1(€2) one gets by the above assumption and (4.165) that

gh(id) < gr(id) + ¢, k €N, (4.167)

uniformly in &k and e. This proves (4.164)

Step 2. We prove the converse of (4.164). Let T' = {J:j}é?:l C Q be k pairwise
different points. We interpret the information map (4.154), (4.155) as a trace
operator trr,

trr = Np: G1(Q)—C*,  keN. (4.168)
It generates a quasi-norm in (Ck,
{ej} e = inf {[R[G1(Q)]| : h(z?) = ¢;} (4.169)

We choose for @, in (4.156) a corresponding (non-linear) bounded extension op-
erator extr,

P =extr:  CF o G1(Q) — G2(Q) (4.170)

and put
S = extr o trr = ®p o Ni. (4.171)

In particular, Sy is a (non-linear) bounded operator in G1(€2). For given € > 0 we
choose I such that

IR G2 < gr(id) +¢ if [[RIG1(Q)II <1, h(z?) =0, (4.172)
for 5 =1,...,k. Then one has for
feGi(Q) with |f|Gi(Q) <1 and h=f— Sif (4.173)
that ||k |G1(2)|| = 1 with h(27) = 0 and hence
If = Sk f1G2(Q)]| = RG] < gR(id) +e. (4.174)
One gets finally the converse of (4.164). O

Remark 4.35. In case of Banach spaces assertions of type (4.162) are known. They
can be strengthened by

gn(id) < gr(id) < 2¢2(id),  keN (4.175)

We refer to [TWW88], pp. 45 and 58. This applies to the above spaces G1(£2) and
Go(Q) if all p, g, r involved are larger than or equal to 1.
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4.3.3 Main assertions

Again we assume that €2 is a bounded Lipschitz domain in R™ and that A3 (€2)
are the spaces as introduced in Definition 4.1 with the special case of the Holder-
Zygmund spaces

C°(Q) = B (), 5> 0, (4.176)
considered in some detail in Section 1.11.10. Recall that a4 = max(a,0) if a € R.

Proposition 4.36. Let Q be a bounded Lipschitz domain in R™ according to Defi-
nition 4.3. Let gin(id) be the linear sampling numbers as introduced in Definition

4.32(ii) where the embedding id is given by (4.145)—(4.148).

(i) Let
0<p<oo, 0<qg<oo, s>n/p and 0<r <oco. (4.177)
Then

gt (id: Fp(Q) — L) <k +G=0+ kel (4.178)

(ii) Let s >0 and 0 < r < oco. Then
gin(id: C*(Q) — L()) <k /",  keN. (4.179)

Proof. We prove (4.178). The proof of (4.179) is the same. As a consequence of

Fy () — Fo () if ¢ <o, (4.180)

and Holder’s inequality it follows that we may assume ¢ > p and r > p. Let 7 > 0
and let {z7}¥_, C Q be points having pairwise distance of at least 7 such that
for some d > 0 the balls B’ centred at 27 and of radius dr cover Q. Here d is a
positive constant which is independent of 7. We may assume k ~ 77" where the
equivalence constants are independent of 7. Let f € F; (Q2) and f € Fj;, (R") with

ﬂQ:fand

17 1B, R™)| < 21 f [F3,(Q)]l- (4.181)

Let i
Sef=>_ f@)hj,  hj € Loo(Q) real, (4.182)

j=1

be the polynomial reproducing specification of (4.159) constructed in [Wen01]. Let
PM(Q) be as above in connection with Theorem 4.10. By Remark 4.11 we may
assume that  is connected. According to [Wen01] there is a number 79 > 0 such
that one finds for all 7 with 0 < 7 < 7y and M € N a mapping (4.182) with

(SpP)(z) = P(x) where P e PM(Q), z€Q, (4.183)
and

k
> |hj(z)| <2, zeQ with supp h; CbBINQ. (4.184)
j=1
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Here bB/ is a ball concentric with the above ball B/ and of radius bd7, where b > 1
is a suitably chosen number which is independent of 7 and M. Let Q; = B/ N Q

and Qj = aB’ N for some a > 1 specified later on. Let r < co. Then one gets for
Sk, with (4.182)—(4.184) and P; € PM(Q) that

If = Skf 1L ()"

k
<N = P+ SkPj — Sk f |Le(0)]|"
;II i + SuPj = Skf Ly ()] .

<ecT Z (bup |f(x) = Pj(z)|" + sup |f(z) —Pj(m)T> ,

TEQ; TEQ;

where the first term on the right-hand side comes from f — P; and the second term
from (4.184) assuming that a is chosen sufficiently large (but independent of 7).
Hence

If = Skf L (" < et Z sup |f(z) — F;()|". (4.186)

j=1 rz€aBI

We use Corollary 4.13(ii) with aB?, having radius A = adr, in place of w,. Since
q > p, (4.52) reduces to (4.50). We choose u = 1 and write simply d} in place of
the counterpart of d%f. Let P; in (4.186) be the optimal polynomials in (4.53).
Using ¢ > p and r > p one obtains by (4.186), (4.53),

If = Skf 1L ("

k a r/q
gclTS”/PJrn/TrZ / (/tsq de>() t) dz
j=1 aBJ
K p/a \ P (4.187)
< ey rlemnirtn/mr (§0 / ( / 1 (a1 F) ()" it> dz
Bi

j=17¢

1 p/q r/p
< ¢ T8TR/PAN/T)T </ (/ 5‘1 de) (z)1 it> dx) )
n O

Now it follows by Theorem 1.116(iii) and (4.181) that

1f = S ILe(@)] < x> "/PH/T | f | Epy (R™)]

B (4.188)
< et TP | FIF, ()]

If 7 = oo one has to modify in the usual way. Now (4.178) follows from (4.188)
and 77" ~ k. O
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Theorem 4.37. Let Q be a bounded Lipschitz domain in R"™ according to Defini-
tion 4.3. Let

0<p<oo, 0<g<oo, s>n/p and 0<r<oo (4.189)
with p < oo for the F-spaces. Let
id:  G1(Q) = A5,(Q) — L.(Q) = G2(Q?) (4.190)

be the compact embedding according to (4.145)—(4.148) and the explanations given
there. Let gi(id) and gi™(id) be the corresponding sampling numbers as introduced
in Definition 4.32. Then

gi(id) ~ gin(id) ~ ka4 kel (4.191)

Proof. Step 1. First we extend Proposition 4.36 by real interpolation to the B-
spaces. Let p < oo,

0<f<1, p<g<oo, p<q<oo, 0<g<oo, (4.192)

and
n/p<s=(1-0)sp+60s1 with sg# s1. (4.193)

We choose so and s; near s such that we can apply (4.188) to Fj0, () and

szfql(ﬂ) with the same Sy, interpreted as a linear bounded operator. Using the

real interpolation (1.369) one gets for r > p,
1f = Skf [Le(Q)I] < e7*™"/PF7 || £ 1Bs ()], (4.194)

If p = oo then one can rely on (4.179) instead of (4.178) and the real interpolation
formula (1.368) with p = ¢o = g1 = co. Hence by the same arguments as in the
proof of Proposition 4.36 we have for all embeddings (4.190),

gr(id) < ghm(id) < kTG R eN. (4.195)
Step 2. We prove the converse of (4.195),
kot < gid),  keN. (4.196)

By (1.299) it is sufficient to deal with the B-spaces. Let L € N and ¢ > 0 be two
suitably chosen fixed numbers which will be specified later on in dependence on
Q. Let k = 2" with [ € N. For any set {acj}é?:l C ) there are lattice points

y =2""Emi e Q with mf ez,  1<j<k, (4.197)
with m7o #* mit if Jo # 71,

ly? —2®| > 27" and dist (y7,00) > 27 (4.198)
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for 1 < j,w < k. Let ¥ be a compactly supported sufficiently smooth Daubechies
wavelet, say of type (3.3) with m = 0, such that one can apply Theorem 3.5 to
By, (R"™). Let

fe(z) = i a2 e —md), a; € C. (4.199)
j=1

If L € N and ¢ > 0 are chosen appropriately then one gets for k = 2! with [ € N,
supp fr C Q, Je(@¥)=0 for w=1,... k, (4.200)

and by Theorem 3.5 uniformly in [ € N that

X 1/p
i B3 (@) ~ 260 {37 ay P (4.201)
j=1

with the usual modification if p = co. Furthermore one may assume that the terms
in (4.199) have disjoint supports. Then

1/r

Ifi | LA @) ~ 277 Z|a]|’” (4.202)

with the usual modification if r = co. Let r < p, A = B in (4.190) and I" = {27 }*_,
n (4.161). We choose a; = 1 in (4.199)—(4.202) and get

[id"|| > 27t =K~/ k=2" (4.203)
Then it follows by Proposition 4.34 that

EetGmr = g9/ < gu(id),  keN. (4.204)
If 7 > p then we choose a; =1 and a; = 0 if j > 2 in (4.199). Applying again the
above arguments one gets (4.196) also in this case. O

Corollary 4.38. Let Q be a bounded Lipschitz domain in R" according to Defini-
tion 4.3 and let C'(Q), W}(Q) and W' (Q) with | € N be the spaces introduced in
(4.16) and (4.18), (4.19). Let 0 < r < o0 and

idjoo: CHQ) — L.(Q) with €N, (4.205)
id oo WL(Q) — L.(Q) with l€N, (4.206)
iy WHQ) — L.(Q)  with n<Il€EN, (4.207)
Then for k € N,
gr(idi,o0) ~ gr(id] o) ~ 93" (idz,o0) ~ g (id] o) ~ k7" (4.208)

and L )
gr(idy 1) ~ gin(id; 1) ~ B~ =)+, (4.209)
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Proof. Since the equivalences in (4.191) are independent of ¢ the above assertions
follow from Theorem 4.37 and Proposition 4.5. |

Remark 4.39. Proposition 4.36, Theorem 4.37 and Corollary 4.38 coincide with
Proposition 22, Theorem 24 and Corollary 26 in [NoT04]. This applies also to the
proof of Proposition 4.36 and Step 1 of the proof of Theorem 4.37. In Step 2 of the
latter proof we relied on corresponding arguments in [Tri05a]. This will be of some
use for us in what follows when dealing with the second case of interest, which is
the embedding (4.145) with the source space (4.146), (4.147) and the target space
(4.149)—(4.151). Recall that we always have (4.152), (4.153).

Theorem 4.40. Let Q be a bounded Lipschitz domain in R™ according to Defini-
tion 4.3. Let
id: A%t (Q) — A2 (Q) (4.210)

p1q1 P2q2
with

0<p1<oo, 0<q1 <00, s1>n/p;, (p1<oointheF-case), (4.211)

and

(4.212)

n(t —1); <sg<sy—n(}

{0<p2<oo7 0<ga <00, (p2<o0intheF-case),
1
P2 p1 P2)+’

be the compact embedding according to (4.145)—(4.147) , (4.149)—~(4.151) and the
explanations given there. Let gi(id) be the corresponding sampling numbers as
introduced in Definition 4.32. Then

1

gr(id) ~ & i) e, (4.213)
where the equivalence constants are independent of k.

Proof. Step 1. By (1.299) it is sufficient to deal with the B-spaces. First let p; =
p2 =pand 1 < p < oo. Then we have by (4.191) that

ge(id: Gy — Ly) ~ k™" keN, (4.214)
with Gy = B;l, where we now omit { in the notation. Using (1.369) we get
(Gl, Lp)g’qZ = (B;;” Lp)g)q2 = B;¢212 = G2 with SS9 = (1 - 9)81, (4215)

where 0 < 6 < 1. For given k we choose I" in (4.161) and Proposition 4.34 optimal.
Then it follows from (4.214), (4.215) and the interpolation property that

[id": GY = Gof < [id" : GY s Gy||*? - |lid" : Gy — L|°
<dgl(id: Gy — L) (4.216)

§c"k_51;sz, k €N.
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Hence,
ge(id: Gy — Go) <ck™ =7,  keN, (4.217)

so far under the restriction 1 < p =p; = p2 < 00. Let 0 < p =p; = p2 < 1. Then
one can interpret G; and Go as subspaces of L,(€2) as we discussed briefly after
(4.153). Then (4.215) with (4.212) remains valid. We refer to [DeS93], Theorem
6.3, and the explanations given in [Trie], pp. 373/374, formula (25.101). Then one
gets (4.217) for all admitted spaces G; and Ga with 0 < p; = pa < oco.

Step 2. Let p1 < pa < oo and let

Go = Go(Q) = B,2,, () with  sg —n/pz = s1 —n/p1 > 0. (4.218)
As in (1.301) and the references given there one has the continuous embedding
id: G1=DB,,(Q) = B, () =Go. (4.219)

Let T be as in (4.161) and Proposition 4.34. Since so—n/ps > 0 the decomposition
id": GV s Gy =(id": GL — Go)o(id": GY — GF) (4.220)

makes sense. We apply Step 1 to the first factor on the right-hand side. Then it
follows by (4.218) and optimally chosen I' that

[id": GY s Gl <ck™ " =ck™ 0T keN. (4.221)
By Proposition 4.34 this proves
. _51—52+(1_1)
gr(id: Gy — Gg) <ck™ ~ P12/t keN, (4.222)
if p1 < pa. If pa < p1 then one gets (4.222) from the above cases and the continuous
embedding
id: B2, (Q) < B2 (Q) (4.223)

which will be justified in Remark 4.41 below.

Step 3. The proof of the converse of (4.222) is the same as in Step 2 of the proof
of Theorem 4.37. Let f, be given by (4.199) with a suitably chosen Daubechies
wavelet. Then we have (4.201) with B;!, and B2, in place of B . Afterwards
one gets the converse of (4.222) in the same way as there. O

Remark 4.41. Let K beaballin R" andlet se R, 0 < g < 00, 0 < pa < p1 < 0.
If
feB, ,(R") with supp f C K, (4.224)

then f € B  (R") and
1 1Bp,qR™)|| < ek [1f | By, q(R™)]| (4.225)

where cg is independent of f with (4.224). This follows from Theorem 1.10 and
Holder’s inequality. Now (4.223) is a consequence of this observation and Definition
4.1. In contrast to Theorem 4.37 we have no equivalence assertion of type (4.213)
for gi®(id). The above theorem coincides essentially with Theorem 13 in [Tri05a].
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Remark 4.42. Problems of sampling and optimal recovery of functions have been
studied by many authors, preferably for functions on cubes © = [0, 1]™ or periodic
functions on the torus and with C*(€2), Holder-Zygmund spaces C*(2), classical
Sobolev spaces WZ’,“(Q) or classical Besov spaces as source spaces. We refer to
[CiaT78], [Nov88], [Hei%4], [Kud93], [Kud95], [Kud98], [Tem93]. All spaces consid-
ered there are Banach spaces (in contrast to the above approach). Corresponding
results for bounded Lipschitz domains may be found in [Wen01] (which we used in
the above proofs) and [NWWO04]. Instead of isotropic spaces one may use spaces
with dominating mixed smoothness or anisotropic spaces. We refer to [Tem93|
and [BNR99]. In the present Section 4.3 we followed largely [NoT04], [Tri0b5al.
In [NoT04] one finds further discussions and references especially in connection
with other methods such as randomized algorithms and algorithms for quantum
computers.

4.4 Complements

4.4.1 Relations to other numbers measuring compactness

We wish to compare the sampling numbers in (4.191) for the compact embedding
(4.190) with corresponding approximation numbers and entropy numbers. Recall
that the second part of this book beginning with Chapter 2 should be readable
independently. This forces us to repeat what is meant by approximation numbers
and entropy numbers.

Definition 4.43. Let A, B be complex quasi-Banach spaces and let T € L(A, B) be
compact. Let Uy be the unit ball in A.

(i) Then for all k € N the kth entropy number ex(T) of T is defined as the
infimum of all € > 0 such that

21@—1

T(Ua) C U (bj +eUg) for some b1, ...,byk—1 € B. (4.226)

j=1
(ii) Then for all k € N the kth approzimation number ar(T) of T is defined by
ay(T)=inf{|T - L|: L€ L(A,B), rankL < k}, (4.227)

where rank L is the dimension of the range of L.

Remark 4.44. This coincides essentially with Definition 1.87. One may consult
Section 1.10 for discussions, explanations and properties of these numbers and
also for corresponding references. If T' = id is given by (4.190) then one may ask
what can be said about the corresponding numbers ay(id) and e (id). We rely
here on Theorem 1.107. This forces us to restrict = in (4.190) to r > 1, although
the corresponding assertions should be true for all 0 < r < oc.
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Theorem 4.45. Let Q be a bounded Lipschitz domain in R"™ according to Defini-
tion 4.3. Let

0<p<oo, 0<g<oo, s>n/p and 1<r<oo (4.228)
with p < oo for the F-spaces. Let
id:  G1(Q) = A435,(Q) — L.(Q) = G2(Q) (4.229)

be the compact embedding according to (4.145)—(4.148) (with r > 1). Let gx(id),
gin(id), ax(id), ex(id) be the numbers as introduced in Definitions 4.32 and 4.43.
Then

ko~ e (id) < ag(id) < gr(id) ~ gin(id) ~ k= n G0 (4.230)
where k € N. Furthermore,
erp(id) ~ ar(id) if, and only if, r <p, (4.231)
and

either 0<p<r <2,
ay(id) ~ gx(id) if, and only if, or 2<p<r<oo, (4.232)
or 1<r<p<o.

Proof. Step 1. The first equivalence in (4.230) is covered by Theorem 1.97, the
embedding (1.299) and the restriction of (4.24), (4.25) to Q as far as the limiting
cases r = 1 and r = oo are concerned. By the same argument one gets the other
equivalences in (4.230) as a consequence of (4.191). Hence it remains to prove
the inequalities in (4.230) and the equivalences (4.231), (4.232). Let p,  be as on
the right-hand side of (4.232). Then the inequalities in (4.230) and the if-parts
in (4.231), (4.232) follow from (1.348) in Theorem 1.107 and Theorem 1.97. We
divide the remaining cases into four subcases,

0<p<2<r<oo, s>mn max(l—1/r,1/p), (4.233)
0<p<2<r<oo, s <nmax(l—1/r1/p), (4.234)
and the two limiting cases
0<p<2<r<oo, s =n max(l—1/r,1/p), (4.235)
0<p<2, r = 00. (4.236)
Step 2. In case of (4.233) we have
)\:Z—max(;—i,;—;>>; (4.237)
and s 1 1 s
n—p+r<>\<n. (4.238)

Then (1.349) proves the inequalities in (4.230) and that there are no equivalences.
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Step 3. We deal with (4.234) and put 117 + pl, =1if1<p<ooandyp = coif
p < 1. Using s > n/p the second part of (4.234) reduces to

n 1
<s<n(l-— <n. 4.239
D <s<n(i- ) <n (4.230)
In particular, p > 1 and 2 < p’ < r. If X is given by the left-hand side of (4.237)
then we have now A < 1/2. Then it follows by (1.350) that

ap(id) ~ k=Gt P2 pe N (4.240)

This proves ar(id) =< gx(id) and excludes equivalences. By (4.239) and p < 2,
hence 2s > n, we get

/

s+ <n="+"<"4 (4.241)
r P P

and n n
(s— + )-p/2<s. (4.242)
p T

This proves eg(id) < a(id) and excludes equivalences.

Step 4. We deal with the limiting case (4.235). Then (4.239) and the exponent in
(4.240) must be modified by

n 1 s 1 1 1

ol _ (- 2= 424

p<s n( r)<n and p (n p+r)p/ 9 (4.243)
Furthermore, if again X\ is the number on the left-hand side of (4.237) then we
have now A = 1/2. Although the case A = 1/2 is not covered by Theorem 1.107 it
follows by this theorem that for any € > 0,

k™2 < ap(id) < k~2t¢,  keN. (4.244)
Furthermore,
s 1 1 S 1 1 1 1
=1- d - = 4.245
n r - 2 o n + r p p < 2 ( )

are the two relevant exponents for the entropy numbers in (1.306) and the sampling
numbers in (4.230). This proves (4.230) also in this limiting case and excludes
equivalences. By the same arguments one can incorporate also the limiting case
(4.236). O

Remark 4.46. We followed [NoT04] where we formulated Theorem 4.45 without
proof. We add a few comments. In case of approximation numbers ax1(id) one
allows all methods

k
Skf = Z L](f) hyj, hj € L.(), (4.246)
J=1
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where L; : A5 (Q) — C are arbitrary linear continuous functionals. If one admits
only L;(f) = f(27) according to (4.159) then one gets the linear sampling numbers
gi(id). Now (4.160) and the corresponding inequalities in (4.230) are obvious. By
(4.230), (4.232) it follows that one gets a better rate of convergence for ay(id) than
for gin(id) if, and only if, p < 2 < r. The restriction 7 > 1 in the above theorem
compared with » > 0 in Theorem 4.37 comes from the application of Theorem
1.107. If the latter theorem can be extended at least to the spaces covered by
Theorem 4.37 then one can extend also the above theorem to the target spaces
L,.(Q) with 0 < r < o0. A corresponding assertion for the entropy numbers of
the embedding (4.189), (4.190) may be found in [NoT04], Corollary 28, with the
expected outcome,

er(id) ~ k=" keN. (4.247)

By the above method it might be possible to extend some of the assertions of the
above theorem to the embeddings considered in Theorem 4.40.

4.4.2 Embedding constants

Definition 4.32 of the sampling numbers gi(id) requires (4.152) for the source
spaces Aj!, () which is ensured if p1, g1, s1 are restricted by (4.147). This sug-
gests to have a closer look at the behavior of the embedding constants of

id: A3,(Q) — C(Q) (4.248)

if 0 < s—n/p — 0. Proposition 4.6(ii) gives a first impression that can be expected
if one reaches the critical line s = n/p from above. When it comes to embedding
constants one has to fix the quasi-norms. We assume that the spaces A5 (R")
with A = B or A = F are quasi-normed according to Definition 2.1 with a fixed
function g in (2.8). In case of domains Q2 we fix the corresponding quasi-norms
afterwards according to Definition 4.1. Let for

0<p<oo, 0<g<oo, seR, e=s—n/p (4.249)
(with p < oo for the F-spaces) and 0 < § < 1,
Ms(B) ={(p,q,s): 0<e<1, d<s<d '} (4.250)
and
Ms(F)={(p,q,s): p<6 ', ¢>6,0<e<1l, d<s<d '}. (4.251)

For fixed ¢ the atomic representations used below result in quasi-norms which are
uniformly equivalent to the above fixed quasi-norms. This follows from the proof
of atomic representations. But we will not stress this point in the sequel. Recall
that;—&—pl, =lifl<p<occandp =c0if 0 <p<1.
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Theorem 4.47. Let Q be a bounded Lipschitz domain in R"™ according to Defini-
tion 4.3. For 0 <6 < 1 let

id(B;q) : B;q(Q) — C(Q), (p,q,s) € Ms(B) (4.252)
and
Then
lid(By)ll ~ ™" and [lid(Ep,)|| ~ 7, (4.254)

where the equivalence constants are independent of p,q, s.

Proof. Step 1. First we deal with the B-spaces assuming 1 < ¢ < oo, hence
1< ¢ <oo. Let fe B, (Q) and g € By, (R") with

l91Bog RO < 2(f B (DI, gl2= 1, (4.255)

and an optimal atomic decomposition

9@) =YY Nmajm(z), TR, (4.256)

=0 meZ"

according to Theorem 1.19. Let 0 € 2. Then
F0)=>"Noajol0) ++ (4.257)
j=0

where ++ indicates a few terms of the same type (controlled overlapping based
on the supports of a; ). If in addition ¢’ > 1 then we get

IFO)] <e> 279 Mol ++
j=0
- 1/q - 1/q (4.258)
<e | Yol D2 ++
Jj=0 j=0

< cllf [Bpg (D]

with the usual modification if ¢ = oo, where ¢ is independent of €. If ¢’ < 1 then
one has

1

1/q'
1— 2_54/> < e V9 fIBs, () (4.259)

O] < ellf 1B, @) (
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where ¢’ is independent of . If 0 < ¢ < 1 then one gets (4.259) with ¢ = oo (in
good agreement with Proposition 4.6(ii)). Now one obtains that
[id(Bg,)|| < ce™H/4. (4.260)

Next we deal with the F-case. Let (4.256) be an optimal decomposition of the
F-counterpart of (4.255) and 1 < p < co. Then it follows from the arguments in
Example 1.35 that

1/p

Ol <e | [Nol? eV b < eV FIES (). (4.261)

If 0 < p <1 then one gets (4.261) with p’ = oo. Both together give the F-
counterpart of (4.260).

Step 2. We prove the estimate from below for the B-spaces assuming ¢ > 1. Let
0 <4 € D(R"™) with ¢(z) > 0 if, and only if, |z| < n (with a sufficiently small
n > 0) and ¢(0) = 1. Again let 0 € Q. Then
k=1 4
fl@)=> 277 y(2/z) € D(Q) (4.262)
j=0
is an atomic decomposition in B;q(R") according to Theorem 1.19. For given

0 < € < 1 we choose k € N such that ke ~ 1. Then it follows from the assumed
estimate

IFICE@ < e(By) 1 Byg (D < e(Byy) I1f [Bp(R™)]| (4.263)
that
Lol—2ke O y
~ - ~J q
k~e - ; )k (4.264)
and hence ) )
c(Bs,) > ek ~ eV (4.265)

If 0 < ¢ <1 then one may choose k = 1 in (4.262). This proves the converse of
(4.260) and hence the first assertion in (4.254). In the F-case we assume 0 < p < 0o
and, in addition, ¢ > 1. Then one gets from Theorem 1.19 and Example 1.35 the
F-counterpart of the above estimate with p’ in place of ¢’. If ¢ < 1 then (4.262)
might be no longer an atomic decomposition (maybe some moment conditions are
needed). But how to circumvent this minor difficulty may be found in [Trie], Step
5 of the proof of Theorem 13.2, pp. 209/210. O

Remark 4.48. We followed [Tri05a]. If 0 < ¢ < 1 then [[id(B;,)| in (4.254) is
uniformly bounded. Similarly for the F-spaces if 0 < p < 1. This is in good
agreement with Proposition 4.6(ii). In [Tri05a] one finds further results in this
direction especially if one prescribes the values of f at points {27 };?:1 C 2, hence
f(z7) =a; € C.



Chapter 5

Anisotropic Function Spaces

5.1 Definitions and basic properties

5.1.1 Introduction

In the preceding Chapters 2—4 we dealt in detail with some recent aspects of the
theory of isotropic (inhomogeneous unweighted) spaces B, and F,,, on R"™ and on
domains in R™. Also the self-contained survey in Chapter 1 covers only isotropic
spaces on R", domains in R", and rough structures such as fractals. On the other
hand, the Russian school in particular considered anisotropic spaces on R and on
(adapted) domains, together with isotropic spaces, from the very beginning of the
theory of function spaces as a self-contained branch of functional analysis in the
late 1950s and early 1960s. One might think of the classical anisotropic Sobolev

spaces
WiR™) = {f € L,®"): I WFRY| < oo},
where
l<p<oo, k=(ki,....,kn), k€N,
and

1f W R = 1 |Z( IL (R")

a o
and the classical anisotropic Besov spaces
By (R") = {f € Ly(R") : || f|Bp(R")|lz < oo}

where
l<p<oo, 1<q¢g<oo, 5=(51,...,8n), 0< s, < M; €N,

(5.1)
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and
£ [Bpq (R™) | 57

([ ar\ 5.6
— it ([ e atsmen] )T PO
=1 0

t

(usual modification if ¢ = co) with M = (M, ..., M,). Here

(AL f) (@) = (AR f) (&) with h=te, teR, (5.7)
l=1,...,n, are the iterated differences according to (4.32) in the direction of the
lth coordinate where ¢; = (0,...,0,1,0,...,0) is the corresponding unit vector

with 1 at place [. If
k= =k, =keN then WFR")=WFR" (5.8)
are the classical (isotropic) Sobolev spaces according to (1.3), (1.4), and if
s1=---=s,=5>0 then B (R")=Bs (R") (5.9)

are the classical (isotropic) Besov spaces according to (1.13). The theory of the
classical anisotropic Besov spaces and of the (fractional) anisotropic Sobolev spaces
(also denoted as anisotropic Bessel-potential spaces) was developed systematically
in the 1960s and 1970s by the Russian school and may be found in the books
[Nik77] (first edition 1969), [BIN75] and in the surveys [BKLNS88], [KuN88]. We
rely here on the direct anisotropic generalisation of the Fourier analytical Defini-
tion 2.1 of the isotropic spaces. The theory of the corresponding isotropic spaces
as developed in the 1970s and early 1980s was based on maximal inequalities and
(more or less sophisticated) Fourier multipliers and may be found in [Tris]. A
full anisotropic counterpart of these isotropic techniques was established from the
1980s up to the middle of the 1990s in several papers which will be mentioned
later on, but there is no comprehensive presentation in a book. We have a similar
situation as far as more recent developments are concerned such as atomic and
quarkonial expansions and local means. All this has been available for a few years
(references will be given below) and the theory of the anisotropic spaces reached
in many respects the same degree of sophistication as the corresponding assertions
for isotropic spaces. But we cannot present this theory in detail here. We collect
in this Section 5.1 without proofs (but with detailed references) some basic as-
sertions and those specific topics which are needed later on, in particular atomic
expansions and local means. Based on these ingredients we prove in Section 5.2
wavelet isomorphisms for the anisotropic spaces considered in generalisation of
the Theorems 3.5 and 3.12. As a somewhat surprising application we describe in
Section 5.3 a transference method allowing us to transfer some results for isotropic
spaces directly to anisotropic spaces without any additional efforts.
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5.1.2 Definitions

We call
a=(a1,...,a) with 0<a < - <a, < oo, Zaj =n, (5.10)
j=1
an anisotropy in R™. For ¢t > 0 and r € R we put
% = (t"xy, ..., t%x,) and t"x = (t")%z, (5.11)

where © = (z1,...,z,) € R". We modify the (isotropic) resolution of unity (2.8)-
(2.10) as follows. Let ¢§ € S(R™) with

oi(z) =11if sup|zy| <1 and ¢f(y) =0if sup2=*|y| > 1, (5.12)
! !

where again ¢ = (x1,...,2,) € R" and y = (y1,...,yn) € R". Let

Pr(z) = ¢f (27%) — of (27(}“71)“1‘) , keN, zeR"™ (5.13)

Then -
Zga;"(x) =1 forallz e R", (5.14)

=0

is an anisotropic resolution of unity with
supp ¢y C R and supp ¢y C R, \Ry_ 1, keN, (5.15)

where Rf are rectangles
={zeR": |z <2}, j€EN,. (5.16)

Definition 2.1 can now be extended to anisotropic spaces as follows.
Definition 5.1. Let o be an anisotropy according to (5.10) and let ¢ = {¢§}32,
with (5.12)—(5.16) be a corresponding anisotropic resolution of unity.
(i) Let
0<p<oo, 0<qg<oo, sE€ER, (5.17)

and
1/q

I1f 1Bpg (R") [l e = ZQQS" (5.18)

o3 )V 1L, )|

(with the usual modification if ¢ = c0). Then

Bso(RY) = {f € S'(R") : ||f|BL(R™)||pa < 00} . (5.19)
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(ii) Let
0<p<oo, 0<g<oo, sE€ER, (5.20)
and
- 1/q
n j s af 4 n
I 1B RN e = [[[ o277 | @3 YO | IL,@®D)|  (521)
=0

(with the usual modification if ¢ = 00). Then
FoR™) = {f € S'(R"): |If[F®(R")||pe < 00} (5.22)

Remark 5.2. As for basic notation we refer to Sections 2.1.2,2.1.3. it a = (1,...,1)
then the above definition is only a minor technical modification of Definition 2.1.
In particular,

Byt (R") = Bpy(R™) and  Fu®(R") = Fj (R") (5.23)
for « = (1,...,1) and all admitted parameters s, p, q.

Theorem 5.3. Let o be an anisotropy according to (5.10) and let ¢ = {cp;‘ =0
with (5.12)—~(5.16) be a corresponding anisotropic resolution of unity.

(i) Let p,q,s be given by (5.17). Then B> (R™) according to (5.18), (5.19) is a
quasi-Banach space (Banach space if p > 1, ¢ > 1) and it is independent of
»® (equivalent quasi-norms).

(ii) Let p,q,s be given by (5.20). Then F;;*(R") according to (5.21), (5.22) is a
quasi-Banach space (Banach space if p > 1, ¢ > 1) and it is independent of
©® (equivalent quasi-norms).

Remark 5.4. The classical theory of anisotropic function spaces of Sobolev type
and Besov type, as outlined in our Introduction 5.1.1, was mainly developed by
the Russian school and is covered by the references to the Russian literature given
there. In particular, 5 in (5.5) and s, « in Definition 5.1, Theorem 5.3, are related by
1:121 and ap = ’ where k =1,...,n. (5.24)
s nis; Sk
It explains why s is called the mean smoothness (of s). This notation applies
also to (5.24) with s < 0. An approach to anisotropic Sobolev spaces and Besov
spaces of type (5.1)—(5.3) and (5.4)—(5.6) from the point of view of (abstract) semi-
groups of operators and interpolation theory had been given in [ScT76], [Scm77]
in generalisation of corresponding considerations in [Tria]. (The somewhat curious
timing is caused by the fact that [Tria] was mainly written in 1973 but needed five
years to be published due to some unpleasant circumstances.) The above Fourier-
analytical Definition 5.1 goes back to [Tri77], Section 2.5.2 and [StT79]. We refer
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in this context also to [ST87], Chapter 4, and to the short description in [Trif],
Section 10.1, where one finds also further references reflecting the state of art in
the middle of the 1980s. The corresponding theory of the isotropic spaces in the
1970s and 1980s was mainly based on more or less sophisticated maximal functions
and Fourier multipliers. We refer to [Pee76], [Tri77], [Tri3] and the relevant parts
of [Triv], in particular the historically-oriented survey given in Chapter 1 of the
latter book. There is now a full counterpart of this part of the theory for anisotropic
spaces. In addition to [Tri77], [StT79] we refer to [Yam86], [See89], [Din95], [Joh95].
But unfortunately there is no comprehensive treatment of this part of the theory in
a book or any other unified way. In particular the above theorem is a consequence
of these results.

5.1.3 Concrete spaces

We described in Section 1.2 some concrete isotropic spaces in R™ of Sobolev-
Besov type. We look now at their anisotropic generalisations. Again let « be an
anisotropy according to (5.10). The counterpart of the lift I, in (1.5) with o € R
is now given by

15 f>—><

Quite obviously, 7% maps S(R") onto itself and S’(R™) onto itself. Furthermore by

n

Z(1+g£)l/2w~] f) . feS®RY). (5.25)

r=1

S (AP~ 2k i e Ry \RY,, kEN, (5.26)

r=1
it follows that < is well adapted to (5.15), (5.16). By analogy to (1.7) we denote
H3(R") = I L,(R"), l<p<oo, seR, (5.27)
with
5=1(81,---,8n), sr=8/a,, r=1,...,n, (5.28)

as anisotropic Sobolev spaces (whereas the notation classical anisotropic Sobolev
spaces is reserved for the spaces in (5.1)—(5.3)).

Theorem 5.5. Let o be an anisotropy in R™ according to (5.10), let § be given by
(5.28) with the mean smoothness s € R, and let 1 < p < oo. Let F,;'(R") and
H3(R™) be the spaces as introduced in Definition 5.1 and in (5.27), (5.25). Then

HE(R") = F25 (R") (5.29)

and, in particular,
n 0,a n
Ly(R"™) = F %' (R™). (5.30)
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If, in addition, s, =k, € N and k = (ky, ..., k) then
3 (mn k/mn
Hi(R") = WFR") (5.31)
are the classical anisotropic Sobolev spaces according to (5.1)—(5.3).

Remark 5.6. As mentioned at the end of Remark 5.4 there is a full counterpart of
all the technical instruments needed to prove Theorems 5.3 and 5.5. In particular,
(5.30) is an anisotropic Paley-Littlewood theorem. A proof may be found in [Tri77],
Section 2.5.2, p. 106, with references to related anisotropic multiplier theorems
and to [StT79], Section 4.4, for further details. This covers also (5.29) and, as a
consequence, (5.31). A proof of (5.29) has also been given in [Yam86], Proposition
3.11, p. 157. As mentioned very briefly in Remark 1.1 in the isotropic case the
Paley-Littlewood assertions (5.30) can be extended to the (inhomogeneous) Hardy
spaces hy(R™), hence

hp(R™) = F 5 (R™), 0<p< oo, (5.32)

[Trif], Theorem 2.5.8/1, p. 92. Corresponding anisotropic Hardy spaces hg (R™)
have been introduced in [CaTo75], [CaTo77]. We do not go into detail, but there
is a full counterpart of (5.32),

he(R™) = F)s(RY),  0<p< oo, (5.33)

[Tri80], [Trif], Section 10.1, Remark 2, p. 270. Obviously, (5.27) must be under-
stood as an isomorphic map of L,(R") onto H;(R™). Conversely I maps H;(R")
onto L,(R™) and one has

r=1

£ [ Hy (R™)]| ~ <l2(1+§3)”2“] f) [Lp(RT)| - (5.34)

If, in addition, s > 0, then it follows from anisotropic Fourier multiplier assertions
covered by the above literature and by (5.28), that

n

If Hy®™)| ~

r=1

[+ e)y2F] L,

(5.35)
—Z||f\H;TxT RY|, s >0, 1<p< oo,

where the latter is the preferred notation in the Russian literature, [Nik77]. In
particular, H3(R") is the intersection

prn (

Hi(R™) ﬂ He: (R™) l<p<oo, s >0, (5.36)



5.1. Definitions and basic properties 241

of the corresponding Sobolev spaces on R in the rth direction of coordinates, L,-
extended to the other n — 1 directions. By (5.31) and (one-dimensional) Fourier
multipliers, (5.1), (5.3) is a special case,

ﬂ o, (R") l<p<oo, kreN (5.37)

Remark 5.7. We describe the B-counterpart of (5.29). Let p,q,§ be restricted
by (5.5) and let the corresponding mean smoothness s and the anisotropy a =
(a1,...,qp) be given by (5.24). Then

B3 (R™) = B5*(R™). (5.38)

In particular these spaces can be normed by (5.6) (equivalent norms) and we have
in obvious notation

ﬂ B, (R") (5.39)

This is the counterpart of (5.36), (5.37).

Isotropic spaces are anisotropic spaces (curiously enough from a linguistic point
of view). Then we have for the classical Sobolev spaces the norm (5.3), but also
(1.4), and for the classical Besov spaces the norm (5.6), but also (1.13) and its
extension according to Theorem 1.116. There is the following counterpart for the
corresponding anisotropic spaces. Recall that

1
op=n < - 1) where 0 < p < o0, (5.40)
p +

and that the differences A} and the directional differences A} in R™ are given
by (1.11), (4.32) and (5.7). Furthermore if « is an anisotropy according to (5.10)
and h = (h1,...,h,) € R" then we put

n

[h]e = Z ||V (anisotropic distance). (5.41)
=1
Theorem 5.8.
(i) Let B
l<p<oo and k= (k1,...,k,) with k. €N. (5.42)
Let
£ IWE@™)* = 1D f | Ly(R™)]| (5.43)

where the sum is taken over all

veNy  with Y v /k <1 (5.44)
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Then - B
WER™) = {f € L,[®") : IIf WER"||" < oo} (5.45)

(equivalent norms).
(ii) Let a be an anisotropy according to (5.10) and let

0<p<o0, 0<q<oo, op < 5 < 00, (5.46)
where o, is given by (5.40). Let s; = s/oy as in (5.24) and let s, < M, € N.
Then
n 1 " dt 1/q
1@+ 3 ([ e nads i@ ) (5.47)
=1
and

n 1 1/q
n —S 1 n dt
1 |Lo(R >||+Z( [ s a7 |2, R ) (5.48)
= \Jo 0<r<t t

are equivalent quasi-norms in B, (R"™) (usual modification if ¢ = 00).
(iii) Let a,p,q,s and s; be as in part (ii). Let M € N be sufficiently large. Then

1/q
dh

5.49
e (5.49)

1f [Lp(R™)I| + / RIS 1A f 1Ly (R™)]?
|hla<1

and

1 d 1/q
IIfILp(R”)II+</O T IR f) (5.50)

0<|h|a<t

are equivalent quasi-norms in By (R"™) (usual modification if ¢ = c0).

Remark 5.9. Part (i) is a classical assertion as it may be found in [Nik77], Chapter
9, again based on anisotropic Fourier multiplier assertions. The isotropic speciali-
sations of the parts (ii) and (iii) are well known. They are corner-stones of the the-
ory of Besov spaces. We mentioned some assertions of this type in (1.13) (classical
spaces) and in Theorem 1.116. Detailed proofs for the isotropic case may be found
in [Trif], Theorem 2.5.12, p. 110, and Theorem 2.5.13, p. 115, and in particular in
[Triy], Theorem 2.6.1, p. 140. The proof in [Triv] is based on general characterisa-
tions of isotropic B-spaces and F-spaces with differences as a special application.
These general characterisations have been extended in [Far00] and [Dac03] from
isotropic spaces to anisotropic spaces. Then one gets again the above parts (ii) and
(iii) as an application of these general characterisations to differences. The above
formulations may be found in [Dac03]. A first result about equivalent norms of
type (5.49) with M = 1 in Bj (R") with 1 < p < 00, 0 < 5; < 1, were obtained in
[LoT79]. We refer in this context also to [BINT5], especially §18.
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Remark 5.10. In generalisation of (1.10) and (2.21) we denote
C**(R"™) = B3 (R™), s € R, (5.51)

as anisotropic Holder-Zygmund spaces, where « is an anisotropy according to
(5.10). If s > 0 and s/aq = s; < M; € N then C*>*(R") can be equivalently
normed by

IF 1 Loo (R™)][ + ) supt™*

=1

(AM )(m)‘ (5.52)

where the supremum is taken over 0 < t < 1 and z € R". Furthermore if M € N
is sufficiently large then

1 | Loo (R™)|| + sup 1|3 * [(AR f)(2)] (5.53)

is also an equivalent norm where the supremum is taken over h € R with 0 <
|h|o <1 and x € R"™. These are special cases of the above Theorem 5.8.

5.1.4 New developments

As outlined in Remark 5.4 the theory of the isotropic spaces B, (R") and F},, (R™)
according to Definition 2.1 up to the early 1990s, characterised by the extensive use
of maximal inequalities and Fourier multipliers, as presented in [Tri/] and in some
parts of [Triy], has a full anisotropic counterpart. The corresponding references
may be found at the end of Remark 5.4. At least as far as our own interests are
concerned the theory of the above isotropic spaces B, (R") and F}, (R™) for the
full range of the parameters s, p, ¢ has been based in the 1990s (and up to now)
on the following two developments having, in turn, numerous applications, for
example to fractal analysis.

(i) Characterisations of B;, (R") and F}, (R") in terms of general means as de-
scribed in Section 1.3, especially in Theorem 1.7.

(ii) Characterisations of these spaces by (more or less) elementary building blocks
such as atoms (and molecules), wavelet bases, wavelet frames, and quarks.

One may ask whether these elaborated theories can be extended to anisotropic
spaces according to Definition 5.1. The characterisation of the isotropic spaces
B, (R™) and F, (R") in terms of general means as described in Section 1.3 is a
polished version reflecting the situation at the end of the 1990s. It has its ori-
gin in corresponding characterisations and equivalent quasi-norms for the spaces
Fj, (R™) in [Triv], Section 2.4, and for the spaces B;, (R™) in [Triv], Section 2.5. At
this latter level there is a fully elaborated counterpart for the anisotropic spaces
according to Definition 5.1. We refer to [Far00] and [Dac03]. An outstanding ex-
ample of these general means are the local means. In Section 1.4 we collected some
main assertions of this powerful instrument for the isotropic spaces. A correspond-
ing theory for anisotropic spaces will be described in Section 5.1.6 below. As for
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(smooth) atoms the situation is quite similar. The anisotropic generalisation of
Section 1.5, and especially of Theorem 1.19 is the subject of Section 5.1.5. It is
due to [Far00]. In this paper one finds also some quarkonial expansions in gen-
eralisation of Section 1.6. A few further comments and references may be found
in Remark 1.48. But this will not be the subject of this book. The main aim
of this Chapter 5 is the description of wavelet isomorphisms and wavelet bases
in anisotropic spaces in generalisation of Sections 1.7 and 3.1. This will be done
in Section 5.2. For this purpose we need anisotropic atoms (and molecules) and
anisotropic local means, and this is just the reason for having a closer look at these
ingredients below. Finally the last but not least building blocks for isotropic spaces
considered above are the wavelet frames according to Section 1.8 and in greater
detail in Section 3.2. An anisotropic generalisation of this theory may be found in
[HaTa05], [Tam06]. Altogether there is a good chance to extend the recent theory
of building blocks for (inhomogeneous) isotropic spaces B, (R") and Fy, (R™) to
corresponding anisotropic spaces. Some notions have been defined (atoms, quarks,
wavelet frames) and something is subject of what follows (wavelet bases). Build-
ing blocks in isotropic function spaces might be considered as a topic for its own
sake. But even more interesting are the numerous applications such as to pseu-
dodifferential operators, numerics, signal analysis and local smoothness theory,
time-frequency analysis, fractal analysis and a related spectral theory of fractal
operators, entropy methods, spaces on quasi-metric spaces, to mention only a few.
Some of this is the main subject of this book. We refer in particular to Chapters
4, 7-8. Full counterparts for anisotropic spaces of the diverse ingredients pave the
way to corresponding anisotropic theories.

5.1.5 Atoms

We describe the anisotropic counterpart of smooth atoms according to Section
1.5.1 and Definition 2.5. We follow [Far00]. As for basic notation we refer to Sec-
tions 2.1.2, 2.1.3, where we need now some anisotropic modifications related to the
anisotropy « given by (5.10). Let Q% be the rectangle in R" with sides parallel
to the axes of coordinates, centred at

27 = (27" my,...,27"m,,), where m € Z" and v € N, (5.54)

and with side lengths 2-(*=De1  9=(=Dan We used the abbreviation (5.11).
If @ is a rectangle in R™ and r» > 0 then r@ is the rectangle in R™ concentric
with @ and with side lengths r times the side lengths of Q. In the isotropic case
a=(1,...,1) we have Q%,, = Qum where Q,, are the cubes according to Section
2.1.2. In particular, Q§,, are rectangles of side lengths 2%!,... 2% centred at
meZ". Itz eR", ve Ny and a as in (5.10) then

n
ay =ya = Z’yjaj and 27 =z -z, (5.55)
j=1
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Definition 5.11. Let o be an anisotropy according to (5.10).

(i) Let K >0 and ¢ > 1. A continuous function a : R™ — C for which there exist
all derivatives DVa if ya < K s called a 1-atom (more precisely 1% -atom)
if

supp a C cQg,, for some m € Z", (5.56)

and
|[D7a(x)] <1 for ~ya < K. (5.57)

(ii) Let s e R, 0 < p< o0, K>0,L >0 and ¢ > 1. A continuous function
a :R"™ — C for which there exist all derivatives DVa if ay < K is called an
(s,p)-atom (more precisely an anisotropic (s, p)%. 1 -atom) if

supp a C cQ5,, for some v eNy, meZ, (5.58)
|DVa(z)| < 27vs—n/p=e) for ya<K (5.59)

and
/ tPa(x)de =0 for BEN) with fa < L. (5.60)

Remark 5.12. This is the anisotropic extension of Definition 1.15. As there (5.60)
is empty if L = 0. Otherwise we have the obvious counterpart of (1.61). Since
|Q2,.| =2~ (»=1" the p-normalised characteristic function

xPha(z) = 2= Dn/pif e Qo and P ¥(z) =0if z € QY,, (5.61)

generalises (1.62), where again v € Ng and m € Z".

Definition 5.13. Let « be an anisotropy according to (5.10) and let 0 < p < oo,
0<q< oo,

A={A\meC: veNy, meZ"}, (5.62)
oo a/p /4
A [bpql = Z ( Z |>\Vm|p> (5.63)
v=0 \meZzZ"

and

1/q
I £l = (ZZMMXW |> |Lp(R™) (5.64)

v=0meZ"

(with the usual modification if p = co and/or ¢ = o0). Then
bpg = {A:+ [[A]bpgll < o0} (5.65)

and
o= (A A < o). (5.66)



246 Chapter 5. Anisotropic Function Spaces

Remark 5.14. This is the direct counterpart of Definition 1.17. If p = ¢ then
fo = bpq for all anisotropies. Recall that

pq
<1 1) and < 1 1) (5.67)
O, =N — 8l (o2 =N . — . .
v p N . min(p, q) N

Furthermore we indicate the location and the size of a 1%-atom or an (s,p)% -

atom according to Definition 5.11 with v, m as there by writing a,, in place of

a.

Theorem 5.15. Let o be an anisotropy according to (5.10).
(i) Let 0 <p < o0, 0<q< o0, s€R. Let both K with

K> 0 z‘fs<0, (5.68)
s+a, ifs>0,

and L with
L>0 and L>o,—s, (5.69)

be fized. Then f € S'(R™) belongs to By, *(R"™) if, and only if, it can be
represented as

f= Z Z Aom @y, unconditional convergence being in S’(R™),
v=0meZ"
(5.70)
where for fized ¢ > 1, ag,,, are 1%-atoms (v = 0) or (s,p)% 1 -atoms (v € N)
according to Definition 5.11 and Remark 5.14, and X € b,q. Furthermore,

11 1By (R ~ inf [|A]by]| (5.71)

are equivalent quasi-norms where the infimum is taken over all admissible
representations (5.70).
(ii) Let 0 <p<o0,0<qg<o00,seR. Let K be as in (5.68) and let L with

L>0 and L > o0pq— s, (5.72)

be fized. Then f € S'(R") belongs to Fj,*(R™) if, and only if, it can be
represented by (5.70), where now for fived ¢ > 1, a$,, are 1%-atoms (v = 0)

or (s,p)%.r-atoms (v € N) with (5.68), (5.72) and \ € f5,. Furthermore,

I1f TEpg™ R ~ inf [[A]f5l (5.73)

are equivalent quasi-norms where the infimum is taken over all admissible
representations (5.70).
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Remark 5.16. This is the anisotropic generalisation of Theorem 1.19. As for tech-
nical explanations concerning the convergence of (5.70) we refer to Remark 1.20.
The above theorem coincides essentially with [Far00], Theorem 3.3. Compared
with the isotropic Theorem 1.19 the term «,, in (5.68) looks a little bit curious.
Maybe one can overcome this (otherwise unimportant) technical point by asking
for an anisotropic counterpart of the theory of (isotropic) non-smooth atoms as de-
veloped in Section 2.2. More recent atomic and molecular representation theorems
may be found in [Kyr04], [BoHO05], [Bow05].

5.1.6 Local means

Atoms are one of the two corner-stones for wavelet isomorphisms and wavelet
bases in anisotropic function spaces By,*(R") and Fj;*(R") in generalisation of
Section 3.1 where we developed the corresponding theory of the isotropic spaces
By, (R™) and F} (R™). The second corner-stone comprises local means asking for
an anisotropic version of Section 1.4. Again we follow [Far00].

Let k be a C*° function in R" with
supp kC B={y: |y| <1} (5.74)

and let a be an anisotropy according to (5.10). Then the anisotropic version of
the local means (1.41) is given by

k(L f)(2) = A k(y) f(z +t%y) dy
: (5.75)

—en [ k(- 0) F)dy

where f € S'(R™). We used (5.10), (5.11). We put k(1, f) = k*(1, f). Recall that
op and 0,4 are given by (5.67).

Theorem 5.17. Let « be an anisotropy in R"™ according to (5.10). Let ko and k be
two C functions in R™ with

supp ko C B, supp k C B, (5.76)
kY(0) # 0, and for some € > 0 and » > 0,
EV(E)#0if0<|é|<e and (DPEY)(0) =0 if o < s (5.77)
(i) Let 0 < p<o0,0< ¢g<o00, s €R and > > max(s,op) + 0p. Then

1/q

ko (L, AL+ | D27 k27, f) [Ly(R™)]? (5.78)

Jj=1

(usual modification if ¢ = o) is an equivalent quasi-norm in By (R™).
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(ii) Let 0 <p < o0, 0< g <00, s€R and » > max(s,o,) +n/min(p,q). Then

1/q

1o (L, f) [ Lp(R™)]| + Zstq k2, O | IL@®Y)|| (579

(usual modification if ¢ = o) is an equivalent quasi-norm in Fy,*(R").

Remark 5.18. This theorem coincides essentially with [Far00], Theorem 4.9. The
corresponding isotropic Theorem 1.10 is in a more final shape. The conditions for
the kernels ko and k given there are more natural. Furthermore, (1.47) and (1.48)
are characterisations. The above formulations are nearer to the original isotropic
assertions in [Trivy], Theorems 2.4.6, pp. 122/123, and 2.5.3, p. 138. Some improve-
ments came later. Corresponding references may be found in Remark 1.11. On the
other hand all technicalities about local means and related maximal functions
which we used in the isotropic case in connection with Proposition 3.3, Theorem
3.5 and their proofs have full anisotropic counterparts and are covered by [Far00]
and [Dac03]. In other words, the two major technical ingredients for an anisotropic
extension of the wavelet isomorphisms according to Theorem 3.5, atomic represen-
tations and local means, are covered by Theorems 5.15 and 5.17 and the indicated
complements. This applies in particular to local means (5.75) where the kernel &
has only a limited smoothness. In this connection we used the duality (3.17) which
justifies (3.45). We add now a comment on this point.

5.1.7 A comment on dual pairings

Again let a be an anisotropy in R" according to (5.10). If 0 < p < oo then S(R") is
dense in B,:*(R™) and it makes sense to interpret the dual B;*(R")" of B, (R"™)
as a subset of S'(R"™). Recall that o), is given by (5.67). Then

By (R™) = B, 7" (R") (5.80)
where p’ is given by (3.18). This is the anisotropic generalisation of (3.17). If
1 < p < oo and, hence, o, = 0 then (5.80) is covered by [ST87], Section 4.2.4, p.
201. Otherwise one can follow the proofs of the corresponding assertions in [Trif],
Sections 2.11.2, 2.11.3, pp. 178-182. But we have no direct reference of (5.80) if
p < 1. On the other hand we used duality in the isotropic case only to justify
(3.15) with kernels ¥ of limited smoothness (Daubechies wavelet kernels) and
as a consequence in (3.45). But one can argue more directly, especially when one
does not care about best possible smoothness exponents. Let

seR, 0<p< oo, and LZO,L>n—8, (5.81)
p



5.2. Wavelets 249

and let ¥ be a continuous function with a compact support in the unit ball having
all classical continuous derivatives of order

0
8xj
Let f € By;*(R™) be expanded according to (5.70). We wish to show that

Z > Avm/ Ay (2) ¥ () d (5.83)

v=0mezZn" "

DA, DAY where fa<L, j=1,...,n. (5.82)

converges absolutely in C. According to (5.69) we may assume that the atoms
a?,, with v € N satisfy (5.60) where L is given by the more restrictive assumption
(5.81). We expand ¥ at 277%m in a Taylor polynomial and a remainder term 7,

/ ay () U(x)de
B —rva
:/ al, (x) Z D (2+m) (x —27"*m)P +rym(z)| da (5.84)
n Jél
Ba<L

= / as () rym (x) de
as a consequence of (5.60) and (5.82). Then it follows by (5.58), (5.59) that
/ ay,(x) ¥(z)dz

where the last factor comes from the volume of Q%,,. Since ¥ has a compact
support in the unit ball one gets

D3 |Aum|’/ 08 (2) W (2) da

v=0mezn"

< ¢27vlsn/p) gmvL g-vn (5.85)

<chup\/\ | 27V (5T L=8/P)

m

v=0 (5.86)
< A e

< X [bppll,
where we used (5.81) and (5.63). Hence by Theorem 5.15, the right-hand side
of (5.83) converges absolutely in C and (f, V) makes sense as a dual pairing.

Identifying ¥ in (3.15) with ¥ then one gets an elementary justification of (3.15),
(3.45), and its anisotropic generalisations considered below.

5.2 Wavelets

5.2.1 Anisotropic multiresolution analysis

It is the main aim of Section 5.2 to extend the wavelet isomorphisms according to
Theorems 3.5 and 3.12 from the (inhomogeneous) isotropic spaces Bj, (R™) and
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Fy, (R").t.o the correspondipg ar}isotropi.(: spaces B;;]a (R™) and F}5;*(R") according
to Definition 5.1 where again « is the anisotropy given by (5.10). The first attempt
to replace 291z in (3.5) by something like

20g = (271 qy,...,20% g, xz € R", (5.87)

does not work in general. We return to this point in Remark 5.25. Here we stick at
the one-dimensional (dyadic) multiresolution analysis as described in Definition
1.49, Remark 1.50, and Proposition 1.51, but we re-organise its (isotropic) n-
dimensional version according to Remark 1.52 and Proposition 1.53 in an aniso-
tropic procedure.

Let {V; : j € Ng} be a one-dimensional (inhomogeneous) multiresolution analysis
in Lo(R) with a scaling function (father wavelet) ¥ and an (associated) wavelet
(mother wavelet) 1ps as described in Definition 1.49 and Remark 1.50. Let « be an
anisotropy according to (5.10). Let 2 < n € N. We introduce the index sets I/,

e c{F,M}" xNy, j€N, (5.88)

where {F, M}" is the collection of all indices G = (Gq,...,G,) with G, being
either F' or M. Let {F, M}™ be the collection of all G € {F, M}" such that at
least one component G, is an M (hence the cardinal number of { F, M}"™* is 2" —1).
Then, by definition, 1% has only one element (G, k) where G; = ---G,, = F and
k = 0.1If j € N then, by definition, I7"* is the collection of all elements (G, k) with
G € {F,M}™ and k € Njj such that

ke =[(j - Da,] if G,=F (5.89)

and
(G — Dew] <ke <[jar] if  Gr=M. (5.90)

Obviously,r = 1,...,nand k = (ki,..., k). Furthermore, [¢] is the largest integer
smaller than or equal to ¢ € R. In the isotropic case where all a,, = 1 we have
(1.134) with k. = j — 1 for all 7. Since o, > 1, in all anisotropic cases I"® with
j € N has at least one element and at most

H 1+ [jo] = [(G — Daw]) < ( H 2+ a,) (5.91)

elements. Next we describe the anisotropic counterpart of (1.135) and (1.138). Let
V¥ with j € No be the subspace of La(R") spanned by the orthonormal basis

wie(a) = [ 202 (Q[fw]xr - mr) . mez (5.92)
As in the n-dimensional isotropic case one has

VA CVa, jeNo,  Lp(R") =span | J V) (5.93)
j=0
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and the orthogonal decomposition
LyR") = Vg e Pwy (5.94)
j=0

with
jil — ‘/}a ©® W]{X’ _] S NO. (595)

Recall that [k| = ky + - + ky if (k1, ..., kn) =k € NI

Proposition 5.19. Let o be an anisotropy according to (5.10) and let I be the
above indez-sets. Let Yp and ¥y be the above functions. Then

U @) = 202 [ [ v, (2 —my) (5.96)

r=1
with j € Ng, (G, k) € I’ and m € Z", is an orthonormal basis in La(R™).

Proof. This assertion follows by the same arguments as in the proof of Proposition
1.53. O

Remark 5.20. We are mainly interested in the compactly supported Daubechies
wavelets ¢y and ¢ p according to Theorem 1.61(ii). Then (5.96) is the anisotropic
generalisation of (3.5) and there is a number ¢ > 0 such that

supp W (ke - {z eR": |2, —27Frm,| <c27F ). (5.97)

Since (G, k) € I’’® we have in particular (5.90). If j € Ny and (G, k) € [7®
one gets for m € Z" a tiling of R"™ which may serve as an admitted substitute
of the canonical anisotropic tiling of R™ with the rectangles Qf,, as introduced
at the beginning of Section 5.1.5. This applies in particular to Definition 5.11
and Theorem 5.15. Next we discuss a counterpart of this comment in connection
with anisotropic local means as described in Section 5.1.6 and Theorem 5.17.
In the isotropic case we needed local means in Step 2 of the proof of Theorem
3.5 in connection with estimates from above. This was based on Proposition 3.3.
But for the corresponding proof and the underlying references one can replace
pj(x) = p(277F1z) in connection with (3.24), (3.25) by ¢;(z) = ¢(257277z) with
lej| < ¢ for some ¢ > 0 which is independent of j € N. This means that one can
replace WY (2771¢) there by W& (2775 ¢). There is a full anisotropic counterpart
of all these observations, [Far00]. In particular in connection with Theorem 5.17
(denoting temporarily the kernels by K in place of k to avoid any confusion with
the above use of k € Nij) and the anisotropic counterpart of Proposition 3.3 one
can replace in the local means K“(t, f) in (5.75) with ¢t = 277 the corresponding
kernels

K(@2*y) by K (2My,...,2"y,) (5.98)

with k = (k1,...,ky) restricted by (5.90).
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5.2.2 Main assertions

After the preparations in the preceding subsection one can carry over the wavelet
isomorphisms for isotropic spaces from Theorem 3.5 (Daubechies wavelets) and
Theorem 3.12 (Meyer wavelets) to the corresponding anisotropic spaces. First we
introduce the anisotropic extension of Definition 3.1. We adapt the anisotropic
rectangles QQF,, used in Definition 5.11 to (5.97), (5.98). This is unimportant, but
otherwise one must discuss some index—shifting ofmeZ"— m' €Z" to relate
the rectangles in (5.97) to some Q¢ _,. Let

={zeR": |z, —27Fm,[ <27 r=1,...n} (5.99)

where k € Nij and m € Z". Let x*, be the characteristic function of QF,.

Definition 5.21. Let a be an anisotropy according to (5.10) and let I be the
index-sets as introduced in (5.88)—(5.90). Let 0 < p < 00, 0 < ¢ < 00, s € R,

A= {/\QL(G”“) €C: jeNy, (G.k) el me Z"} : (5.100)

1/q

a/p
A B2 = Z 3 2f<”/p>Q<ZAg;;<G’k>|P> (5.101)

J=0 (G,k)eli« mezn
and
1/q

. q
NGRS O[] LR (5.102)

IMfpe 1l = Y, 2

3,(G,k),m

(with the usual modification if p = co and/or ¢ = o0). Then
bpy' = {A: A b1l < oo} (5.103)
and
={X: A0 < oo} (5.104)

Remark 5.22. Obviously, the summation in (5.102) is the same as in (5.100). Both
byt and f.* are quasi-Banach spaces. In the isotropic case a = 1 they coincide
with the corresponding spaces in Definition 3.1.

After these preparations one can now extend Theorem 3.5 to anisotropic spaces.
In particular we assume that ¥ and ¥,; are the compactly supported Daubechies
wavelets according to Theorem 1.61(ii). The counterpart of (3.33) is now given by

ST NER g Ikl/2 g (Ghe, AEbE. (5.105)
7,(G,k),m
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One can repeat the considerations at the beginning of Section 3.1.3. In particular,

if Y and s are sufficiently smooth then \I!] (Gok), are anisotropic atoms in

B, (R") according to Definition 5.11 where we shifted now the normalising factors
to the sequence spaces. Here we used (5.97) and corresponding assertions as far
as derivatives and moment conditions are concerned. By the same arguments as
at the beginning of Section 3.1.3 the series (5.105) converges unconditionally in
S'(R™) and locally in Bg;*(R"™) with o < s. This justifies the abbreviation

> Z >y (5.106)

7,(G,k)ym  j=0 (G,k)els > meL™

In Definition 1.56 we said what is meant by an unconditional (Schauder) basis in
a quasi-Banach space.

Theorem 5.23. Let « be an anisotropy according to (5.10) and let \I/%(G’k)’a be
given by (5.96) with the Daubechies wavelets

Y € C*(R) and vy € C*(R), u €N, (5.107)

as in Theorem 1.61(ii).

(i) Let 0 < p < 00, 0 < ¢ < o0 and s € R. Then there is a natural number
u®(s,p) with the following property. Let u > u®(s,p) in (5.107). Let [ €
S'(R™). Then f € By,*(R") if, and only if, it can be represented as

Z A (GR) 9= IkI/2 i (Gok)er Aebse, (5.108)
7,(G,k),m

unconditional convergence being in S'(R"™) and locally in any Bg:*(R™) with
o < s. The representation (5.108) is unique,

NG — glkl/2 (ﬂ %(Gvkm) (5.109)

and

I: fe {2"9'/2 (f, @{;}ka%a)} (5.110)
is an isomorphic map of By,*(R™) ento by.™. If, in addition, p < oo, q¢ < 0o,
then {\Il%(a’k)’a} is an unconditional basis in By~ (R").

(ii) Let 0 < p < 00, 0 < ¢ < 00 and s € R. Then there is a natural number
u®(s,p,q) with the following property. Let u > u®(s,p,q) in (5.107). Let
feS'(R"). Then f € F*(R") if, and only if, it can be represented as

f f— Z A"Z‘;l(GVk) 2_|k|/2 \IJ%(Gvk)vc"? A c
7,(G,k),m

(5.111)

PQ’
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unconditional convergence being in S'(R™) and locally in any Fg;*(R™) with

o < s. The representation is unique where )\Z;l(G’k) is given by (5.109). Fur-
thermore, I in (5.110) is an isomorphic map of Fj;*(R™) onto fs.*. If, in

addition, g < oo then {\Ilzh(a’k)’a} is an unconditional basis in Fy ;™ (R™).

Proof. After the above preparations the proof of Theorem 3.5 can be carried over
from the isotropic case to the above anisotropic one. The atomic representation
(5.105) gives the anisotropic counterpart of (3.41). The discussion about local
means in Remark 5.20 and the anisotropic extension of Proposition 3.3, which is
covered by [Far00] and the references in the proof of Proposition 3.3, ensure the
anisotropic counterpart of (3.43), (3.44). Using duality as described in Section
5.1.7 one gets the anisotropic version of (3.45), (3.46), in particular the claimed
uniqueness. The rest is the same as there. O

It is not a surprise that one can replace the Daubechies wavelets in the above
theorem by Meyer wavelets as we did in the isotropic case in Theorem 3.12, with
the following outcome.

Theorem 5.24. Let « be an anisotropy according to (5.10) and let \I/f;;(G’k)’a be
given by (5.96) with the one-dimensional Meyer wavelets ¥r and ¥y according to
Theorem 1.61(i), (3.63), (3.64).

(i) Let 0 <p<o00,0<q<ooandseR. Let f€S'(R"). Then f € By,*(R")
if, and only if, it can be represented by (5.108), unconditional convergence
being in S'(R") and locally in any By,*(R") with o < s. This representation
is unique where AGHR) i given by (5.109). Furthermore, I in (5.110) is an
isomorphic map of By, *(R™) onto b5*. If, in addition, p < 0o, q < oo then

{\I/{;L(G’k)’a} is an unconditional basis in By, (R™).

(ii) Let 0 <p<o0,0<g<ocandseR. Let f e S'(R"). Then f € F;*(R")
if, and only if, it can be represented by (5.111), unconditional convergence
being in S"(R™) and locally in any Fg;*(R"™) with o < s. This representa-
tion is unique where NGRS given by (5.109). Furthermore, I in (5.110)

s an isomorphic map of F;;IO‘(R") onto fj:%. If, in addition, ¢ < oo then

{@%G”“)""} is an unconditional basis in Fj,* (R™).

Proof. One has to combine the arguments from the proofs of Theorems 3.12 and
5.23. This applies in particular to the Tauberian condition ensured by (3.63),
(3.64). In case of anisotropic molecules one can rely on the anisotropic version
of the reduction of molecules to atoms as outlined in Section 3.2.3 and (3.133).
Some details may also be found in [HaTa05], Proposition 3.2. This is sufficient for
the simple case needed here. But one can also consult [Kyr04], [BoH05], [Bow05]
extending atomic and molecular decompositions for isotropic spaces according to
[FTW91] to (weighted) anisotropic spaces. O
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Remark 5.25. Section 5.2 is an improved and modified version of the relevant parts
of [Tri05b]. In particular we developed in this paper the anisotropic multiresolution
analysis as presented in Section 5.2.1. Compared with the elegant isotropic version
as described in Proposition 1.53 it looks somewhat complicated and one might
ask whether there are simpler versions. The first attempt would be to replace
the n-dimensional isotropic dilation factors 2/~ tin (1.136) by 20~ where « is
the anisotropy (5.10). This can be reduced to the question of whether there is a
(compactly supported, sufficiently smooth) one-dimensional scaling function ¥ g
and a related wavelet ¥,; such that for given 1 < b € R,

{wp(ac—m)7 W/ 2Bz —m) : j € N, mEZ} (5.112)

is an orthonormal basis in Ls(R) in modification of Proposition 1.51 and Theorem
1.61. This problem attracted some attention. We refer to [Aus92] and [Bow03b].
In the latter paper one finds also the corresponding recent literature. According
to [Bow03b], Theorem 4.1, for irrational b there is no orthonormal basis in Lo(R)
with a compactly supported wavelet ¥y, (this negative assertion remains valid if
one admits not only one wavelet tp; but finitely many). The case b = v/w with
v € N, w € N, relatively prime, has been considered in [Aus92]. The situation is
better, but not good enough for the above purposes if v > w > 1. Then there is
no compactly supported s such that (5.112) is an orthonormal basis in La(R),
[Aus92], Theorem 1(ii). The situation improves if b —1 € N in (5.112) and if,
maybe, not only one but finitely many wavelets are admitted. Transferred to the
above anisotropic situation one arrives at the assumption that 2* € N (or at
least that 2%+ is rational) where « is an anisotropy according to (5.10). Under these
restrictions it is possible to construct some wavelet characterisations for anisotropic
function spaces based on (5.112). We refer to [GaT02] for spaces of type B;,*(R"™)
with s > 0,1 < p < 00,1 < g < 00, to [GHT04] for some extensions of these
spaces to p < 1 (where the corresponding B-spaces do not always coincide with
the B-spaces according to Definition 5.1), to [Bow03a], Chapter 2, where wavelet
bases belonging to S(R™) are considered in anisotropic Hardy spaces (5.33) with
0 < p < 1, and to [Kyr04] for the full scales of spaces according to Definition 5.1. In
any case wavelet characterisations of anisotropic spaces according to Definition 5.1
in terms of isomorphisms or bases via tensor products of one-dimensional Lo-bases
of type (5.112) require additional assumptions for the anisotropy a.. Our approach
works for all anisotropies «, but the outcome is less elegant. On the other hand,
constructions of this type have been considered before. Nearest to us is [BeN93],
[BeN95] dealing with wavelet bases belonging to S(R™) of Meyer type in the spaces
from Definition 5.1. Similar ideas have been used in [Hoch02] in connection with
anisotropic Besov spaces in cubes in R".
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5.3 The transference method

5.3.1 The method

Let o be an anisotropy according to (5.10) and let Q;‘m with j € Ng and m € Z"

be the same rectangle as at the beginning of Section 5.1.5 with the characteristic

anction X;‘Xm' Then for s € R, 0 < p < 00, 0 < ¢ < oo the quasi-Banach spaces
b and by* are defined as the collection of all sequences

A={M,eC: jeNy, mez"} (5.113)

such that the corresponding quasi-norms

1/q
I fp 1 = Z 2 NSO ] [Lp(RY) (5.114)
j=0 mezn
and
e} q/p 1/q
N [pg(| = | Y29t/ ( > IA%@p)
j=0 mezn 1
o U (5.115)

> NXG [ Lp(R™)

(o]
~ Z 97sq

j=0 mezn
are finite (with the usual modifications if p = co and/or ¢ = 00). Compared with
Definition 5.13 we incorporated now the weight factors. By Theorems 5.23, 5.24
one can try to shift problems for the spaces B;,*(R") and F*(R") to corre-
sponding problems for the sequence spaces by and f;.* in Deﬁmtlon 5.21. The
above sequence spaces Bj;;f“ and f;f‘ are the hard core of these sequence spaces.
Recall that the cardinal number of I7°® can be estimated independently of j by
(5.91). Furthermore, b5, is also independent of ov. This makes clear that one can
transfer problems for anisotropic B-spaces via sequence spaces to corresponding
problems for isotropic B-spaces. Below we illuminate this transference method by
several examples. But first we clarify that there is no immediate counterpart of

this observation for the F-spaces.

Proposition 5.26. Let s € R, 0 < p < 00, 0 < q¢ < co. Let o and o? be two
anisotropies according to (5.10).

(i) Then
bt = b, (5.116)
(ii) Let o # a?. Then

ot =I5 if, and only if, p=q. (5.117)
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Proof. By (5.114), (5.115) we have (5.116) and also (5.117) with p = ¢. To disprove
equality in (5.117) if p # ¢ we may assume s = 0, o' = (1,...,1) and o? = «
according to (5.10) with a; < 1. We denote the corresponding spaces by fp,
(isotropic case) and fg. Let Q' be a cube in R" with the left corner-point I =
(l,...,1), where | € N, and of side-length 1. At level j + 1 with j € Ny we divide
this cube naturally into 2/™ disjoint (open) cubes of side-length 277-12 = 277 and
put

ML =), if 27771 m is the centre of one of these cubes (5.118)

and M/t = 0 otherwise. In particular,
12970 < m, < (1+1)27H, r=1,...,n, (5.119)

for m € Z" with (5.118), and

- 1/q
IMFoall = [ D17 ] (5.120)
j=0
The same m as in (5.118), (5.119) result for the anisotropic space f5; in a corre-
sponding subdivision of the rectangle Q"7
12711 9=t ar < g (1 41) 20 F 2= G Der (5.121)
where |Q®!7| = 1. If 1 +1/1 < 2171 then
(1+1)27079) — (1 4 1/1)120071) < [20+DA—a0), (5.122)
In particular, the rectangles Q"7 are pairwise disjoint. Hence,
- 1/p
Ml = (Do) (5.123)
j=0
This proves the only-if-part of (5.117). O

Remark 5.27. In particular the transference method for B-spaces which we out-
lined above cannot be extended immediately to F-spaces as we conjectured in
[Tri05Db]. But the negative outcome (5.117) might not be the last word. The num-
bers A, in (5.113), (5.114) are located at the rectangle Q%,,. Then one gets for
different anisotropies the decoupling as used in the above proof. One could try to
avoid this effect by a more sophisticated one-to-one relation between rectangles

im for different anisotropies at each level j using that a cube of side-length 1 is
intersected by ~ 27" rectangles Q;‘m independently of «. In addition there is an
anisotropic counterpart of the useful observation described in Section 1.5.3. But
nothing has been done so far.
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5.3.2 Embeddings

We illustrate the transference method for B-spaces by three rather different ex-
amples.

Theorem 5.28. Let o be an anisotropy according to (5.10). Let s;1 € R, s9 € R
and p1,p2,q1,q2 € (0,00]. Let B, (R") and B,;*(R") be the spaces as introduced
in the corresponding Definitions 2.1 and 5.1. Then

Byl (RY) — B2 (R") if, and only if, Bgl, (R") — Bp2, (R"). (5.124)
Proof. By Theorem 5.24 the question of the first embedding in (5.124) is equivalent
to a corresponding question for related sequence spaces of type by, and, hence,
by Section 5.3.1 for related sequence spaces of type Ef,;;". But by Proposition 5.26
the latter spaces are independent of «. This proves (5.124). g

Remark 5.29. Hence any embedding theorem for isotropic B-spaces can be carried
over to anisotropic spaces. To which extent a corresponding assertion is valid for F-
spaces and for sharp limiting embeddings of type (1.299)—(1.303) is not so clear.
For classical embeddings one may consult the references given in Section 5.1.1.
Sharp limiting embeddings for anisotropic spaces may be found in [Yam&6, §3]
and [FJS00, Appendix C.3]. An affirmative answer to the problem described in
Remark 5.27 would result in an extension of the transference method from B-
spaces to F-spaces and mixed embeddings including a transference of the theory
of envelopes as described in Section 1.9 from isotropic spaces to anisotropic ones.
Quite recently it came out by direct arguments that the envelopes of anisotropic
spaces do not depend on the anisotropy «. Hence they are the same as for isotropic
spaces, [MNPO5].

5.3.3 Entropy numbers

Let B;;*(R") be the anisotropic spaces as introduced in Definition 5.1 and let
be an arbitrary domain in R". Then B,*(€2) is the collection of all f € D'(Q)
such that there is a g € B5,*(R") with g|Q2 = f. Furthermore,

£ 1By ()| = inf [|g | By (R")]| (5.125)

where the infimum is taken over all g € By, (R") such that its restriction g|{ to
Q coincides in D'(2) with f. This is the extension of the Definitions 1.95 and 4.1
for isotropic B-spaces to anisotropic ones. Of course, B,;*({2) are quasi-Banach
spaces. For isotropic spaces in bounded domains 2 we have Theorem 1.97. Recall
that e, are the entropy numbers according to Definitions 1.87, 4.43.

Theorem 5.30. Let Q be an arbitrary bounded domain in R™ and let « be an
anisotropy according to (5.10). Let po, p1,qo,q1 € (0,00] and

—00 < 81 < 89 < 00, so —n/po > s1—n/p1. (5.126)
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Then the embedding

id:  B0.(Q) — Byl () (5.127)
18 compact and
ep(id) ~v "n, weN (5.128)

Proof. The isotropic case is covered by Theorem 1.97 with a reference to [Trid],
Theorem 23.2, p. 186. By the same arguments as there it is sufficient to deal with
the embedding of distributions

f € B X(R") with supp f C K (5.129)

Podo
into By!,*(R™) where K is a fixed bounded domain, say, the unit ball. We choose
w in (5.107) so large that we can apply Theorem 5.23 both to the source space
and to the target space. In particular in (5.108), (5.109) only terms with

K Nsupp W(GERa L) (5.130)

are of relevance. Recall that |QF,| ~ 279" for QF in (5.99) with (G, k) € />,
Hence (5.130) applies only to M; ~ 2/ terms, where the equivalence constants
may depend on « (and K') but not on j. This can be transferred to the sequence
spaces b5 in (5.115) where the relevant parts are the spaces b5*(K), consisting
of all (newly numbered) sequences

A={XN eC: jeNy, v=1,...,M;} (5.131)
quasi-normed by
- M, a/p\ /1
M B (O = | D2/ | AP : (5.132)
j=0 v=1

Hence the embedding (5.127) can be transferred to the sequence side,

ep(id) ~ e,(idy)  with idy : 5502 (K) — b5 (K), (5.133)

Poqo p1g1

which is independent of a. Then the above theorem follows from Theorem 1.97. [

Remark 5.31. We followed essentially [Tri05b]. Otherwise one may consult Re-
mark 1.98 and the references given there about the substantial history of entropy
numbers in isotropic (unweighted) function spaces. As far as anisotropic spaces
are concerned we are aware of only two papers, [Boz71] (classical Sobolev spaces)
and [Tri75] (fractional Sobolev spaces and classical Besov spaces). However these
papers have nothing in common with the recent approach to problems of this
type via sequence spaces, but their results are covered by the above theorem. This
follows from the elementary embedding

B;fréﬂn(p,q) (Rn) - Flf‘}a(Rn) - B;fnax(p,q) (Rn)’ (5134)

as a consequence of Definition 5.1, the concrete spaces listed in Theorem 5.5 and
the independence of (5.128) of qo, 1.
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5.3.4 Besov characteristics

Let f € S’(R™) be a compactly supported distribution which is not C*°. Let « be
an anisotropy according to (5.10). Then

s¢(t)=sup{s: feBy2(R")}, 0<t=1/p< oo, (5.135)

is the anisotropic generalisation of the (isotropic) Besov characteristics s¢(t) in
(1.620). One may ask to which extent properties for s¢(¢), as discussed in Section
1.18 and will be considered later on in greater detail in Section 7.2.3, can be
transferred to s¢(¢). Recall that a real function on an interval is called increasing
if it is non-decreasing.

Theorem 5.32. Let o be an anisotropy according to (5.10).

(i) Let f € S"(R") be not C>° and let supp f be compact. Then s§(t) according to
(5.135) is an increasing concave function in the (t, s)-diagram in Figure 1.17.1
of slope smaller than or equal to n.

(ii) For any real increasing concave function s(t), where 0 < t < oo, of slope

smaller than or equal to n there is a compactly supported distribution [ €
S"(R™) with s(t) = s¢(t).

Proof. One can transfer the corresponding assertion in Theorem 1.199 from the
isotropic case to the anisotropic one. We rely now on the universal Meyer represen-
tation Theorems 3.12 and 5.24 which apply simultaneously to all corresponding
isotropic and anisotropic B-spaces. Let f € S/(R™) be expanded according to
(3.36) and Theorem 3.12,

f= i SO N2 2ee (5.136)

j=0 GeGI mezn

For fixed j € Ny one can map the index-set G/ x Z" one-to-one onto a subset of
its anisotropic counterpart I7* x Z™ in Section 5.2.1. Let

1= Y3 WO g G (5.137)

=0 (G,k)eli > meLr

according to (5.108) and Theorem 5.24 (Meyer wavelets), where the coefficients

,uf,’l(G’k) are either zero or coincide for fixed j € Ny one-to-one with the coefficients
M:& in (5.136). Then (3.7) and its anisotropic counterpart (5.101) are essentially
the same. Hence sj(t) = sy(t). Similarly one can start from the anisotropic side
and arrive at the isotropic one. Then one gets both parts of the above theorem
with one exception. The Meyer wavelets are not local. Assuming that f in (5.136)
has a compact support, say, in the unit ball. Then ¢ in (5.137) need not have a
compact support. We outline how this defect can be repaired. First one checks
that the coefficients A\ in (5.136) given by (3.37) decay rapidly with respect
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to j and m if 277|m| — oo. The corresponding terms in g generate a function
in S(R™) which can be omitted. Furthermore in the above indicated one-to-one
map of G x Z" onto a subset of I"* x Z™ it can be assumed that points inside
a ball of radius R > 1 remain inside a ball of radius ¢R for some ¢ > 0 which
is independent of R. But then one can check that for a suitable cut-off function
X € D(R"™) one has g = (1 — x)g € S(R"). Hence s§(t) = s§(t) = s¢(t). We omit
the (unimportant) details. In a somewhat different situation we used arguments

of this type more carefully in Step 2 of the proof of Theorem 3.37. O

Remark 5.33. Hence one can transfer at least some assertions for (isotropic) Besov
characteristics to anisotropic spaces. But this does not immediately apply to other
properties based on finite Radon measures. Then a direct approach parallel to
the isotropic spaces may result in better assertions. An extension of (5.135) and
Theorem 5.32 to not necessarily compactly supported f € S’(R") has been given
recently in [Ved06].
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Weighted Function Spaces

6.1 Definitions and basic properties

6.1.1 Introduction

In the preceding Chapters 2-5 we dealt exclusively with unweighted function
spaces in R™ or on domains in R™. On the other hand corresponding weighted
spaces with a wide range of diverse types of weights have attracted a lot of atten-
tion. We are interested here in a rather special case replacing L,(R") in Definition
2.1 by a weighted L,-space where the corresponding (smooth) weights are of at
most polynomial growth without local singularities. We continue the studies which
began in [HaT94al], [HaT94b] and had been presented in detail in [ET96, Ch. 4].
But we repeat all that is needed to make Chapter 6 independently readable. We
rely mostly on [HaT05]. Our main result is a wavelet isomorphism for the weighted
spaces considered, Section 6.2. As an application we deal in detail with entropy
numbers of compact embeddings between some of these weighted function spaces
with weights of polynomial type, Section 6.4, preceded by a preparation in Section
6.3 looking at corresponding compact embeddings between related weighted /,,-
spaces. This will be complemented in Section 6.5 where we deal with more general
weights (than in Section 6.4) and with (weighted and unweighted) radial spaces.

6.1.2 Definitions

We use the same basic notation as in Section 2.1.2. Furthermore, C*(R™) with
k € Ny is the space as introduced in (4.10), (4.11).

Definition 6.1. Let n € N. The class W™ of admissible weight functions is the
collection of all positive C* functions w on R™ with the following properties.
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(i) For all v € N{ there is a positive constant c,, with
| D w(z)| < cyw(x) for all x € R™. (6.1)
(ii) There are two constants ¢ > 0 and oo > 0 such that

a/2

0 <w(z) <cw(y) (1+ |z —yl?) for allx € R", y € R™. (6.2)

Remark 6.2. Let w be a measurable function in R" satisfying (6.2). Let g be a
non-negative C*° in R™ with support in the unit ball and, say, g(0) = 1. Then

wy(@) = (wrg)(w) = [ gl y)uly)dye W™ (63)

Furthermore, w ~ wg. Nevertheless, (6.1) will be of some service for us, although
one might consider w € W™ with (6.1), (6.2) as a smooth representative in the
class of equivalent measurable functions with (6.2). If A > 0 and w € W™ then

MweW", weWw™, wlewn (6.4)

Furthermore, wy; + we € W™ and wiwy € W™ if wy € W, we € W™. We relied
in [HaT94a|, [HaT94b] and [ET96] on this class W™ as the underlying weights for
B-spaces and F-spaces in the framework of Fourier-analytical definitions. But it
is a special case of larger classes of weights and function spaces based on ultra-
distributions as considered in [Tri77], [Trif, Ch. 6,7], and studied in detail in
[ST87, Section 5.1]. There one finds also references to the original papers and the
relevant literature.

Recall that L,(R") with 0 < p < oo is the quasi-Banach space as introduced
in Section 2.1.2 and quasi-normed by (2.1). Then L,(R",w) with w € W™ and
0 < p < oo is the usual quasi-Banach space quasi-normed by

1f [Lp (R w)[| = [[wf [Lp(R™)]]. (6.5)

Otherwise we use the same notation as in Section 2.1.3 and in Definition 2.1.

Definition 6.3. Let ¢ = {¢p; 5= be the dyadic resolution of unity in R™ according
to (2.8)(2.10). Let w € W™ be as introduced in Definition 6.1. Let s € R and
0<q<o0.

(i) Let 0 <p < oo. Then By (R™,w) is the collection of all f € S'(R™) such that

q
1/q

1 1B R w)lle = | D279 (07 )" |Lp(R™, w)|? (6.6)
=0

(with the usual modification if ¢ = c0) is finite.
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(ii) Let 0 <p < oo. Then F,; (R",w) is the collection of all f € S'(R") such that

1/q

IF 1By R w)llp = || { D21 H)Y O] LR, w) (6.7)
j=0

(with the usual modification if ¢ = 00) is finite.

Remark 6.4. If w = 1 then we have the spaces B, (R") and F;, (R™) as introduced
in Definition 2.1. There is a huge literature about weighted function spaces. We
restrict ourselves to a few references closely related to the above approach. In
particular, [ST87, Section 5.1] (based on the above mentioned literature) deals
with spaces of the above type B; (R",w) and F}, (R",w) in the more general
framework of ultra-distributions. Then one can admit weights w where (6.2) is
replaced by

0<w(z) < cw(y)el‘"’j_ylﬁ7 with 0 < f<1and z € R", y € R™. (6.8)

It is remarkable that it is even possible to develop a corresponding theory with
smooth weights of exponential growth, w(z) = el*| if |x| > 1, for example. Then
one has to replace the above Fourier-analytical definitions by corresponding defi-
nitions in terms of local means. We refer to [Sco98a], [Sco98b], [Sco99]. Spaces of
the above type with (non-smooth) Muckenhoupt weights w in place of the above
smooth weights have been studied in [BPT96], [BPT97]. The most general ap-
proach to these types of spaces, combining (polynomial and exponential) smooth
weights with Muckenhoupt weights has been given in [Ry01]. We rely here on
[HaT94a], [HaT94b], and [ET96, Ch. 4] as far as basic assertions are concerned.
Some more specific references will be given in the Remarks 6.17 and 6.32, 6.34, in
connection with wavelet isomorphisms and, in particular, entropy numbers.

6.1.3 Basic properties

We collect a few basic properties available in the literature following mostly [ET96,
Ch. 4] and [ST87, Section 5.1].

Theorem 6.5. Let w € W™ according to Definition 6.1 and let B;, (R™, w) and
5 (R™,w) be the spaces introduced in Definition 6.3 with
seR, 0<p<oo(p<oo forthe F-spaces), 0 < q < oo. (6.9)

(i) Then B, (R™,w) and F, (R",w) are quasi-Banach spaces (Banach spaces if
p>1,q>1). They are independent of ¢ (equivalent quasi-norms).

(i) The operator f + wf is an isomorphic mapping from By (R™,w) onto
By, (R™) and from F,,(R",w) onto F; (R™). In particular,

[wf [BpgR™)[ ~ [ f | By (R™, w)| (6.10)
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and
[wf | Fpg R ~ (1 f [Fpe(R™, w)| (6.11)

(equivalent quasi-norms).
(i) Let I, with o € R be given by (1.5). Then

I, By, (R, w) = By 7 (R",w) and I,F; (R",w)=F; 7(R",w). (6.12)

Remark 6.6. All assertions are covered by [ET96], Section 4.2.2, pp. 156-160,
where one finds also references to the original papers. Part (i) justifies our omission
of the subscript ¢ in (6.6), (6.7) in what follows (as we already did in (6.10), (6.11)).
The substantial assertion in part (ii) has a little history. The first proof was given
in [Fra86b] based on paramultiplications, followed by [ST87], Section 5.1.3, pp.
245-249, using maximal functions and direct arguments. The shortest available
proof based on local means may be found in [HaT94a] and [ET96], Section 4.2.2.
The lifting property (6.12) extends (1.6) to the above weighted spaces. One can
replace I, in (6.12) by

Ipw: fr ((5)"5})\/1}’17 o ER, (6.13)

with v € W". We refer again to [ET96], Section 4.2.2, p. 158.

Let w € W™. Then the embeddings for unweighted spaces as described in the
points (i)—(iii) at the end of Section 1.11.1 remain valid if one replaces there (£2)
by (R",w). This follows from (6.10), (6.11). Comparing spaces of the above type
with different weights one gets the following assertion.

Theorem 6.7. Let w' € W™, w? €¢ W™, 0 < q1 < 00, 0 < g2 < 00. Let

—00 < 89 < 81 < 00 and 0<pr <p2 <oo. (6.14)
(i) Then
Fplg, R" w') — F2, (R",w?) (6.15)

if, and only if,
s1—n/p1 > s2—n/ps and ; <c< oo (6.16)

for some ¢ > 0 and all x € R™.
(ii) Then the embedding (6.15) is compact if, and only if,

s1—n/p1 > s2—n/pa and — 0 as|z| — oco. (6.17)
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Remark 6.8. We refer for a proof to [ET96], Section 4.2.3, pp. 160-161. It is an
easy consequence of Theorem 6.5 and compactness assertions for embeddings of
(unweighted) spaces in bounded domains as stated in Theorem 1.97. As there one
can ask what can be said about the degree of compactness expressed in terms of
entropy numbers. We return to this point later on in some detail. Quite obviously,
combining this theorem and, as indicated above, the embeddings (i)—(iii) in Section
1.11.1 with (R™, w) in place of (§2), one gets corresponding results for the B-spaces.
Explicit formulations may be found in [ET96], pp. 161/162.

6.1.4 Special cases

The classical Sobolev spaces, Holder-Zygmund spaces, and classical Besov spaces
in R™ as described in Section 1.2 have more or less obvious weighted counterparts.
The question arises to which extent they fit in the scheme of the spaces as intro-
duced in Definition 6.3. This is largely the case. Even more, some assertions of
Theorem 1.116 can be extended from the unweighted spaces B, (R"), F;, (R") to
their weighted generalisations. We restrict ourselves to a brief description following
largely [ST87], Section 5.1.4, pp. 249-253.

Let w € W™ according to Definition 6.1, m € Nand 1 < p < co. Then W (R", w)
is the collection of all f € L,(R", w) such that

1/p
£ WM RY w)ll = | D 1D Ly (R, w)|? < 0, (6.18)

la]<m

in generalisation of (1.4). Put W(R",w) = L,(R", w). Furthermore, let A} f be
the differences in R™ according to (1.11) or (4.32), where M € N and h € R". We
specify the ball means in (1.377) by

(@' f) (@)=t / AMf(z)|dh, z€R™, t>0. (6.19)
i<t

Recall that

1 1
o, =N —1 and Opg =N . -1 6.20
() )+ = intova) )+ (6.20)

where 0 < p < 00, 0 < ¢ < 0.

Theorem 6.9. Let w € W™ according to Definition 6.1 and let B, (R",w) and
5 (R™,w) be the spaces as introduced in Definition 6.3.

(i) Let 1 < p < oo and m € Ny. Then

Wm(R™, w) = F™(R", w). (6.21)

p p;
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(ii) Let 0 <p<o0,0<qg<00,0,<s<MeN. Then

1/q

n —sq M n q dh

1 [Lp(R™, w)]| + [R50 || AR F ILp(R™, w)| e (6.22)
[n|<1
(with the usual modification if ¢ = o00) is an equivalent quasi-norm in
By, (R™, w).
(i) Let 0 <p < o0, 0<g< o0, opg <s<MeN. Then
1 1/q

n —sq JM q dt n

I[f [ Lp (R, w) + ; A () |Lp(R™, w) (6.23)

is an equivalent quasi-norm in Fj (R™, w).
Remark 6.10. This theorem is a special case of [ST87], Section 5.1.4, pp. 249-250,
which applies to a larger class of weights in the framework of ultra-distributions.
Of course, (6.21) with m = 0 is the Paley-Littlewood theorem,

LP(Rn7w) = FO

2 (R™ w), weW" 1<p<oo. (6.24)

References to the original papers may be found in [Trig, Ch. 7] and [ST87, Ch. 5].
If w = 1 then one has the well-known assertions for the unweighted spaces B, (R")
and F; (R"™). We refer to Theorem 1.116, [Trif3, Section 2.5.12, pp. 109/110] and
[Trivy, Section 3.5.3, p. 194].

6.2 Wavelets

It is one of the main aims of Chapter 6 to extend the wavelet representations
in Theorem 3.5 for the (unweighted) spaces B, (R") and Fj, (R") to the corre-
sponding weighted spaces B, (R",w) and F;, (R", w) according to Definition 6.3.
We use the same notation as in Theorem 3.5. In particular, the functions of the
orthonormal basis

Uh¢ with j €Ny, GeGI, meZ", (6.25)
in Lo(R™) are denoted as k-wavelets if they are constructed according to (3.2)—
(3.5), based on the one-dimensional Daubechies wavelets with a real compactly
supported scaling function ) € C*(R) and a real compactly supported associated
wavelet 15; € C*(R). Here k € N. Further details and references may be found in
Section 1.7. We need the counterpart of Definition 3.1. Again let @, with j € Ny
and m € Z" be the dyadic cubes in R™ as introduced in Section 2.1.2 and let X jm
be the characteristic function of Q.
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Definition 6.11. Let w € W™ according to Definition 6.1. Let 0 < p < 00, 0 < g <
o0, s € R,

A={NfeC: jeNy, GeG, meZ"}, (6.26)
a/p\ V1
I [B5,( Z2J sy ( > w@Im)y Ag‘fp> (6.27)
GeGI \mezZn
and
1/q
IMfpg )l =1 D2 279 w(@Tm)? M xm ()] | Lp(R™) (6.28)
7,G,m

(with the usual modification if p = oo and/or ¢ = o0). Then

= {A: A [bp,(w)]| < oo} (6.29)
and

={X: I fpw)]| < oo} (6.30)

Remark 6.12. If w =1 then the above definition coincides with Definition 3.1.
In (6.28) the index set (j,G,m) is the same as in (6.27). Obviously, b, (w) and

»q(w) are quasi-Banach spaces. Furthermore,

1/q
M@l ~ DD 25 N xgmOIT | | Lp(R", w) (6.31)
7,G,m
as an immediate consequence of (6.28), (6.2).

One of the main instruments to extend Theorem 3.5 to weighted spaces is the
following localisation principle for F-spaces.

Proposition 6.13. Let s e R, 0 < p < 00, 0 < g <00 and w € W™. Let o be a
non-negative compactly supported C> function in R™ such that
Z o) ~1, xeR", where  o,,(z) = o(x —m). (6.32)
mezZ"
Then f € Fj,(R",w) if, and only if, o,,f € F;,(R") for any m € Z" and the
right-hand szde of the equivalence
1F 1By R w)|[P ~ > wP (m) [l f 1Fy (R™)]” (6.33)

mezZ™

is finite.
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Proof. The unweighted case
1 1Epg R~ > o f [F (R (6.34)

mezZ"

follows from [Triy|, Theorem 2.4.7, pp. 124/125, and pointwise multiplier asser-
tions of type

lgf [ FpR") < sup  [D¥g(2)] - || f [Fp(R")]] (6.35)
|a|<l,xeR™
where
N> > max(s,op — s). (6.36)

The latter assertion follows from [Triv], Section 4.2.2. But now (6.33) is a conse-
quence of (6.11), (6.34), and an application of (6.35) to w and w~! with (6.1),

(6.2). O
Remark 6.14. The above arguments can also be applied to

C*(R",w) = BS, (R",w) where s € R. (6.37)
Then one gets

1710 (B )| ~ sup wm) o, 1C°(E")]| (6.38)

The counterpart of (3.33) is now given by, say,

SONL2IPwEG e £ (w). (6.39)
7,G,m

As there one has again unconditional convergence in S’(R™), which justifies the
abbreviation (3.34). This follows from the unweighted case and (6.27). It can be
extended to the B-spaces (by elementary embeddings). If p < oo, ¢ < 00, in (6.39)
and its b-counterpart, then the corresponding series converge unconditionally in
Fy (R, w) or By (R",w). Otherwise one has as in Theorem 3.5 at least local
convergence, say, in B, (K) for any ball K and ¢ < s. But this can now conve-
niently be reformulated as unconditional convergence in By (R",w) with o < s
and @ € W™ such that w(x)w~!(x) — 0 if |z] — oco. (The latter is only needed
if p = oo, hence for the spaces B, ,(R",w), in particular C*(R", w) according to
(6.37)). This can also be obtained as a by-product of the proof of the following
theorem. We add a comment about this question in the remark after the proof.

Theorem 6.15. Let w € W™ as in Definition 6.1 and let W),C be the k-wavelets
according to (6.25) and as specified in (3.1)—(3.5).

(i) Let 0 <p<o0,0<qg< o0, s€R and

2
max (s, "4 ;‘ - s> <keN. (6.40)
p
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Let f € S'(R™). Then f € B;, (R",w) if, and only if, it can be represented
as
f=Y NG mPwiG  Xe by, (w), (6.41)
J,Gym
unconditional convergence being in S'(R™) and in any space B, (R", @) with
o < s and w(z)w (x) — 0 if || — oo. Furthermore, the representation
(6.41) is unique, ‘ ‘ ‘
NG =9I/ (FwlC) (6.42)

and

I f— {21’”/2 (f. \If{f)} (6.43)

is an isomorphic map of B, (R",w) onto by (w). If, in addition, p < oo,
q < oo, then {W5Y} is an unconditional basis in By, (R™, w).
(ii) Let0<p<oo,0<qg< o0, s€R and

2n n
- . 44
max <s, min(p, q) + 9 s) <keN (6.44)

Let f € S'"(R™). Then f € F,,(R™,w) if, and only if, it can be represented as
F=00 MEaPuns e f(w), (6.45)
7,G,m

unconditional convergence being in S'(R™) and in any space Fg, (R™,w) with
o < s and w(z)w (x) — 0 if |x| — oo. Furthermore, the representa-
tion (6.45) is unique with (6.42), and I in (6.43) is an isomorphic map
of Fy,(R™,w) onto f, (w). If, in addition, ¢ < co then {Wi G} is an uncon-
ditional basis in Fy, (R", w).

Proof. Step 1. Let

f= Z NG 9min/2 @i G Z fi A€ fr(w), (6.46)

J,Gym lezn
where f; are partial sums with
supp fi C{y: |y —1| <a} (6.47)

for some (sufficiently large) a > 0. In particular one obtains by Theorem 3.5 that
fi € F;,(R™). Using the pointwise multiplier assertion (6.35) and Proposition 6.13
one gets f € Fy (R", w) and

1S 15y (R™, w)| < e [[A]fpq(w)] (6.48)

for some ¢ > 0 which is independent of .
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Step 2. We prove the converse of (6.48). Let C' > 0. We apply Proposition 6.13 to
[ € F,,(R", w) where we may assume that o(z) = 1 for [z| < C. If C'is large then
one finds for any j € No, G € G’ and m € Z" at least one [ € Z" such that

(£, 955) = (uf U5°5) - (6.49)

Then the converse of (6.48) follows from Proposition 6.13 and Theorem 3.5. The
remaining assertions are the same as in the unweighted case. In particular we
have (6.42) and the isomorphic map (6.43) of Fj (R",w) onto f,, (w). As for
convergence we refer to the above comments complemented below in Remark 6.16.
If ¢ < oo then we have convergence in Fj, (R",w) and {¥7,%} is an unconditional
basis. This proves part (ii).

Step 3. We prove part (i). By (6.37), (6.38) the above arguments can be extended
to C*(R", w) = B5 . (R", w) which gives the possibility to incorporate now p = co.
Otherwise we rely on interpolation applied to B, (R",w) = F; (R",w) (if p < 00).
According to [Trif3], Theorem 2.4.2, p. 64, we have for 0 < p < 00, 0 < g < o0,
0<d<1,

—00 < s9 < 51 < 00 and s=(1—0)so + 0s1, (6.50)
the real interpolation

(Bpo(R™), B;;,(R"))e’q = B, (R"). (6.51)
Choosing k in Theorem 3.5 sufficiently large, then we can apply the isomorphic
map in (3.38) to all spaces in (6.51) and one gets the sequence counterpart of
(6.51),

(b5, by

pp? pp)e,q

= b, (6.52)

Using the isomorphic map in Theorem 6.5 and its obvious sequence counterpart
one obtains
(Bop(R™, w), By (R, w)),, = By, (R", w) (6.53)

and |
(b3o (w), b4 (w)) 0.0 = Upg(W0)- (6.54)

Recall that by, (w) = f,,(w). Now part (i) of the theorem follows from part (ii)
and the indicated interpolations. In particular if p < 0o, ¢ < 0o then {\I/{nG} is an

unconditional basis in By (R", w). O

Remark 6.16. We return briefly to the question of convergence. If p < oo, ¢ < o0,
then the series in (6.41), (6.45) converge unconditionally in the corresponding
spaces. This follows from the isomorphisms and the same properties of the re-
lated sequence spaces. Let p < 0o, ¢ = co. Then it follows from, say, (6.41) that
we have unconditional convergence in By (R",w) with ¢ < s and that all par-
tial sums are uniformly bounded in B, (R",w). But this is sufficient to ensure
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that f € Bj,(R",w) as a consequence of (6.10) and the Fatou property for un-
weighted spaces as it may be found in [Trie], p. 360. Similarly for F,; (R", w).
In case of B, ,(R",w) one has to compensate in addition the behavior at infinity
which can be done, as indicated, by introducing a second smaller weight w with

w(xr) w1 (z) — 0if |z| — oo.
Remark 6.17. We followed essentially [HaT05]. Another proof for
By, (R",w) with s>0, 1<p<oo, 1<g¢g<o0,

was given in [KLSS03b] extending wavelet bases for the spaces in (1.155) to their
weighted counterparts. References for wavelets in unweighted spaces B (R"),
F;,(R™) and in some of their modifications have been given in Remarks 1.63, 1.66,
3.7, 5.25. We always prefer inhomogeneous wavelets. For unweighted (isotropic)
spaces one can develop a corresponding theory for homogeneous spaces largely
parallel to inhomogeneous wavelets. One may consult the above references. But in
case of weighted spaces it apparently makes a big difference whether one deals with
inhomogeneous wavelet bases of Daubechies type or Meyer type or with related
homogeneous wavelet bases. In [Lem94] the question is treated under which con-
ditions for a positive Borel measure p on R the homogeneous Daubechies wavelets
are an unconditional Schauder basis in L,(R, ) with 1 < p < co. It comes out
that this is the case if, and only if, 4 = vy where puy is the Lebesgue measure
and v belongs to the Muckenhoupt class A, which restricts the growth of v(x) if
|x] — oco. By Theorem 6.15 the situation is different if one deals with inhomoge-
neous Daubechies wavelets (as far as the necessity is concerned). An extension of
[Lem94] to R™ and to more general, not necessarily compactly supported, homo-
geneous wavelet bases in L,(R", 1) with 1 < p < 0o, has been given in [ABMO03].
There one finds further references. Matrix-valued generalisations of weighted ho-
mogeneous Besov spaces

By, (R™, w), seER, 1<p<oo, 0<qg<oo, (6.55)

have been considered in [Rou02], where again w is a Muckenhoupt weight (but also
some more general weights are treated). There are obtained isomorphic maps of
type (6.43) in terms of homogeneous wavelet bases of Daubechies type and Meyer
type. We refer in particular to [Rou02], Corollary 10.3, p. 309. Most recent results
may be found in [HaPi05], [Pio06] including interesting connections to fractals.

6.3 A digression: Sequence spaces

6.3.1 Basic spaces

By Theorem 6.15 problems of continuous and compact embeddings between
weighted function spaces can be reduced to corresponding assertions between se-
quence spaces. This Section 6.3 might be considered as a preparation for what
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follows in Section 6.4. But we hope that the assertions are also of some self-
contained interest. In some sense we continue our studies from [Trid], Chapter II.
Recall our use of ~ indicating equivalence according to Remark 1.98.

Definition 6.18. Letd >0, >0,0<p <00, and 0 < g < co. Let

M; € N such that M; ~ 27 where j € Ny, (6.56)
A={Nr€C: jeNy, r=1,...,M;}, (6.57)
and
- M, a/p\ /4
[Meg 2790)5) || = [ D270 | > [nl? (6.58)
7=0 r=1

(with the usual modification if p = 0o and/or ¢ = o). Then
g (2°0005) = { X+ ||N]tg (27°0)59) || < o0} (6.59)

Remark 6.19. In case of 6 = 0 we write {4 (€59). Tt is quite obvious that Zq(27561]‘,/[j)
is a quasi-Banach space (Banach space if p > 1, ¢ > 1). These spaces have been
introduced in [Trid], Section 8. They played in [Trid] and also in [Trie] a decisive
role in connection with the spectral theory of fractal elliptic operators. We are
interested in compact embeddings between these spaces expressed in terms of
entropy numbers. Entropy numbers e (T') for continuous embeddings T' between
quasi-Banach spaces have been introduced in Definitions 1.87 and 4.43.

Theorem 6.20. Let d > 0, 6 > 0, and M; € N according to (6.56). Let 0 < p; < oo,

1 1 )
=+ . 6.60
Y2 P d ( )

De <p2 <00, 0<q <00, 0< g2 <00, Then
id: Ly, (27°005) — £, (655) (6.61)

is compact and
. _s4 11

ep(id) ~ k™42, ke N. (6.62)

Proof. Step 1. For pa > p1 a proof may be found in [Trid], Theorem 8.2, pp. 39-41.
Step 2. Let px < pa < p1. We decompose id as
id = idg 0 idy (6.63)
with
idy ol (2790005) < 4, (zjgzM-f) , b=d ( v ) , (6.64)
P1 P1 D2 p1

and ~
iyl (2760) oy, (30). (6.65)
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By Holder’s inequality, based on 12 =1 +( L 19 it follows that idy is a linear

and bounded map. Then one gets by Stlep 1 and PlI“OpOSItIOIl 1.89,
_ 1

exn(id) < cex(idy) < ¢k a0=9) = ¢ g aTr " m (6.66)

where ¢ and ¢’are independent of k € N.

Step 3. It remains to prove that the inequalities in (6.66) are equivalences, again
under the hypothesis p. < ps < p;. Let, in addition, p; < co. We apply Proposition
1.91(i) to

A=ty (27°0015), By =4ty (0)55), Bi=tlg (635), (6.67)
with pa < p1 < p3. Then Hélder’s inequality leads to (1.288) with

1 1-6 0
By = £, (¢ where = + . 6.68
0=t (637) p1 D2 D3 (6.68)
We assume now that for given d,d,p1,¢1 (with p; < 00) the converse of (6.66) is
wrong for some ps (with p, < p2 < p1) and go. Then there is a sequence k; € N
with kj — oo if j — oo and

S5 1 1
er,(id: A= Bo)- k! ™7 S0 i j— o0, (6.69)

Since (1 — 6)(} — pll) +0(r - pl) = 0 it follows by (1.289), (6.69), and the

P2 p3
corresponding estimate from above for A <— B that

ean; (id: A Bg) - k) 0 if j— cc. (6.70)

But this contradicts (6.62) with po = p; which is covered by Step 1. If p; = o0
then the above arguments do not work. Since we wish to disprove the counterpart
of (6.69) we may assume ¢ < oo. Let d/§ = p. < pa < p1 = oco. We apply
Proposition 1.91(ii) to

Ao =Ly, (2°00), Ar=1t,, (2°0)%), B=tu (60)  (6.71)

where 0 < 6 < 1. Then id : A; — B is also covered by the conditions of the
theorem. We may assume ¢10 = 1. By [Tria], Theorem 1.18.3/2, p. 127, we have

(%76{‘4)% =0, @b =1, (6.72)
and, hence,

A= (Ao, Ar)g,, = Lg (2°0}0). (6.73)
By (1.290) one can now argue as above and disprove the counterpart of (6.69),
reducing it to the previous case. O

Remark 6.21. The above theorem extends py > p; in [Trid], Theorem 8.2, p. 39,
to the more natural restriction p, < pa < co. We relied on [HaT05]. But this
assertion follows also from the more general Theorems 3 and 4 in [Leo00a].
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6.3.2 Modifications

We modify the sequence spaces from Section 6.3.1 so that they are better adapted
to our later needs.

Definition 6.22. Let 6 >0, >0, 0<p < o0, and 0 < g < co. Let
A={\,eC: jeNy; reN} (6.74)

and
1/q

oo o a/p
[X1€q (27°€p()) || = | > 27 (Z ro? IAN> (6.75)
7=0 r=1

(with the usual modification if p = oo and/or ¢ = o). Then
by (27°0,(0)) = {X\: || g (27°4,(a))|| < oo} (6.76)

Remark 6.23. In case of § = a = 0 we write £4(¢,). It is quite obvious that
0,(27°¢,(c)) is a quasi-Banach space (Banach space if p > 1, ¢ > 1).

Theorem 6.24. Let § > 0 and a > 0. Let 0 < p; < o0,

= Hao (6.77)
D p1

P <p2<00,0< ¢ <00 and0 < gy <oo. Then
id: Ly (2j6£p1 (a)) = Ly, (€p,) (6.78)

is compact and
1 1
ep(id) ~ k™ F 2" keN. (6.79)

Proof. Step 1. Let a > 0,6 >0, and 0 < p=¢ < o0 in (6.75). Then

szzwm ~ 3 2 Y

7,0=0 rek;

(6.80)
SDRLD9) N
1=0 reK;
where 7 € K; means r ~ 2'%/%_ Hence,
0y (2°0p(a)) 2 £, (27°0005)  with M; ~ 2% d=4/a, (6.81)

in the interpretation of (6.80) and Definition 6.18. Here 2 means isomorphic quasi-
Banach spaces. Modifying (6.80) appropriately one gets (6.81) also for p = ¢ = oo
Obviously, (6.77) coincides with (6.60). Now (6.79) with ¢; = p1 and g2 = p2
follows from (6.62).
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Step 2. Since (6.79) does not depend on 6 > 0 one can replace g1 = p1 by any
couple (p1,¢q1) with 0 < ¢1 < oo (estimates from above and from below at the
expense of §). The same argument applies to the target side, since (6.78) with the
outcome (6.79) can be generalised by

id: Ly, (277 0y, (q) < Ly, (27°2¢,,) (6.82)
with §; > ds. O

The next modification is motivated by the spaces by, (w) in Definition 6.11 for the
special weight w(z) = (1 + |2]?)*/? with a > 0.
Definition 6.25. Letn € N, 6 >0, a>0,0<p < oo and 0 < q < oco. Let

A={A\jmeC: jeNy; meZ"} (6.83)
and
a/p\ /4
1M 1tg (2705 a ZW ( > (+279m))™ Ajmw) (6.54)
mezZn

(with the usual modification if p = oo and/or ¢ = o). Then
lq (2°0,(@)) = {X: ||A ]l (27°4()) || < o0} . (6.85)

Remark 6.26. If 6 = o = 0 then we write (4({,)n. It is quite obvious that
0,(27°¢,(a)),, are quasi-Banach spaces (Banach spaces if p > 1, ¢ > 1).

Theorem 6.27. (i) Let 6 >0, « >0, § Za, 0 < p; < o0,
11 in(a, 6
_ 1 min(a, J)

_ , 6.86
D P1 n ( )

D <p2<00,0< ¢ <00 and0 < gy <oo. Then
id: Ly (2770, (@),, = Loz (Cpy)n (6.87)

is compact and
min(a, 6)+ 1 1

er(id) ~ k™ 7 FtmTa kel (6.88)

Proof. Step 1. We modify the proof of Theorem 6.24. Let, as there, a > 0, 6 > 0,
and 0 < p = ¢ < oo in (6.84). Then

22]5;; Z 142 y‘m‘ aP|A]m‘PNZQJ5PZQMp Z IAjm [P

mezn mEK]

~Z2’5”Z 2. Pimiml

1= Om»’:'K7 !

(6.89)
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where Klj collects all terms with 1 + 277|m| ~ 2/ The cardinal number of

K] is ~ 20+19/@)n and, hence the cardinal number of the two last sums on the
right-hand side of (6.89) is

J
Mj ~ 2y gin(a D), (6.90)
=0

If p = ¢ = oo then one has to modify in the usual way.
Step 2. Let § > «. Then

M; ~ 2% with d=dn/a where j € Ny, (6.91)

and we have an obvious counterpart of (6.81), where (6.86) coincides with (6.60).
Now one gets (6.88) for all cases by the same arguments as in the two steps of the
proof of Theorem 6.24.

Step 3. Let § < a.. Then it follows from (6.90) that M; ~ 29" and (6.86) coincides
with (6.60) where now d = n. Then one obtains

1

ex(id) ~ k" nte T, keN, (6.92)
for the special cases
id: Ll (27°0,,(00) < Ly, (Cpy)n- (6.93)
To extend (6.93), (6.92) to all embeddings (6.87) we use the interpolation
(Eu (2j51£p1 (O‘))n » by (2j§2£p1 (a))n)g)ql =g, (2j6£p1 (a))n (6.94)

with § = (1 — 6)d; + 062 where §; < 02 < o, 0 < 6 < 1 and w,v,q; € (0, 00]. This
follows from [BeL76], Theorem 5.6.1, p. 122, first extended to A = ¢,, and then by
isomorphic maps to ¢,(«). Similarly for the target side. Now it follows from the
interpolation properties for entropy numbers according to Proposition 1.91 that

. _641_1
ep(id) <ck »'r2 e, keN, (6.95)

for all id in (6.87) and § < «. Having (6.95) for all id and (6.92) for the special
embeddings in (6.93) one can now argue as in Step 3 of the proof of Theorem
6.20. For this purpose one assumes that one has an assertion of type (6.69) for
some id with (6.87). Using (6.94) and again Proposition 1.91 one would get a
corresponding assertion for some id with (6.93) in contradiction to (6.92). O

Remark 6.28. In Section 6.3 we followed essentially [HaT05]. All assertions in The-
orems 6.20, 6.24, 6.27 rely on [Trid], Theorem 8.2, pp. 39-41, which coincides with
Theorem 6.20 restricted to ps > p1. Afterwards we used only general means such as
Holder inequalities, interpolation properties for entropy numbers and elementary
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rearrangements. We avoided, so to say, to go inside the (mixed, weighted) £,-spaces
as we did in [Trid]. Nearest to the subject considered here are the series of papers
[Leo00a], [Leo00b], [Leo00c], and, partly based on them, [KLSS03a], [KLSS03b],
[KLSS04], [KLSS05a], [KLSS05b]. There is some overlap with the above theorems.
This applies in particular to the spaces considered in Theorems 6.24 and 6.27. A
proof of Theorem 6.24, restricted to 1 < p; < p2 <00, 1 <q1 <00, 1< ¢ < 0,
was given in [KLSS03a], Theorem 3, p. 262/263. A proof of Theorem 6.27, again
restricted to p1 > 1, p2 > 1, 1 > 1, ¢2 > 1, may be found in [KLSS03b]. The
restriction to the case of Banach spaces has been removed in the indicated subse-
quent papers by the same authors. We refer in particular to [KLSS05a], Corollary
2. But the main aim of the two series of papers mentioned above is not only to re-
cover and to complement existing results, but to deal with more general sequence
spaces, replacing 27° in (6.58), (6.75) by some sequences of positive numbers 3;
and to modify r* in (6.75) appropriately, everything now based on a new method.
Furthermore, special attention is paid to the limiting case 6 = « in Theorem 6.27
which we excluded (but we return to this point later on). A description of these
results is beyond the scope of this book. Some of these papers deal with gener-
alised sequence spaces for their own sake. But mostly they prepare via wavelet
isomorphisms corresponding assertions in weighted Besov spaces with generalised
weights (as reflected by the titles). The close connection between (weighted and
unweighted) Besov spaces and sequence spaces of the types as introduced in Def-
initions 6.18, 6.22, 6.25 has been known for some time (before and independently
of the wavelet isomorphisms as described in Theorems 3.5 and 6.15). This might
explain the great interest in dealing with mappings between these sequence spaces
and especially with entropy numbers of compact embeddings. In addition to the
above papers we refer to [Kuhn84], [Mar88|, and more recently, [EAH99], [EAHO00],
[CoKO01], [KuS01], [Bel02], [Kuhn03], [Kuhn05].

6.4 Entropy numbers

6.4.1 The main case

We are interested in entropy numbers ey (id) for compact embeddings between
weighted spaces as introduced in Definition 6.3, say,
id: B, (R",w') — B2 (R" w?). (6.96)

p1g1 Pp2q2
As for entropy numbers and their properties we again refer to Section 1.10. In case
of arbitrary bounded domains we have the satisfactory assertion in Theorem 1.97.
First we collect what we know so far, simplify and specify what will be considered.
By elementary embeddings it follows from part (ii) of Theorem 6.7 that for (6.14)
also the embedding (6.96) is compact if

s1—n/p1 > s2 —n/pa and —0 as |z|] — 0. (6.97)
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One may ask to what extent the conditions s < s1 and p; < py in (6.14) are
necessary for the compactness assertion and whether ¢; and ¢ play a role now.
Furthermore, without restriction of generality one may assume that w? = 1 in
(6.96) which reduces the target spaces in (6.96) to the unweighted spaces B2, (R")
according to Definition 2.1. Then one has

w(z) =w'(z) - 00 if |z — oo in (6.97).

This reduction follows from the isomorphisms in Theorem 6.5(ii). By the same
property and (1.299) one has for s € R, 0 < p < oo and ¢,u,v € (0,00] the
continuous embedding

By, (R", w) — F5 (R",w) — By (R",w) (6.98)

if, and only if, 0 < u < min(p, ¢) and max(p,q) < v < co. In other words, in those
cases where the entropy numbers e (id) for compact embeddings (6.96) do not
depend on ¢; and g one can immediately replace the B-spaces by the F-spaces.
(This will always be the case with the exception of limiting situations,) We specify
the above weight w by wq,

wa(z) = (1 +|z[)*?  with aeR, (6.99)
hence we are mainly interested in compact embeddings of type
id: By, (R"w,) — Bp2, (R"). (6.100)

Obviously, w, € W™ according to Definition 6.1. If £ € N is large enough then
one can apply Theorems 3.5(i) and 6.15(i) to both spaces in (6.100) with the
same wavelet isomorphisms. Then the entropy numbers of the compact embedding
(6.100) are equivalent to the entropy numbers of the compact embedding

id: b0, (we) < b2 (6.101)

P1q1 P2q2

(including that id in (6.100) is compact if, and only if, id in (6.101) is compact).
Here b;,, and by, (w, ) are the sequence spaces according to Definitions 3.1 and 6.11
with w = w,. For the question of whether id in (6.101) is compact and how the
entropy numbers are distributed (up to equivalences) the summation over G € G7
in (3.7) and (6.27) is immaterial. Then we arrive at the spaces in Definition 6.25.
In particular, the question of whether id in (6.100) is compact and how the entropy
numbers are distributed is equivalent to the corresponding questions for

id: Ly, (2790, (@), = Loy (Lpy)n (6.102)
with
azsl—”—<52—”). (6.103)
P D2

Although the conditions under which id in (6.100) is compact are largely known
and covered by [HaT94a] and [ET96], Section 4.3.2, we formulate them again and
give a short proof reducing everything to (6.102).
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Figure 6.4.1

Proposition 6.29. Let s1,$2, ¢ € R and p1,p2,q1,92 € (0,00]. Let 6 be given by

(6.103) and

11
= 49 (6.104)
D P1 n

Then id in (6.100) is compact if, and only if,
81 >89, 0>0, a>0, py>p., (6.105)

(the shaded area in Figure 6.4.1).

Proof. The if-part is the subject of the next theorem (and well known by the
above references). We prove the only-if-part. Continuous embedding in (6.102)
means that there is a number ¢ > 0 such that

1/q2

i ( Z /\jm|p2>qz/p2

j=0 \mezn

00 q1/p1
<c Y 2w ( >+ |2fm|)aP1Aij1>
j=0

mez™

" (6.106)
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for all sequences {Aj,, }. The first two assertions in (6.105) are local. Let
Ajm = a; 279"/P2 if |m| <27 and zero otherwise. (6.107)
Then (6.106) means

1/q2 /¢

> a2 e [ D pmengn (6.108)
j=0 j=0

where we used (6.103). But there is no compact embedding if so > s;. Similarly one
obtains the second assertion in (6.105) inserting A\jo = a; and Aj, = 0 otherwise,
in (6.106). The two remaining assertions in (6.105) are global. Inserting Ao, = A
and Aj, = 0 otherwise in (6.106) it follows that there is no compact embedding
if o < 0. As for the last assertion in (6.105) we insert

Aom = a;27"/P2 if |m| ~2' where €N, (6.109)

and Aj,, = 0 otherwise in (6.106). Then one gets

0 1/p2 0 1/p1
<Z|al|m> <ec (Z 21p1(a7p"2+p"1) Cllp1> ) (6.110)
1=0 1=0
There is no compact embedding if ps < p,. O

Remark 6.30. The simplicity of the above arguments depends on the specific na-
ture of id in (6.102), (6.106). One may generalise (1 + [277m|)® by some positive
weights w;,, and 27% by some positive numbers B;. Then the question under which
conditions the counterpart of (6.102) is compact is more complicated. A complete
solution of this problem has been given in [Leo00a], [KLSS03b] and [KLSS05a,
Theorem 1]. Specified to the situation considered here there is also an explicit
formulation of the above proposition in [KLSS05a].

Theorem 6.31. Let
s1 € R, 0<pr < o0, 0<q1 < oo, (6.111)

and let wy be given by (6.99) with o > 0. Let

1 1
=+ (6.112)
D D1 n
—00 < 83 <51 <00, Pe<p2<o0, 0<@gp<oo and §>0, (6.113)

where 0 is given by (6.103) (the shaded area in Figure 6.4.1). Then

id: BT, (R",wa) — B2, (R") (6.114)

pP1q1 p2q2



6.4. Entropy numbers 283

is compact. Let ey (id) be the corresponding entropy numbers. If 6 < « then
er(id) ~ k=", keN. (6.115)

If 6 > o then
[e% 1 1
ep(id) ~k™nTr2"m . keN. (6.116)

Proof. As mentioned above, id in (6.114) is compact if, and only if, id in (6.102)
is compact, and the entropy numbers of these two operators are equivalent to
each other. If 6 > « then (6.86) coincides with (6.112) and (6.88) coincides with
(6.116). Let 0 < 6 < a and let, temporarily, p° be the corresponding number on
the left-hand side of (6.86), hence

1 1 ) S1 — 82 1

s =+ = + . (6.117)
p b1 n n b2

We are on the broken line in Figure 6.4.1 with (plrs , 1) as an endpoint. In particular,
p2 > p° covers the whole line and one gets by (6.88) and (6.103) that

ex(id) ~kntr T =k~ peN. (6.118)
[l

Remark 6.32. Since both (6.115) and (6.116) are independent of ¢, ¢ it follows
that one can replace B on the left-hand side of (6.114) by F' if p; < oo and inde-
pendently B on the right-hand side of (6.114) by F' if ps < co. The theorem has a
little history. It goes back to [HaT94a], which may also be found in [ET96], Sec-
tion 4.3.2, where we proved (6.115) as stated but (6.116) only under the additional
restriction p, < po < p;. If po > p; then we obtained only the estimate

ck™ntr T <er(id) < ¢ b nte T (log k)lel 1o (6.119)

for all e > 0 and some ¢ > 0, ¢. > 0. But it had been conjectured in [Har97b],
Section 2.5, that one has (6.116) also if po > p;. A first affirmative answer was
given in [KLSS03b], Theorem 7, under the restriction that pi,ps,q1, g2 are larger
than or equal to 1. This restriction has been removed in [KLSS05a]. We followed
here again [HaT05]. With exception of some rearrangements as outlined in Section
6.5.1 we restrict ourselves exclusively to the weights w, according to (6.99). It is
the main aim of [KLSS05a] to deal with more general weights, preferably of type

w(z) = (14 |z[2)°2 ¢ (|z]), a >0, (6.120)

where 1 is a perturbation. Then one gets again assertions of type (6.115), (6.116),
but now the function ¢ comes in. We refer for details to [KLSS05a]. If w(x) tends
to infinity if |#| — oo, but rather slowly, say as (log|z|)? for some 3 > 0, then
the situation is different. The breaking point @ = § in Theorem 6.31 disappears
and the entropy numbers of related compact embeddings depend only on w(x).
We refer for details to [KLSS05b].
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6.4.2 The limiting case

So far we excluded in Theorem 6.31 the limiting case &« = § which corresponds to
the line L in Figure 6.4.1 Then the two exponents in (6.115), (6.116) coincide,

1 1 ) 1 1 —
T (6.121)
no p1 P2 n o p1 P2 n

But in general the entropy numbers e (id) for id in (6.114) with « = § behave
differently. For example, if

—00 < 89 < 81 < 00 and a =81 — 89 (6.122)
then
BN
el € R o @)~ (0 )L T<keN (61

where C*(R™) are the Holder-Zygmund spaces according to (1.10) and
C°(R",w) = B3 . (R",w), seR, weWwW", (6.124)

are their weighted counterparts. We refer to [HaT94a] and [ET96], p. 179. There
one finds also further assertions both for B-spaces and F-spaces with o = §. But
they are mostly estimates. This tricky problem attracted some attention over the
years. We formulate here a result as it came out quite recently.

Theorem 6.33. Let s1,p1,q1, W, with a > 0, and p, be as in (6.111), (6.112). Let
$2,D2,q2 be as in (6.113), now with

a:é:sl—”—<52—">7 (6.125)
p1 p2
the line L in Figure 6.4.1. Let

S1 — S2 1 1

0= + - (6.126)
n Q@2 q
Then
id : B;iql (R™, wy) < B;’;’LD (R™) (6.127)
1s compact. If o > 0 then
en(id) ~ k= (logk)?, 1<keN. (6.128)

If o <0 then
O,

en(id) ~ k=7, keN. (6.129)
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Remark 6.34. The most surprising assertion is the genuine ¢g-dependence of ey (id)
in (6.128). This effect had been discovered in [Har95a], [Har97a], [Har97b] for some
couples (p1,p2) and (g1, ¢z2). The next step was done in [KLSS03b], Theorem 10,
proving (6.128) with ¢ > 0 in case of Banach spaces and under some additional
more handsome restrictions for the parameters involved. Taking these results as
starting point we gave in [HaT05], Theorem 4.3, a proof of (6.128) with o > 0
under the above conditions, relying essentially on some interpolation. Furthermore,
in [HaT05], Conjecture 4.11, we formulated (6.129) with ¢ < 0. But we could not
prove it. A complete new proof of the above theorem is due to [KLSS04], Theorem
2. There one finds also for the interesting limit-limit case o = 6, o = 0,

S1—52

B~ <ep(id) <k~ n (loglogk)Y ', 4<keN, (6.130)

(log taken to base 2).

Remark 6.35. There are some assertions in [HaT94a|, [ET96, Theorem 4.3.2] and
[HaT05] for F-spaces in the limiting situation & = ¢ > 0. But they are less
complete than for B-spaces. However according to [HaT94a], [ET96] one has for
all parameters covered by Theorem 6.33 (now with p; < 0o, p2 < 00)

o1-s2

e (id: FS (R"w,) — F2 (R™)) =k~ '

pi1q1 P2q2

(log k)/™, (6.131)

1 < k € N. One may conjecture that this estimate is an equivalence in all cases.
This is supported by (6.127), (6.128) with p; = ¢1, p2 = g2, and, hence, o = a/n.
Furthermore we quote the following special case from [HaT05], Corollary 4.7. Let
Hy(R™) with 1 < p < 00, s € R, be the Sobolev spaces as introduced in (1.7),
(1.8) and let

HI(R",w) = F5,(R"w), weW", 1<p<oo, scR, (6.132)

be the weighted counterpart with the classical Sobolev spaces W, (R", w) accord-
ing to (6.21) as a special case. Let

—00< Sy < 81 <00, l<p <oo, a>0, (6.133)

P« as in (6.112), max(1,p.) < p2 < p; and (6.125) (limiting case). Then

_s1—sg

ex (id: HJ'(R™ wa) — H2(R")) ~ k™ = (loghk)™/™, (6.134)

1<keN.

Remark 6.36. Instead of entropy numbers one can measure the degree of com-
pactness in terms of approximation numbers. What is meant by approximation
numbers may be found in Definitions 1.87 and 4.43. We described in Theorem
1.107 what is known about approximation numbers of compact embeddings in
(unweighted) function spaces in bounded Lipschitz domains. What can be said
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about approximation numbers for compact embeddings between weighted func-
tion spaces, again with id in (6.100) as the case of preference? The first decisive
step was taken in [Har95b]. A description of these results may also be found in
[ET96], Section 4.3.3. The outcome is now more complicated than in the case
of entropy numbers. These results have been complemented in [Cae98] and quite
recently in [Skr05].

6.5 Complements

6.5.1 The transference method

In connection with anisotropic spaces we described in Section 5.3 a method which
allows us to transfer assertions for isotropic Besov spaces to corresponding aniso-
tropic Besov spaces. This did not work equally well for the F-spaces. We reduced
this problem to corresponding sequence spaces quasi-normed according to (5.114),
(5.115) and applied Proposition 5.26. Now we are in an even better position since
the transference argument works here both for B-spaces and F-spaces.

Proposition 6.37. Let w € W™ and w € W" according to Definition 6.1 such that
for some permutation P of the points of 7.,

w(Pm) ~w(m), m e Z". (6.135)

Let either A= B or A =F and let

idy : Ap, (R"w) — A2 (R™) (6.136)
be compact. Then
idg :  Ap, (R w) — A2 (R") (6.137)
s also compact and
er(idy) ~ ex(idg), keN. (6.138)

Proof. By Theorem 6.15 one can shift this problem to the corresponding sequence
spaces. In case of the F-spaces, say F);l, (R",w), we denote the integrand in (6.28)
by A(x). Let @Q; be cubes with side-length 1 centred at | € Z" (and with sides
parallel to the axes of coordinates) and let y; be the characteristic function of Q.
Each Q; is naturally divided into 27 subcubes of side-length 277. We may assume
that xjm in (6.28) are the characteristic functions of these subcubes. This minor
technical modification is quite obvious, but is also a consequence of Proposition
1.33. Then

AL Pllh w)||P = Z/ z)xi ()P do = Z/ x)|P dz. (6.139)

lezn lezn
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If 279m € @ then one can replace w(277m) by w(l) and hence by w(Pl). One
transfers A(z) from @Q; to @ p;, and changes the integration over @; by an integra-
tion over @Qp;. As for the sequence A\ one gets a permutated sequence PA and a
linear and isomorphic map

[P piqn @)~ XS5 g (w)l- (6.140)
In case of the B-spaces one has (6.27). One can argue in the same way as above
for each level j. Now (6.136) can be transferred to the sequence side. In case of the
unweighted spaces on the right-hand side of (6.136) one can apply any permutation
such as P~! with (6.135). This reduces id to id, and vice versa. One obtains in
particular (6.138). O

Remark 6.38. The replacement of quasi-norms in the above function spaces by
equivalent ones does not influence assertions about embeddings (continuous or
compact) and equivalences for entropy numbers. In particular by Remark 6.2 one
may assume that the weights in Proposition 6.37 are step functions which are
constant on the above cubes @; satisfying the compatibility condition (6.2) which
means that these steps cannot oscillate too wildly. But otherwise one may assume
that w(x) on @ equals 2% for some (large) @ > 0 and J < j € N. In particular,
one can apply the above proposition to two such step functions w and w, both
satisfying (6.2), and for which the cardinal numbers of the sets

{lez": wixz)=2"on@Q;} and {l€Z": w(z)=2%onQ} (6.141)

coincide, a > 0, 7 > J. In other words, for weight functions satisfying the compat-
ibility condition (6.2) the distribution of the entropy numbers of embeddings of
type (6.136) is governed by the decay properties of the decreasing rearrangement
(w=)*(t), t > 0, of w=!(z). As for rearrangement we refer to (1.210), (1.211) and
Remark 1.76.

6.5.2 Radial spaces

Let H;(R™) with s >0, 1 < p < oo, be the Sobolev space according to (1.7), (1.8),
and let RH;(R") be its subspace consisting of all radial symmetric functions, hence
f(z) = F(|z|). Let n > 2. Then functions f € RH;(R") show a specific behavior

near the origin and at infinity. Furthermore, if p < ¢ < co and le > 117 — - then
id:  RHp(R") — Ly(R"), (6.142)

is compact in sharp contrast to the corresponding behavior of the full space
Hy(R™). Observations of this type came up at the end of the 1970s and the be-
ginning of the 1980s in connection with the study of radially symmetric solutions
of some semi-linear elliptic equations. We refer to [Stra77|, [Lio82], the references
in this paper, and [KuP97], Chapter II, §8. Other papers reflecting the situation
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around 1980 may be found in the literature mentioned below in the Remarks 6.46,
6.47. In recent times questions of this type attracted some attention, especially
in connection with radial symmetric subspaces of spaces of type B, (R") and
Fj,(R™). We do not deal here systematically with these spaces. We give the neces-
sary definitions, formulate some results, outline the proofs and give references. We
wish to make clear how closely related these spaces are to the weighted spaces con-
sidered in this Chapter 6 and to the methods developed so far. We try to provide
a better understanding of some remarkable effects.

As usual, SO(n) stands for the group of all rotations in R™ around the origin
(hence the group of all real orthogonal n x n matrices having determinant 1). In
particular, SO(n) acts transitively on the unit sphere {z : |z| = 1}. If p € S(R")
and g € SO(n) then ¢ o g means

(pog)(x)=p(gzx) for all z € R™.
We say that f € S'(R") is radial if
f(pog)=f(p) forall pe S(R™) and all g € SO(n). (6.143)

Of course, if f is a continuous function, radial means f(z) = F'(|z|). Let B(r) be
the open ball centred at the origin and of radius r > 0.

Definition 6.39. Let n > 2, let A be either B or F and let s € R, 0 < p < o0
(p < 00 in the F-case), 0 < ¢ < oo. Let a € R and wa(z) = (1 + |2]?)*/? as in
(6.99). Then

RAR(R™, wa) = {f € 4, (R",wa), f radial} (6.144)
ROAS, (R™) = {1 € RAL, (R wa), supp f € BE2)}. (6.145)
R¥As (R",wa) = {f € RA} (R",wy), supp f CR™\B(1)}.  (6.146)

Remark 6.40. These are subspaces of the spaces introduced in Definition 6.3 with
respect to the rotationally invariant weights wy. Of course, RoAzq(R") is inde-
pendent of a. They are quasi-Banach spaces with respect to the quasi-norm of
A3 (R™ wg). The full radial space in (6.144) can be reduced to the two subspaces
in (6.145), (6.146). It comes out that the behavior of these spaces near the origin
and at infinity is somewhat different. We formulate some results and sketch the
proofs. But we are mainly interested to demonstrate the interplay of diverse in-
gredients and techniques and to discuss the phenomena which may occur. Again
we use the abbreviation (6.103) indicating now the dimension, hence

6n:sl—n—<52—n), n € N. (6.147)
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Theorem 6.41. Let n > 2. Let oy € R, ay € R, and p1,p2,q1,¢2 € (0,00] (with
p1 < 00, pa < 00 for the F-spaces). Let s1 € R, so € R with

1 1
s1 >89 and 01 =81 — - <52 - ) > 0. (6.148)
P p2
Let o
1 ! “ifa <0,
> dm T e (6.149)
p1 b o if a >0,
where o = oy — aa. Then
id:  RYA} (R" wa,) — A2 (R" wa,) (6.150)
18 compact and
—a=n(y =) ifa<d
e (id) ~ , " (6.151)
f(s1s2) if o> 0y,

where k € N.

Proof. Step 1. One can insert R* on the right-hand side of (6.150). First we deal
with the F-spaces. We wish to show that under the given circumstances

id": ROF% (R",w,,) — ROF% (R", w,,) (6.152)

p1q1 p2q2

is compact if, and only if,

id': E(Rywy) — F2 (R) (6.153)
is compact for the corresponding spaces on the real line R as treated in Theorem
6.31, Remark 6.32 where

1 1
=a+(n—1 — , 6.154
y=ar-v(, - ) (6.154)
and that

er(id™) ~er(id'),  keN. (6.155)

First we assume that s; and sy are large,
S1> Opigrs 82 > Opygss (6.156)

with 0, as in (2.6). In particular, f(t) = f(x) with ¢ = |z makes sense. We ap-
ply the localisation principle according to Proposition 6.13 to this radial function
restricted to an annulus around |z| = j € N large, say of width 2. Then one can
replace o, in (6.33) by product functions 1;(1)©; (6) indicating the radial and
the angular directions (polar coordinates) such that for any fixed j the C*° func-
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tions @, can be transformed into each other by suitable rotations. Furthermore,
¥; > 0 are C* functions with

vi(t)=1 if|t—j] <1, Yi(t) =0 if [t —j] >2. (6.157)

After this modification for fixed j all ~ j7~! terms in (6.33) for the radial function
f are equal and one can collect them, say, in the x,,-direction around (2, x,,) with
2’ =0 and z,, ~ j. By a harmless diffeomorphic map one can flatten the outcome,
getting products W (x')1;(z,,), where 1 as above and ¥ is a C°° function in R™ ™
with a compact support in, say, the unit ball in R"~*. By (6.156) we can apply the
Fubini property according to [Trie], Theorem 4.4, p. 36, to Fjl, (R"). It follows
that for fixed j,

1F95 > Ojan [ Fplg, RMIP ~ 57y [Fply, (R)P. (6.158)

The arguments work also in the reverse direction, rotating a function on R, sup-
ported around j, to the above annulus around || ~ j multiplied with ~ j—(=1).
Then one gets an isomorphic map of

00 18 n 00 I8 : n—1
R¥E)! (R" w,,) onto R™E) (R,w,,) with v =a1+ o (6.159)

Using the mapping according to Theorem 6.5(ii) which respects the support prop-
erties, then one can transfer id” in (6.152) to the R*-version of id" in (6.153). But
in the one-dimensional case the behavior at the origin is harmless. Hence one gets

the equivalence of id™ and id" for the question of compactness and also (6.155)
with (6.154). By Theorem 6.31 and (6.148) we have compactness of id" if v > 0

and p12 < pll + 7, hence
1 1 1 1
a+(n—1)( - )>O and a+n( — )>O. (6.160)
P11 P2 P11 P2

But this is the same as in (6.149). We have (6.115) with n = 1, which coincides
with the second line in (6.151) if 61 < 7, hence a > §,,. If 91 > =, hence 0,, > «,

then ) ) ) )
Y+ -  =a+n ( - > (6.161)
pP1 D2 b1 D2

is the corresponding exponent in (6.151).

Step 2. First we remove the restriction (6.156) in case of the F-spaces. All as-
sertions in the theorem depend only on the difference s; — so. We wish to apply
the radial lift I, in (6.12). But it does not preserve the support property in con-
nection with (6.152). However one can replace the support assumption in (6.146)
by a regularity assumption for f near the origin, say, f € C*(B(2)). If 2 > 0 is
large then such a replacement does not influence the question of compactness and
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the distribution of entropy numbers. Since I, is elliptic this local smoothness is
the preserved mapping C** in C*~?. Then one gets the above theorem for all F-
spaces. As for the B-spaces we first remark that the above arguments apply also to
p=o0 and F2 __ = B, . Otherwise we use the interpolation formula (6.53). By
a look at Peetre’s K-functional it follows that related optimal decompositions of
radial functions result also in radial functions. Relaxing the support assumptions
in (6.146) for the K-functional one obtains for

0<f0<1l, 0<p<oo, s1<s=(1—0)s1+0s2 <59
that

R® B3, (R",w,) C (ROOF;; (R, w,), R®F32 (R",wa)>9 q (6.162)
where R refers to the corresponding spaces in (6.146) with R™\B(1/2) in place
of R™\B(1). We use the interpolation property for entropy numbers according to
Proposition 1.91. Then one gets for the B-spaces an estimate of ey (id) from above
by the right-hand side of (6.151). The sharpness follows from the sharpness for the
F-spaces by the same arguments as in Step 3 of the proof of Theorem 6.20. O

Remark 6.42. We discuss the outcome. Let o > 0. Then for given p; the restric-
tions for py in (6.149) are the same as in Theorem 6.31. Furthermore we have in
(6.151) the same breaking point as in Theorem 6.31, the line L in Figure 6.4.1.
But the behavior of the entropy numbers is different. Also the area covered by
(6.148) is larger than the shaded area in Figure 6.4.1. One has to add for given
p1 < oo the region

61—(n—1)<1—1>:5n§0<51, p1 < p2 < 00, (6.163)
P11 P2

indicated by the dotted line of slope 1 in Figure 6.4.1. Hence the restriction to
radial functions does not only improve the behavior of the entropy numbers but
id in (6.150) is compact in some cases where according to Proposition 6.29 the
embedding id in (6.114) is not compact or even does not exist. The most interesting
case might be o = 0, unweighted radial function spaces, where the theory started
from. Then one has for p; < co that p; < pa < 0o, which means p, = p; in (6.112)
and in Figure 6.4.1, and

. amn) s, >0
er(id) ~ no (6.164)
{k‘(51—52) if 8, <0,

where k£ € N and with (6.163) in the latter case. Finally for any a < 0 there are
admitted couples (p1,p2) with (6.149), (6.151). It might be a little bit surprising
that the above theorem covers also cases with §,, < 0 in sharp contrast to Propo-
sition 6.29 and Theorem 6.31. But this is no longer the case if one deals with the
spaces ROAS (R", w,) or RAS (R", ws) according to Definition 6.39.

Again 0,4 has the same meaning as in (2.6).
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Theorem 6.43. Let n > 2. Let p1,p2,q1,q2 € (0,00] (with p; < 00, pa < o0 for
F-spaces). Let s; € R, so € R with

$1 > 89 and Op = 81 — " (82 — n) > 0. (6.165)
P1 D2
Then
id: RYAS (R") — A% (R™) (6.166)

18 compact and
ep(id) ~ k=(17%2) ke N. (6.167)

Proof. Step 1. The estimate from below is one-dimensional and covered by the
proof of Theorem 6.41. We prove the estimate from above. Let ¢ € C* be radial,
Y(x) =11f |z| <2 and ¥(y) =0 if |y| > 4. Let

() = P(x) —(22), hence supp ¢ C {y: 1< |y| <4}. (6.168)

Let J € N. Then

J—

J—1
P(@) = p272) + D 0(@r) =7 (@) + Y v(@) (6.169)
Jj= j=0

0

—

is a resolution of unity near the origin. For given J € N we decompose id in (6.166)
by

J—1 J—1
id =¢7id+ > ¢yid =id” + ) id;. (6.170)
j=0 j=0

Let, in addition to (6.165),

A =F}1

o with s1 > 0p,q, and Ag =F)

orge With s2 > 0,4, (6.171)

complemented by A; = C* with s; > 0 and Ay = C®2 with s3 > 0. Then one
can apply the homogeneity assertion in [Trie], Corollary 5.16, p. 66. One gets by
(6.165),

[9(27) f |[A2(R™)]| ~ 2727 22) |l f(277) | A2 (R™)]|
<2727 g f(277 ) | AL (R (6.172)
<2770 [ p(27) f | AL(R™)]).
Hence,
lid”]| <27/ and  |id,| < 277°". (6.173)

By elementary properties of entropy numbers according to Proposition 1.89, the
above homogeneity arguments and Theorem 6.41 it follows that

e, (id; : R°AS!

P1q1

(R™) — A% (R™)) < 277 = (s1752), (6.174)

P2g2
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k € N. Using that A%z  (R") is a p-Banach space with p = min(1, p, ¢2) it follows
by (1.286) that

J—-1 J—1
ep(id)? 2770 4 N ey (id;)P, k= kj. (6.175)
§=0 j=0
Let 5
Sn - .
ki~ 20T 9de with 0<e< Tt (6.176)
S1 — 82
Then
J—1 5
Z kj ~ 251—52‘] ~ k (6.177)
=0
and by (6.174), (6.175),
J—-1
ex(id)P < k(172 11 4y " pmIeplims) | < pmlnmsalp, (6.178)
j=0

This gives the desired estimate from above under the assumption (6.171).

Step 2. The rest is now the same as in Step 2 of the proof of Theorem 6.41.
This applies to the lifting argument and also to an appropriate counterpart of the
interpolation formula (6.162). O

Remark 6.44. In contrast to Theorem 6.41 we needed now that 9,, > 0. But this is
not only a technical matter. By the references given below in Remark 6.46, §,, > 0
is also necessary. Otherwise it is quite clear that one can clip together Theorems
6.41 and 6.43 to get corresponding assertions for the full radial spaces (6.144). We
formulate the outcome.

Corollary 6.45. Let n > 2. Let a1 € R, as € R and p1,p2,q1,92 € (0,00] (with
p1 < 00, pa < 0o for F-spaces). Let s1 € R, so € R with

s1> 8y and O, =S, — " —<52— n) > 0. (6.179)
b1 D2

Let p1, p2, o = a1 — g be restricted as in (6.149). Then

id: RAJ, (R™ wa,) — A2, (R" wa,) (6.180)

P1a1 P22
is compact and one has (6.151) for the corresponding entropy numbers.
Proof. If a < §,, then

31—32>oz—|—n<pll —pt). (6.181)
Then the corollary follows from Theorems 6.41, 6.43. g
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Remark 6.46. As mentioned at the beginning of this Section 6.5.2, radial subspaces
of Sobolev spaces have been considered in connection with radially-symmetric
solutions of some semi-linear elliptic equations in R", where n > 2. Of interest are
the decay properties of elements of these spaces near the origin and at infinity on
the one hand and compact embeddings of type (6.142) on the other hand. The
literature mentioned there can be complemented by further papers at this time
which can be found in the references given below. The extension of these studies
to general B-spaces and F-spaces started some 20 years later with [SiSk00]. In
addition to decay properties it had been proved there that

id: RAJ', (R") — A2 (R"), n > 2, (6.182)

P1q1 P2q2

is compact if, and only if, 0 < p; < p2 < 0o and §,, > 0. These considerations
have been extended in [Skr02] to spaces invariant under other subgroups of the
group of all isometries in R". The next step was carried out in [KLSS03a] with
the outcome L

en(id) ~ k") keN, n>2, (6.183)

for id in (6.182), restricted to the case of Banach spaces. This assertion is now
extended by Corollary 6.45 with a3 = ag = 0 to the full range of the parame-
ters, which corresponds also to the upper line in (6.164). Approximation numbers
of id in (6.182) (restricted to Banach spaces) have been considered recently in
[SkT04]. In Sections 1.9.1, 1.9.2 we described limiting embeddings of spaces of
type A5, (R™) with s = n/p into some Orlicz spaces. One can ask what happens

with these embeddings if one replaces A%/P(R™) by RAMP(R™), n > 2. According
to [SkT00] some of these embeddings are compact (in dependence on the parame-
ters). Assertions about related entropy numbers can be found in [Skr04], including
applications to the spectral theory of some elliptic operators. The arguments in
[KLSS03a], and also in the other papers of these authors mentioned in this remark,
rely on atomic decompositions adapted to radial functions, somewhat in contrast
to our more qualitative considerations. On the other hand we took over one of the
basic ideas in these papers to reduce (unweighted) radial spaces in R™ with n > 2
to weighted spaces in R.

Remark 6.47. As indicated in Remark 6.4 one can replace w € W™ in the spaces
Ay, (R™,w) by more general weights with (6.8), extended to 3 = 1, in place of (6.2).
One can ask for compact embeddings both for the spaces themselves and their
radial subspaces. All that one needs for the foundation of these spaces is covered
by the literature mentioned in Remark 6.4, especially by [Sco98a], [Sco98b]. Let,
for example, w®(x) be a corresponding smooth positive weight function with

wiz) =€’ |z|>1, 0<pB<1. (6.184)

Let s1 € R, 52 € R, and p1,p2,q1,¢2 € (0,00] (with p; < 00, p2 < oo for F-spaces)
with (6.179). Let 0 < 5 < 1. Then both

id: A% (R",w?) — A2 (R™) (6.185)

P1q1 D2q2
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and
id®:  RAS_(R",w’) — A2 (R") (6.186)

P1q1 DP29q2

are compact. Furthermore,
en(id) ~ k=27 keEN, (6.187)

and
er(id®) ~ k=172 ke N, (6.188)

These assertions follow from

A (R™ wf) — A5t (R™,we) — A2 (R™), (6.189)
and its radial counterpart for any o > 0, Theorem 6.31 with (6.115) and Corollary
6.45 with the lower line in (6.151). This might be of some interest for its own sake.
But more interesting is the application of the exponential case, w!(x) ~ el with
¢ > 0, to (unweighted) function spaces of the above type on hyperbolic manifolds
and non-compact symmetric spaces of rank one (for example the Poincaré circle)
subject to some symmetries (being radial, for example). Then exponential weights
are coming in naturally. First remarks in this direction may be found at the end of
[SiSk00]. This theory has been elaborated in [Skr03] and especially in the substan-
tial recent paper [SkT05]. In particular, one finds there assertions of type (6.188),
again with applications to the spectral theory of Schrédinger operators. Approxi-
mation numbers of these types of compact embeddings have been considered quite
recently in [SkTO06].



Chapter 7

Fractal Analysis: Measures,
Characteristics, Operators

7.1 Measures

7.1.1 Definitions, basic properties

Sections 1.12-1.16, 1.18, and parts of Section 1.17 dealt with fractal measures in
R"™, their relations to typical characteristics in fractal geometry and analysis, and
corresponding connections to elliptic operators. Now we return to some aspects of
this subject in greater detail. Recall that the self-contained survey Chapter 1 of a
few developments of the recent theory of function spaces on the one hand and the
other chapters of this book on the other hand should be readable independently.
This causes a mild overlapping of some basic definitions. But we restrict ourselves
to the bare minimum and use otherwise Chapter 1 as a source of references.

As for basic notation we refer to Section 2.1. We mostly assume that p is a positive
Radon measure in R"™ with

F=supp pC{z: |z| <1} and 0< p(R") < cc. (7.1)

Since p is Radon it can be interpreted uniquely in the standard way as an element
of S’(R") and we write in slight abuse of notation u € S'(R"). Let 0 < p < 0.
Then L, (T, p) is the usual complex-valued quasi-Banach space. If 1 < p < oo
then f € L,(T, u), considered as a finite complex Radon measure, can again be
uniquely interpreted as fu € S’(R™). For some details we refer to Section 1.12.2.
The assumption that the compact support I' of p is located in a ball of radius 1
is unimportant. It simplifies some assertions which otherwise may depend on the
diameter of the compact support of .
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Again let Qjm, with j € Ny and m € Z" be the closed cubes in R" with sides
parallel to the axes of coordinates centred at 277m and with side-length 2771,

Definition 7.1. Let u be a Radon measure in R™ with (7.1). Let 0 < p < oo,
0<qg<oo, and A € R. Then

'/q

0o q/p
fpg = | D27 ( > U(Qjm)p> (7.2)
=0 mezn

with the obvious modifications if p and/or q are infinite.

Remark 7.2. We repeated Definition 1.125 for sake of independence as far as
basic notation is concerned. Otherwise we refer to Remark 1.126 where we gave
references and discussed in some detail connections with fractal geometry. One may
also consult [Trie, Section 9] for further information. We collect a few properties.

(i) For any p with (7.1) one has

pe By o(R") and |[|p|BY o (R™)]| ~ u(R™), (7.3)
where the equivalence constants are independent of p.
(ii) Let
o, =min(0,n —n/p) where 0<p < oco. (7.4)
Then

either 0<g<oo, A<o,,

or q=00, A=0,,

Hog ~ p(R™) i { (7.5)

where again the equivalence constants are independent of .

This coincides essentially with Proposition 1.127. There one finds also a proof of
these assertions.

Definition 7.3. Let 0 < ¢ < o0, s € R, and
s—n/p=A—n. (7.6)
(i) Let 0 < p < oo. Then B, (R™) has the u-property means that
p € By (R™) if, and only if, u;}q < 00 (7.7)

for all positive Radon measures pn with (7.1).
(ii) Let 0 <p < oc. Then Fy (R"™) has the p-property means that

s n - . A
p € Fp (R™) if, and only if, p,, < oo (7.8)

for all positive Radon measures p with (7.1).



7.1. Measures 299

Remark 7.4. This coincides with Definition 1.129. The remarkable independence
of the right-hand side of (7.8) of ¢ will be commented on later. Of course, if ¢ = p
then (7.8) coincides with (7.7). By (7.3) the distinguished space BY (R") has
the p-property. Next we prove an extended version of Theorem 1.131. Again we
write A5 (R") if the corresponding assertion applies both to B, (R") and F};, (R"™)
under the indicated restrictions for the parameters s, p, q.

Theorem 7.5.

(i) Let s e R, 0 < ¢ <00, 0 < p < oo withp < oo in the F-case and (s,q) #
(0,00) in the B-case (this means ¢ < oo if s = 0). Then A; (R") has the
w-property according to Definition 7.3 if, and only if, s < 0.

(ii) The spaces By, (R™) with 0 < p <1 have the p-property.

(iii) If By, (R™) has the p-property according to parts (i) or (ii) then

s n A : _
1By @) ~ 1y with s —n/p=A—n, (7.9

where the equivalence constants are independent of p with (7.1).
(iv) If s <0, 0 < p<oo, 0<q< oo, then

By B ~ 1, with s —n/p=X—n. (7.10)
where the equivalence constants are independent of p with (7.1).

Proof. Step 1. Let p = ppur, where py is Lebesgue measure, ¢ € S(R") with
p(x) > 0if |[x|] < 1 and ¢(y) = 0 if |y| > 1. Then u is an element of all spaces
Ay, (R™), but

1/q

ping ~ | Y2 = o (7.11)
=0

ifs=X—n+n/p>0ors=0,q¢< oo. This proves the only-if-assertion of (i).

Step 2. We prove the if-assertion of part (i) for the B-spaces with s < 0 and the
equivalence (7.9). We apply the characterisation of B, (R") according to Corollary
1.12, Remark 1.13 and (1.51) based on the non-negative compactly supported C'*°
kernels k and the related means

k(279 0) (x) = 27'"/ k(2(y — =) u(dy), j€No. (7.12)

n

Let Q}m be the cubes in R" centred at 277m and with side-length 277. Hence
in obvious notation Q;,, = 2Q}m. Choosing appropriate kernels k; and ks of the
above type one gets for the related means

b (279, 1) (2) > 2 (Qgm) > b2 (270, 1) (@), 7€ Qe (7.13)
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Hence by (7.13) and (1.51),

1/q

00 q/p
16 |BygR™)|| ~ | D 27satima—inale ( > U(Qjm)p> (7.14)

j=0 mezmn

as a characterisation. This proves (7.9) (equivalent quasi-norms) and the if-part
of (i) for A = B.

Step 3. We prove part (ii) and (7.9) with s = 0,0 < p < 1,¢ = 00, hence A = n—n/p
and :u])?\oo ~ p(R™) according to (7.4), (7.5). The case p =1 is covered by (7.3). If
p < 1 then one gets, for example by (1.44) and Hélder’s inequality,

1101 Bpoe R = |2 BY oo (R[] ~ u(R™). (7.15)

The converse follows from (1.422) in the same way as in the case of p = 1.

Step 4. It remains to prove the if-assertion of part (i) for the F-spaces and the
equivalence (7.10). But this follows from part (i) for the spaces B, (R") = F};,(R")
with 0 < p < 00, s < 0, and Proposition 1.133. O

Remark 7.6. The proof is surprisingly short. But it relies on a substantial char-
acterisation of the spaces considered in Theorem 1.10 and Corollary 1.12 as well
as on independence of the positive cones in the spaces F;q(R") with s < 0 of g
according to Proposition 1.133. All these assertions have their own history which
we described in Remarks 1.14, 1.134 and the references given there. Otherwise we
followed [Tri03b]. The above theorem covers in particular Theorem 1.131.

Remark 7.7. According to (7.5) and the above theorem we have for 0 < p < oo,

|1 1B) o R™)[| ~ p(R™) if s = min <O, n(; - 1)) . (7.16)

Furthermore for 0 < p < oo (p < oo in the case of F-spaces) and 0 < g < oo it
follows both for A7 (R") = B; (R™) and A7 (R") = F} (R") that

1| A, (R™)|| ~ p(R™) if s < min (Om(; - 1)) . (7.17)

This justifies (1.429) and (1.430). In other words, in the above theorem those
spaces A5 (R™) are of special interest where (t = 1/p, s) is located in the triangle
in Figure 1.17.1 with the corner points (0, —n), (0,0), (1,0).

7.1.2 Potentials and Fourier transforms

Bessel potentials, Riesz potentials, truncated Riesz potentials and Fourier trans-
forms of Radon measures of type (7.1) attracted a lot of attention, especially in
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case of self-similar fractals. Some references can be found in the literature men-
tioned in Remark 1.126 and at the beginning of Section 1.17.5. One may also
consult [Trid, Sections 17.10, 17.11], [Str94], [Mat95, Section 12] and [Zah04] for
further information, references and typical assertions. In [Tri03b] we applied The-
orem 7.5 to mapping properties of the indicated potentials and Fourier transforms
of measures of type (7.1). This will not be repeated here in detail. We restrict
ourselves to a few almost immediate applications of Theorem 7.5 to questions of
this type.

According to (1.5), (1.6) the classical Bessel potentials
Jo = (id —A)77/2 ¢ A3 (R") — AF*(R™) (7.18)

map, for all 0 € R and all admitted parameters s,p,q and A = B or A = F, the
indicated spaces isomorphically onto each other. Of course, A = 377, 0%/9%x; is
the Laplacian. If 0 < 0 < n, then

(Uof)e)= [ Gol—y) f)dy, xR, (7.19)

where the kernels G, (x) decay exponentially if || — oo and have the well-known

behavior .

~Y
|£L-|nfo'

Go(x) if |z <1, (7.20)
for some ¢ > 0 near the origin, [AdH96, pp. 10-13]. Extending the right-hand
side of (7.20) to x € R"™ one gets the Riesz potentials and its local version, the
truncated Riesz potentials,

(Ip,o f)(z) = / ég(xynyl fydy, 0<o<n, zeR" (7.21)
o |z —

where x, is the characteristic function of a ball of radius ¢ > 0 centred at the origin.
Of interest is the local and global behavior of the Bessel potentials J,p and the
(truncated) Riesz potentials I, ,u for (self-similar) measures of type (7.1). Detailed
studies may be found in the above references and the literature in these references.
We wish to apply Theorem 7.5. This suggests by Remark 7.7 a restriction of p
and s by

1 1
1<p<oo, O>52—n/7 where + =1, (7.22)
p p

/
and hence by (7.6) with A = s+ n/p’ by
1 <p <o, 0<Ax<n/p. (7.23)

Corollary 7.8. Let 0 < g < oo and let p and A as in (7.23) (with p < oo for the
F-spaces). Let o € R. Then

Ton | BYT 7 @) ~ (7.24)
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| ~ i, (7.25)

where the equivalence constants are independent of the Radon measures p with

(7.1).

and )
Top |E Y (B7)

Proof. This follows immediately from Theorem 7.5, (7.18) and the above expla-
nations. 0

Remark 7.9. Corresponding equivalences for truncated Riesz potentials now with
0 < 0 < n can be reduced to the above assertions, having in mind that the
corresponding kernels G, (x) in (7.19) decay exponentially at infinity. We refer for
details to [Tri03b]. Here are a few special cases.

(i) Let Hy(R") with 1 < p < 00, o € R, be the Sobolev spaces according to (1.7),
.8), and let with o € e the Holder-Zygmund spaces according
1.8 d let C7(R"™) with R be the Holder-Z d di
0 (1.10). Then

Wherel<p<oo7zl)+;,:17U€R7and

O‘IJ"HU n/p’ Rn

Z > wl(@Qm)? (7.26)

J=0mezZn

[T |4 (&) ~ sup 2% (@) (7.27)
Jm

where 0 < A < n, o € R. This follows from (7.25) with A = 0 and (7.24) with
p = q = oco. In particular,

[ 11| Lp (R [ ~ Z > u@jm)P. 1< p< oo (7.28)

=0 meZzZ"

(ii) There are counterparts of (7.26)—(7.28) for the truncated Riesz potentials
I, , with gy < g < oo, where g, is sufficiently large. One has (7.26) with I, ,
in place of J, under the additional restriction 0 < o < n/p’, in particular,

[0 1 1 L (R™) [ ~ Z ST w@im), 1<p<o, (7.29)
7=0 mezZn

and also (7.27) with I, , in place of J, under the additional restriction 0 <
o<n—A\

Similarly one can employ Theorem 7.5 to say something about the decay of the
Fourier transform (&) if |£] — oo for measures with (7.1). Recall that

1@~ [ sl IFOR s seR (7.30)

as a consequence of (1.7) (and that the Fourier transform generates a unitary
operator in La(R"™)).
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Corollary 7.10. Let 0 < 2\ < n. Then for all measures p with (7.1),

[ AP @R e~ Y 3 2 Q) (7.31)

j=0mezn
where the equivalence constants are independent of .

Proof. This follows from (7.9) with s = A —n/2 < 0 and (7.30) with H5(R") =
B§72(Rn). U

Remark 7.11. The supremum of all A such that (7.31) is finite is near to the
so-called Fourier dimension of I" admitting all p with (7.1). We refer to the cor-
responding discussion in [Trid, Section 17.10] and the generalisation of the above
corollary in [Tri03b].

7.1.3 Traces: general measures

Now we assume that the Radon measure p according to (7.1) is singular,
F=supppC{x: |z| <1}, 0<puR") <oo, [I]=0, (7.32)

where |I'| is the Lebesgue measure of I'. Again it is convenient but unimportant
that the support of u, assumed to be compact, is located in the unit ball in R"™.
Recall that S(R™) is dense in B, (R") if both p < 00, ¢ < oo. Let B, (R"™) be the
completion of S(R") in By, (R"™). More details and references about this point
may be found in Remark 2.30.

Definition 7.12. Let 1 be a Radon measure in R"™ with (7.32). Let 1 < p < oo,
1<q¢g<o0,s>0,and1l <r <oo. Let for some ¢ > 0,

1/r
(L1t atan)  <cliolss, @ poran ges@). @3

Then the trace operator tr,,,
try o By (R") — L.(T',p) (7.34)

(with BO’IS,OO(R") in place of By, (R"™) if ¢ = 00) is the completion of the pointwise
trace (tr,p)(y) = ¢(y) where ¢ € S(R™).
Remark 7.13. Of course, L, (T, u) is the usual complex Banach space, normed by

ol = ([ laeoruan)” = ([ ruan)” @

According to Sections 1.12.2 and 1.17.2 one can interpret L, (T', 1) as a subset of
S’(R™) identifying g € L,(T, ) with the complex finite measure gu € S’(R"),

(idug)(p) = /F g(y) p(v) u(dy), ¢ € S(R™). (7.36)
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We call id,, the identification operator. We studied in [Trie, Section 9] in detail
trace operators of type (7.34) with F; (R") in place of B, (R"). But it is not our
aim to do here the same for the B-spaces as in [Trie] for the F-spaces. We restrict
ourselves here to a few more specific points needed later on. But some arguments
can be taken over. In particular, according to [Trie, Section 9.2, pp. 122-124], id,,
is the dual of tr,,

i, =t Lo(T,p) = By, (R"), (7.37)

where p, ¢, s, 7 have the same meaning as in the above definition and
1
4+ =4+ =4+ =1 (7.38)

This follows from the dual pairings

(Lo(Dop)) = L) and  (B3,(RM) =B, [®")  (7.39)

R /
with ¢ < oo and (B;OO (R")) =B, (R™) according to [Trig, pp. 178, 180].

Remark 7.14. It might be desirable to define tr, f € L.(I',u) with f € B} (R")
more explicitly, if it exists. There are several possibilities. One can use a refined
version of the theory of Lebesgue points. This has been described in [Trie, pp.
260/261] with a reference to [AdH96]. But it seems to be more effective to expand
f € B;,(R") in wavelet frames or wavelet bases, for example as in (1.116), and to
ask whether its restriction to I' converges absolutely in L, (T", ). This applies also
to By, (R™). We follow this way later on.

Remark 7.15. If » = 1 in (7.34), hence
tr, 1 By, (R") — Li(T, p), (7.40)

and 1 < p<oo,1< g < o0, s >0, then we have the elegant Theorem 1.174. In
particular one gets for tr, in (7.40) by this assertion and its proof,

1/q'

0 q /v
el ~ | Y 2itemn/ed ( > U(Qjm)p/> (7.41)

Jj=0 mezn

(with the usual modification if ¢/ = co) where the equivalence constants are in-
dependent of p with (7.32). Only the cases with 0 < s < n/p are of interest.
Otherwise, hence s > n/p, the right-hand side of (7.41) is equivalent to u(R™).
We are interested here in (7.34) with 1 < p = r < oo. Then there is no such deci-
sive answer as for tr,, in (7.40). As for (7.34) with F, (R") in place of B, (R") we
refer to [Trie, pp. 125-127] for some implicit characterisations. On the other hand,
if tr, in (7.34) exists for some r > 1, then it follows from L, (T, pn) — Lq(T, u)



7.1. Measures 305

that also tr,, in (7.40) exists and, hence, that the right-hand side of (7.41) is finite
(necessary condition). To find effective sufficient conditions we put

Wi = sug 1(Qjm), J € Ny, (7.42)
mezn

for measures p with (7.32). We have

1/p’ v 1/p’
( > u(Qm)”) <" ( > u(Qm)) ~ P RV (7.43)

mEZ" meZn

If p is isotropic then (7.43) is an equivalence. But in any case if one substitutes
in (7.41) the left-hand side of (7.43) by the right-hand side then one gets the
following sufficient condition for the existence of tr, in (7.34) with p = r. As
before 117 + ;, = (11 + ql, = 1. We can incorporate B, (R") in (7.34) by the direct
approach we are using now.

Theorem 7.16. Let 1 < p < 00,1 < g < o0, s> 0. Let pu be a Radon measure
according to (7.32).

(i) Then the trace operator tr,,

tr,: BS,(R™) < Ly(T, ) (7.44)
exists if
1/q
Z 9—id' (s—n/p) ﬂ;’/p < . (7.45)
j=0

Furthermore there is a positive constant ¢ such that for all admitted p,

- 1/q'
AR DI i (7.46)
§=0

usual modification i q’ = 00). If, in addition, ¢ > 1, then tr, is compact.
"
(ii) Then the identification operator idu,

id, Ly, p) — Byt (R™), (7.47)

according to (7.36) ezists if

1/q

Z 9—jals—n/p") uj/”/ < . (7.48)
=0
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Furthermore there is a positive number ¢ such that for all admitted p,

1/4q
oo

lidull < ¢ | Y 277atemn/ 1l (7.49)
j=0

(usual modification if ¢ = 00). If, in addition, ¢ < oo, then id, is compact.

Proof. Step 1. We expand f € B, (R") according to the wavelet frame (1.116),
based on (1.117) and Corollary 1.42, hence

F=fo fel@)=> D N (F) - (B-qu)jm() (7.50)
BENpD j=0mezn

with [|A(f) |bpqllo < oo for some o > 0. Let x;jm, be the characteristic function of
the ball centred at 279~7/m and of radius 277. Then it follows by (1.107) that

1f5 [ Lp(L; )l

o0 1/p
<ed ( [ zieirg, o) u(dw>
=0 \"I' 'm

0o 1/p
—ils—n 1 7.51
<o Yo (Z Afm<f>|p> (21
7=0 m
oo vy a/p\ V1
<o [Soamsmmmagm) [ (Z |A?m<f>1’>
Jj=0 7=0 m
By (1.64), (1.108) and (1.117) one gets for some ¢ > 0 and ¢ > 0,
- 1/q
fo | Lp(T, )l < e | Do 279temnmd it/ 2740 £ 1By, (R (7.52)

=0
Summation over 3 € Ny results in (7.46) including B, (R") and é;oo (R™).

Step 2. We prove the compactness of tr, if ¢ > 1. Let B € N, N € N and

wBVF = SN SN () - (Baw)m (7.53)

|81<B j<N mezr

where for given j the last summation is restricted to those m € Z™ such that the
support of (4-qu);m has a non-empty intersection with I'. In particular, trf N g
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an operator of finite rank. Then one gets by the above arguments for f € Bj, (R")
having norm of at most 1 that

| (try, — trf’N)f | Lp(T, )|

<e Y 2l e [ 37 gmeldl) [ ST gilemn/nd g/

18>8 |BI<B JjzN

1 ’
T s

Since ¢’ < oo the right-hand side tends to zero if B — oo and N — oco. Hence tr,
is compact. This proves part (i).

Step 3. As for part (ii) we rely on the duality (7.37), hence
iy Ly(I,p) = B2 (R") (7.55)

where we used in case of ¢ = oo, hence ¢’ = 1, the indicated modification at
the end of Remark 7.13. Replacing p’, ¢’ by p, ¢ one gets part (ii) including the
compactness assertion. O

Remark 7.17. The above theorem is a combination of corresponding assertions in
[Tri04c, Tri04e].

7.1.4 Traces: isotropic measures

We continue our considerations about isotropic measures from Section 1.15. A
non-negative function h on the unit interval [0, 1] is called strictly increasing if
h(t1) < h(tz) for 0 < t; <ty < 1. Let hj = h(2779) for j € Ny. Our use of ~
has been explained in Remark 1.98. Again a ball in R" centred at € R™ and of
radius r > 0 is denoted by B(z, 7).

Definition 7.18. Let v be a Radon measure in R™ according to (7.32).

(i) Then p is called isotropic if there is a continuous strictly increasing function
h on the interval [0,1] with h(0) =0, h(1) =1, and

w(B(vy,7)) ~h(r) with veI' and 0<r<1 (7.56)

(where the equivalence constants are independent of vy and r).
(ii) The isotropic measure pu according to part (i) is called strongly isotropic if
there is a number k € N such that

2hjir < hy for all j € Ng. (7.57)

Remark 7.19. This coincides essentially with the parts (i) and (ii) of Definition
1.151 (recall that Chapter 1 on the one hand and the rest of this book on the
other hand are considered to be self-contained as far as basic definitions are con-
cerned). Otherwise we refer to Section 1.15.1 where one finds further information,
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assertions, examples and references. In particular Theorem 1.155 clarifies which
functions h generate isotropic measures in R". Furthermore according to Propo-
sition 1.153 any isotropic measure is doubling. The constants in the equivalence
(7.41) and in the corresponding estimates in Theorem 7.16 are independent of
w with (7.32). But now we give up this type of independence. In other words,
constants may now depend on the chosen isotropic measure p.

Proposition 7.20. Let p be an isotropic Radon measure according to Definition 7.18
with the generating function h.

(i) Then p is strongly isotropic if, and only if,

> hj~hy  forall JeN,. (7.58)
J>J

(ii) Then p is strongly isotropic if, and only if,

S bt~ byt forall J €N, (7.59)
J<J

Proof. Step 1. Let u be strongly isotropic. Then it follows from (7.57) for [ € Ny,
By <27 hy, J € Ny, (7.60)
and with J — Ik € Ny,
hyte <27'hyt, T eN,. (7.61)

Now one gets (7.58) from (7.60) and the monotonicity of h;. Similarly for (7.59)
where (7.61) covers all terms (using again the monotonicity of h;) with the possible
exception of the first k terms. But they can be incorporated by A ~ h* and (1.497).

Step 2. Assume that we have (7.58) and that for some J € Ny and some L € N,

2hjp >hy;  for 1=0,...,L—1. (7.62)
Then -
Lhy<2Y hygm <chy. (7.63)
m=0

Hence L < ¢. Then (7.57) with k = L > c follows from the monotonicity of h;.
Step 3. Assume that we have (7.59) and that for some L € N and some J > L,

2h;t, >hy;' for 1=0,...,L—1. (7.64)
Then
J
Lhyt <2 h,!<chy' (7.65)
m=0

Now one obtains (7.57) as above. O
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We will use this proposition in the theorem below. But first we specialize the
assertions of Section 7.1.3 to arbitrary isotropic measures. Recall again 117 + pl, =1
if 1 <p<oo.

Corollary 7.21. Let i be an isotropic Radon measure according to Definition 7.18
with the generating function h. Let

l<p<oo, 1<g<oo, 1<r<p and s>0. (7.66)
Then
tr,: By, (R") — L.(T,p) (7.67)
ezists if, and only if,
o0 l/q/
D R e < oo (7.68)
§=0

(with the usual modification if ¢ = 00). If, in addition, ¢ > 1, then tr,, is compact.

Proof. If r = 1 then one has the necessary and sufficient condition (7.41). In case of
isotropic measures this coincides with (7.45) and (7.68). This follows from (7.43).
Then the above assertion is a consequence of

L;D(Fvﬂ) — Ly (T, p) < Li(T, p)
and Theorem 7.16. O

It is the main aim of this Section 7.1.4 to have a closer look at the compactness
of tr, where 1 < p=¢ =r < oo in dependence on (a qualified version) of (7.68).
Only 0 < s < n/p is of interest. Otherwise, hence s > n/p, (7.68) is always
satisfied. As before we abbreviate

B,(R") = B, (R"), 0<p<oo, seR (7.69)

Furthermore, let H be the inverse function of h, generating an isotropic measure
according to Definition 7.18,

h(t) =7 1if, and only if, H(r)=1t, where 0<t<1, 0<7<1. (7.70)
We express the degree of compactness of tr, in terms of the approximation num-
bers aj(tr,) according to Definition 4.43(ii) with A = B5(R") and B = L,(T', ).
Further information about approximation numbers may be found in Section 1.10.
Againzlft—pl, =1if1 <p<oo.

Theorem 7.22. Let 1 < p < oo and 0 < s < n/p. Let u be a strongly isotropic
Radon measure in R™ according to Definition 7.18(ii) with the generating function
h and the inverse function H, satisfying

S o e e g el e, (7.71)
jzJ
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(where the equivalence constants are independent of J). Then the operator tr,,,
tr,: BIR") < L(T,p), (7.72)
is compact. Let a = ay(tr,) be the corresponding approzimation numbers. Then
ap ~kVPH ()T, kel (7.73)

Proof. Step 1. By Corollary 7.21 the operator tr, is compact. We prove that there
is a number ¢ > 0 such that

S

ap(tr,) < ck VP H (k)77 kel (7.74)

Again we use the wavelet expansion (7.50). Let for fixed 5 € N{,

trﬁf Z Z )\ (B-qu) jm (7.75)
J=0meZzZn
and for N € N,
trﬂ N = Z Z )\ - (B-qu) jm, (7.76)
J<N mez"

where the second sum in (7.76) has the same meaning as in (7.53). Then it follows
as in (7.54) for f € B;(R") having norm of at most 1 that

1/p’

(0 — V)LD, )] < c2eldl {37 gl por /o
J>N

(7.77)

< ¢/ 2 alfl 9=N(s=73) h}\{l”

where we used (7.71). Here ¢ > 0 is at our disposal and ¢, ¢’ are independent of
B e Nj and N € Ny (but may depend on p). Since 4 is strongly isotropic (and by
Proposition 1.153 also doubling) it follows from (7.59) that

rank (tef ™) ~ > " hit ~ Bt (7.78)
J<N

Then one obtains from (7.77) and (7.78) that there are two positive numbers ¢
and ¢’ such that for all § € N[} and N € N,

Qg1 (trf]) < ¢ 270l N G0 e (7.79)

By (1.497) and h ~ h* it follows that h(277~1) ~ h(277) where j € Ng. Hence for
k € N there are numbers Nj, € N such that

R V)"l vk with Ny < Ny <--- < Ny — 00 (7.80)
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if k — oo (with equivalence constants which are independent of k). Inserted in
(7.79) one obtains that

ap(tr) < c2melPlo M=) =1/p - g eN. (7.81)

Let ¢ > 0. For given k € N we apply (7.81) to kg € N with kg ~ 278k (this
means 1 if the latter number is between 0 and 1). Then it follows from (7.81) and
the additivity property for approximation numbers according to Proposition 1.89

that
ack(try,) < Z akﬁ(trﬁ)
BeNy

< Z 9—elBl 9elBI/p 9= Nkg(s=3) p.—1/p (7.82)
BENG
< g N o1,

where we used s < n/p and N > Ny, according to (7.80). Now (7.74) follows
from (7.82) and (7.80). As for the replacement of ck by k one may also consult
Corollary 7.24 and its proof below.

Step 2. We prove that for two suitable positive numbers ¢ and ¢/,
ife_ T 1 .
Qg1 (1) 2 27967 P e N, (7.83)

Recall h; = h(277). Using hj ~ hjy1, its counterpart for H as explicitly stated
in (7.96) below, and (7.80) then (7.83) proves the converse of (7.74). Hence it
remains to justify (7.83). First we remark that

R" = D Rj ., J € N, (7.84)
r=1
where each Rj;, is the union of closed cubes of side-length 277 having pairwise
distance of at most 277. Then one has
p(TNR;j,) >2"" ) for at least one 7,
denoted temporarily by I';. Now one finds points
¥t eT; and disjoint balls B ('ij,cQ*j) (7.85)

where [ = 1,..., M; with M; ~ h;l. Here ¢ > 0 is sufficiently small and in each

cube of T'; is at most one point 7%'!. Let s be a non-trivial non-negative C'*°
function in R™ supported by the unit ball and let

M;
fi(z) = Zcﬂ 2770=3) 5 (27(z — 'yj’l)) , ¢ eC, zeR" (7.86)
=1
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We apply the localisation property for B;(R") according to [ET96, Section 2.3.2,

pp. 35-36] (there we assumed that 47! are lattice points belonging to 277Z", but
this is immaterial as follows from the proof given there). Then

M, /p
155 1By @R[~ | > leal” (7.87)
1=1
and
M, 1/p
15 1L (0, ) ~ 279D R S el | (7.88)
1=1
All equivalence constants are independent of j € Ny. Hence
£ 1L, )l ~ 279672 B3P 5| By (R™)] ~ 1. (7.89)
Let T be a linear operator,
T: By(R") < Ly(',p) with rank 7' < M; — 1. (7.90)

Then one finds a function f; according to (7.86) with norm 1 in Bj(R") and
T f; = 0. Now we have by (7.89) and (4.227),

ang, (try) = inf |Jtr, — T|| > 277072 pl/P0 je N, (7.91)

where the infimum is taken over all T' with (7.90). Here ¢ is a positive constant
which is independent of j. Now (7.83) follows from (7.91) and M; ~ h;l. O

Remark 7.23. We followed essentially [Tri04c]. In the preceding chapters of this
book but also in [ET96, Trid, Trie] we expressed the degree of compactness of
(embedding) operators preferably in terms of entropy numbers. One may ask what
can be said about the entropy numbers of tr,, in (7.72) expecting that they behave
in the same way as the approximation numbers in (7.73). At least a corresponding
estimate can be obtained quite easily. As for definitions and properties of entropy
numbers we refer to Definition 4.43 and Section 1.10.

Corollary 7.24. Let the hypotheses of Theorem 7.22 be satisfied. Let aj be the
approzimation numbers of tr, and let ey be the corresponding entropy numbers.
Then

Qg5 ~ Qgj—1, j€eN (792)

(with equivalence constants which are independent of 7) and for some ¢ > 0,

er <cap~EYPH(E T, kel (7.93)
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Proof. First we remark that for any b with 0 < b < 1 there is a j € N such that
2hj+k < hj <b< hj_l, (794)

where the left-hand side comes from (7.57). Then

H(b/2) >2777% > 271 H(b). (7.95)
In particular, . ‘

H277)~H(2Th,  jeN. (7.96)
Now (7.92) follows from (7.73), (7.96). Based on (7.92) one can apply [ET96,
Section 1.3.3, p. 15] resulting in the inequality in (7.93). O

Example 7.25. In the references in Remarks 1.154, 1.156 related to the criterion
in Theorem 1.155 one finds lists and examples of functions h generating isotropic
measures according to Definition 7.18. One may ask which of these functions gen-
erate strongly isotropic measures and under which conditions Theorem 7.22 can
be applied. This will not be done. We restrict ourselves to the most distinguished
h-sets, these are the d-sets with 0 < d < n. Then T is a compact set in R",

p(B(y,r) ~r, yel, 0<r<l, (7.97)

and one may identify p with H?|T, the restriction of the Hausdorff measure H¢ in
R" to I'. Then one has h(t) = t* and H(t) = t'/¢ where 0 < t < 1. Let

—d
l<p<oo, ' T<s<™. (7.98)

b b

Then (7.71) is satisfied and one gets both for the approximation numbers a; and
the entropy numbers ey of tr, in (7.72) that
n—d)

e~ ap ~ kP ETaGTE) = pmaGm Y e N (7.99)

This follows for ay from (7.73), whereas the corresponding assertion for the entropy
numbers ey, is covered by [Trid, Sections 20.2, 20.6, pp. 159/166]. At least in this
case one has equivalence in (7.93). An anisotropic counterpart of this theory may
be found in [TamO06].

7.2 Characteristics

7.2.1 Characteristics of measures

We return now in greater detail to fractal characteristics of measures as considered
so far in Sections 1.14 and 1.17.1. In particular we prove Theorem 1.167. Again
let 4 be a Radon measure in R™ with

I' =supp g compact, 0 < u(R")<oo, |I'|=0, (7.100)
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and let ,u;;q with 0 < p < 00,0 < g <00, A €R, be given by (7.2) (obviously, the
assumption that I" in (7.1) is a subset of the unit ball is immaterial and of no use
in what follows). Let py =y, hence

1/p
sup 277 < Z M(Qjm)p> if 0 < p < oo,

fiy = 4 i€No A8 (7.101)
sup 2 u(Qjm) if p = o0,
JjENg,meZ™
where @y, are the same cubes as in Definition 7.1. Then
u;p_ < oo where o, =min(0,n — n) (7.102)
p

This follows from (7.5) with a reference to Proposition 1.127.

Definition 7.26. Let p be a Radon measure in R™ with (7.100). Let 0 <t =1/p <
0o. Then
Au(t) =sup {\: ,u;‘ < oo} (7.103)

are multifractal characteristics of p and
su(t) =sup{s: pe B (R")} (7.104)

are Besov characteristics of p.

Remark 7.27. This coincides with Definition 1.165 (recall that Chapter 1 on the
one hand and the rest of this book on the other hand should be readable inde-
pendently). By elementary embeddings one can replace B, (R™) in (7.104) by
B, (R™) for some g or all ¢ with 0 < ¢ < co. By (7.102) and 279" =< sup,,, 4(Qjm)
it follows that

min(0,n(1 —1t)) < Au(t) <n, where 0 <t <oo and A,(1)=0. (7.105)

Since 1 is singular we have s,(1) = 0 as a consequence of (1.418). We refer also
to Figure 1.17.1.

Recall that increasing means non-decreasing.

Theorem 7.28. Let pu be a Radon measure in R™ with (7.100). Let \,(t) and s,(t)
be the characteristics according to Definition 7.26. Then s, (t) with 0 <t < oo is a
continuous increasing concave function in the (t, s)-diagram in Figure 1.17.1 with
a slope of at most n. Furthermore, s,,(1) = A, (1) =0,

n(t—1) < A\(8) +n(t—1) = s,(t) <0 if 0<t<1, (7.106)

and
0<Au(@®)+n(t—1)<s,(t)<n(t-1) i t>1. (7.107)



7.2. Characteristics 315

Proof. So far we know A,(1) = s,(1) = 0 and the left-hand sides of (7.106),
(7.107). Since T in (7.100) is compact it follows from Theorem 1.10 and Holder’s
inequality that

pweB (R") if peB (R")andp; < po.

P1,00 Po,0

Hence s,(t) is increasing. If

pe By J(R") and pe B, (R") (7.108)
then it follows again by Hoélder’s inequality and (2.12) that for 0 < 6 <1,
1 1-0 6
e B (R") with s=(1—6)so+0s1, = + . 7.109
ne By (R") (I —0)so +0s: r= 2 T (7.109)

Hence s,(t) is concave in the (t,s)-diagram in Figure 1.17.1. If 0 < ¢ < 1 then
su(t) < 0. Now the equality in (7.106) is a consequence of (7.9). The proof is
based on (7.13). If s > 0 then one cannot apply Corollary 1.12 any longer, but
Theorem 1.10. However this is sufficient for the absolute value of the right-hand
side of (7.13) which results in the middle inequality in (7.107). It follows that s,,(t)
is continuous. By well-known limiting embeddings, [Tri3, Section 2.7.1], or (7.159)
below, s,(t) has a slope of at most n. This assertion extends to ¢t > 1, including
the right-hand side of (7.107). One may again consult Figure 1.17.1. O

Remark 7.29. We followed essentially [Tri03b], complemented by [Tri03c, Tri04f].
So far it is unclear whether the equality in (7.106) for 0 < ¢ < 1 can always be
extended to ¢ > 1. Presumably not, but we have no counter-example. As usual in
mathematics one turns this unsatisfactory situation into a notation.

Definition 7.30. A Radon measure p with (7.100) and the characteristics A\, (t)
and s,,(t) according to Definition 7.26 is called tame if
su(t) = Au(t) +n(t—1) forall 0<t< 0. (7.110)

Remark 7.31. First candidates of measures p with (7.100) to be checked whether
they are tame or not tame are the isotropic measures according to Definition 7.18.
This has been done in [Tri04b, p. 190]. We restrict ourselves here to d-sets in R",
hence

supp =T compact, u(B(y,7))~7r% 0<d<n, (7.111)

where again B(v,r) is a ball centred at v € I' and of radius . Then one has
IT'| = 0 according to Proposition 1.153(iii). Recall that one may choose u = H%|T,
the restriction of the Hausdorff measure H? in R" to I'.

Proposition 7.32. Let T be a d-set according to (7.111) with = HT. Then p is
tame and

su() =Au(t)+nt—1)=(n—d)t—1), 0<t<oo. (7.112)
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Proof. We have

1/p
( > M(Qjm)p> ~ (2794r2id) /P — 9=3d(1=0) (7.113)

mez”
and hence by (7.101), (7.103) one obtains that A, (t) = d(1 —¢). It follows that
sut) > A @t) +n(t—1)=(n—-d)(t-1) (7.114)
with equality if 0 <t < 1. Since s,(t) is concave one gets (7.112). O

Remark 7.33. As mentioned above for general isotropic measures according to
Definition 7.18 the situation is more sophisticated. On the other hand one may
ask for subclasses of measures p with (7.100) which are tame. The geometry of T’
seems to play a role. We give a description of some assertions.

Definition 7.34. Let v be a Radon measure in R™ with (7.100). Then p is called
lacunary if there are two positive numbers ¢y and co and closed cubes Qé» where
J €Ny andl =1,...,N;, with sides parallel to the azves of coordinates and of
side-length ¢1277 with the following properties:

(i) If 7 € Ng and l # m then

oo Nj

dist (Q4, Q") > 277 and T =(JQ} (7.115)

j=01=1
(ii) For any cube Qé with j € N and 1 <1 < Nj there is a cube Q7" with
QycQpy and p(Qf) ~ p(QF ). (7.116)

Remark 7.35. Quite obviously, Ui\iﬁ Q; is a decreasing sequence of sets converg-
ing to I'. By (7.115) and the porosity property according to (2.119) the set T' is
disconnected and (in a qualified way) porous. One can apply the well-known mass
distribution procedure to the above construction generating the Radon measure
i, where (7.116) ensures that the mass distribution from level j — 1 to level j is
not too irregular. Details about the mass distribution procedure may be found
in [Fal90, pp. 13-15]. One may also consult [Trid, Section 4] for a description,
further references, and applications to isotropic and anisotropic (self-similar) sets.
Furthermore we return to this technique in Example 7.40 below.

Theorem 7.36. Any lacunary measure as introduced in Definition 7.34 is a tame
measure according to Definition 7.30.

Remark 7.37. Both the definition of lacunary measures and a proof of Theorem
7.36 may be found in [Tri04f]. The proof is based on a characterisation of B, (R")
by some specific local means which will be considered in Section 7.2.2 below. We
refer in particular to Remark 7.43.
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Example 7.38. One may extend Proposition 7.32 and its proof to I' = I'y U T
where I'; is a di-set in R™ and I'y is a da-set in R™ with 0 < d; < dz < n. One
may think about I'y N Ty = ), but this is not necessary since H%(I';) = 0. Let
p=HU Ty + H%|Ty. Then p is tame according to Definition 7.30 and

oult) = {(n—dl)(t— 1) fo<t<l, (7117

(n—do)(t—1) if1<t<o0.

Remark 7.39. Let s(¢) be a function with the properties as described in Theorem
7.28. There is the question whether one finds a measure p with s,(¢) = s(t). First
assertions in this direction were given in Theorem 1.199. We return to this point
in greater detail in Section 7.2.3. In particular for given s(t) with the properties as
in Theorem 7.28 one always finds a compactly supported Radon measure p with
su(t) = s(t) and |sing supp p| = 0. We refer to Remark 7.53. But it is not clear
whether [supp p| = 0 can be obtained or whether such a measure is tame. Under
these circumstances it might be of interest to complement Proposition 7.32 and
Example 7.38 by the following more sophisticated tame measure p and its Besov
characteristics s,,(t).

Example 7.40. Let Q be the closed cube in R", centred at the origin with sides
parallel to the axes of coordinates and of side-length 1. Let o > 0 and let T} be
contractions in R", where k =1,..., N, with 2 < N € N,

Tp: R" 3>z pr+ 2" where 2% eR", (7.118)

such that
Q"=T,QcQ, Q'nQ'=0 if k#L (7.119)

Then 0 < ¢ < 1/2 and the cubes Q* have a positive distance from each other.
Next we recall how to create a self-similar fractal set I'. Let

N
TQ=(TQ)' =JQ" (TQ’=q, (7.120)

k=1
T =T(TQ" )= U T TQ 1€eN, (7.121)

1<j, <N
and

L= (TQ)™* = (TQ)' = Jim (TQ). (7.122)

leN

Quite obviously, the above cubes and I fit in the scheme of Definition 7.34, maybe
with ¢’ in place of 277. But this is immaterial. Let

N
w=(wy,...,wy), wi>->wy >0, Zwlzl, (7.123)
=1
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s=n(t—1)

—n + d2 ——“"——-—____
—n+d1

—n—l—do

—n

Figure 7.2.1

be a probability. We distribute the unit mass in @) by the mass distribution proce-
dure with respect to the above probability and the above transforms. References
were given in Remark 7.35. One gets a Radon measure p with

supp p =T, w(Ty, - T5,Q) = wj, - - wj,. (7.124)

Then p satisfies (7.100). One checks quite easily that u is lacunary according to
Definition 7.34 and hence by Theorem 7.36 tame. In particular we have (7.110)
where A\, (t) and s, (t) have the same meaning as in Definition 7.26. It comes out
that

N

1/p
A (t) = (log o)~ " log (Z wf) , 0<t=1/p< o0, (7.125)
=1

(usual modification if p = co) and

su) =n(t—1)+ M\ (), 0<t<oc. (7.126)
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We refer to [Tri04f, Theorem 19], where one finds also a proof. One can strengthen
(7.126) by
pe BrM(R™) if, and only if, ¢ = co. (7.127)

In [Tri04f] we discussed the curve s, (t). In the regular case w; = N~! (and hence
w; = N~ for j=1,...,N) it comes out that I is a d-set and one gets by (7.112)

su(t)=(n—d)(t—1) with d=|logo| 'logN, 0<t<oco. (7.128)

In the non-regular case, N~! < w; < 1 one gets a genuinely bent curve su(t) as
shown in Figure 7.2.1 with

0<n—dy<s,(1)=n—d <n—do=—5,(0) <n, (7.129)
where
N
do = |logo| [logwi|,  di =|[logo|™' Y wj|loguwy] (7.130)
j=1
and
si,(t) >n—dy ift—oo with dy=|logg| " logN. (7.131)

Details may be found in [Tri04f].

7.2.2 A digression: Adapted local means

So far we have the multifractal characteristics A\, (t) and the Besov characteristics
s,(t) for measures p with (7.100) as introduced in Definition 7.26. According to
Definition 7.30 a measure is called tame if the equality in (7.106) is valid for all 0 <
t < co. Presumably most of these measures (whatever this means) are not tame
(but we have no examples to substantiate this vague opinion) and one may ask for
a substitute of (7.110) valid for all measures. Furthermore one would like to extend
these considerations to all (compactly supported) distributions. Both will be done
in the next Section 7.2.3. To prepare what follows we have a closer look at some
characterisations of By (R") in terms of local means as described in Section 1.4.

Let K be a real non-negative C*° function in R" with

K(z)>0if|z| <c, K(y)=0ifly|>c, K(0)=1, (7.132)
for some ¢ > 0. Let e, = (0,...,0,1,0,...,0) with 1 in the rth position be the unit
vector pointing in the rth direction of the axes of coordinates, where r = 1,...,n.
Let

L 1 n

D'g)(@) = , > (9(x+er) —29(2) +g(x —er)), z€R, (7.133)
r=1

be the sum of the second symmetric differences and, by iteration,

DMFlg = DIDMg, M € N. (7.134)
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Proposition 7.41. Let K be the above function, let M € N and let ZY; be the

rhombohedron
%:{mEZ": ngM}. (7.135)
r=1
Then
" M
(DM RE)ME) = (—1)MK(€) (Z sin2<5r/2>> , £ER”, (7.136)
r=1
and
DME)(x)=2"" Y d)f K(x+m), zeR", M eN, (7.137)
meZy,

where dM € 7.

Proof. Let M = 1. Then

(D) iz (€ — 24 e~ %) K ()
— ‘1*:1 ( € /2 _ e—ifr/Q) K(¢) (7.138)
= - 2_; m2<sr/2>> K(¢).
Tteration gives (7.136). By (7.133), (7.;34) one gets (7.137). O

We use the local means (1.41) with K and DM K in place of k, hence
“n y—x
KN = [ Ko serma=ct [ &7t @
RTL n

and for M € N,
0@ = [ OV et )y

=272 )" dM K (y+m) flz+ty)dy (7.140)

mezLy,

=272M Z dM K (t, f)(x — tm),

meZLy,

where z € R", ¢t > 0, and f € S’'(R") (usual interpretation). We put K°(¢, f) =
K(t, f). Let Qjnm be the same cubes as above, Section 2.1.2.
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Theorem 7.42. Let 0 < p <00, 0 < ¢ < oo, and s € R. Let K(t, f) and KM(t, f)
be the above means based on (7.132). Let M € Ny with 2M > s and

sup |KM(2*j7f)(m)| ifjeEN, meZ",

U= K@ fi—omezn,  MD
TEQjm

Then
B, (R = {f € SR : |If 1By (R < oo} (7142)

with

a/p\ Y4
1f 1B R™)[IM = 22“‘ (Z(V% )p> (7.143)
mezZn

(equivalent quasi-norms, usual modification if p and/or q is infinite).

Proof. We apply Theorem 1.10 with ky = K and k = DM K. By (7.136) we have
(1.42). Furthermore, if j € N then

K27 f)(@) S Vinf < ek (277, fla(@), 2 € Qjm, (7.144)

where k*(277, f)q(x) is the maximal function according to (1.43). In particular,

1/p
k@, f)|LyR")]| < ¢ ( 2 27 (Vim )p> (7.145)

mezZ"

< K277, Fla [Lp(R™)]),

(modification if p = 00). Then the above theorem follows from Theorem 1.10 with
a>n/p. O

Remark 7.43. If s < 0 then one may choose M = 0 and hence (7.139) with
t =277 for all j € Ny with the non-negative kernels (7.132). If, in addition, yu is a
(non-negative) measure then it follows by (7.12), (7.13),

1/q

a/p
([ [ Bpg (R™)[| ~ 22] (stn=p)a ( > u(Qm)”) , (7.146)

7=0 mezZ"

which coincides with (7.9). According to Theorem 7.28 and also by the Figures
1.17.1 and 7.2.1, s < 0 (and M = 0) is a good choice for measures of type (7.100)
if 1 < p < oo. But if p < 1 then one needs also spaces B;q(R") with s > 0 (and
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hence M € N) and (7.146) is no longer justified. If M € N then, based on (7.13),
there might be a temptation to introduce differences of measures p,

DM u)(Qjm) =27M >~ dM 2" u(Qjmyt), JEN, meZ”, (7.147)
lezy,

in analogy to (7.137), (7.140), and to compare

KM279 f)(x)  with  DMu)(Qjm) if =€ Qjm. (7.148)

But the actual situation might be more tricky. It is not clear whether V]%u for

f = p with (7.100) can be replaced in the above theorem by (D™ 1)(Qjm) in gen-
eralisation of (7.13). However if the measure y is lacunary according to Definition
7.34 then it comes out that K™ (277 f)(z) in (7.140) has on the relevant part
of R™ only one non-vanishing term. Then the situation is similar to the case of
M = 0 and one gets Theorem 7.36. We refer for details to [Tri04f, Section 3.1].

7.2.3 Characteristics of distributions

For Radon measures p with (7.100) we introduced in Definition 7.26 both the mul-
tifractal characteristics A, (¢) and the Besov characteristics s, (t) with the outcome
(7.106), (7.107). We discussed in Section 7.2.1 the somewhat unsatisfactory situa-
tion if ¢ > 1. We modify now A, () by M*(t) so that we always have equality in the
middle terms of (7.106), (7.107) (hence A\, (¢) = M (¢) if 0 < ¢ < 1). In addition we
extend these considerations from measures p with (7.100) to distributions with

fe S (R"), supp f compact, sing supp f # 0. (7.149)
Recall that the singular support of f € S'(R") is given by
sing supp f = {x € R" : f|B(z,r) # C* for any r > 0}, (7.150)

where again B(x,r) is the open ball centred at x € R" and of radius r, and
192 € D'(Q) is the restriction of f to Q. The counterpart of (7.101) is now given
by

1/p
sup 2/(A—m) ( Z (V]% )p> if 0 < p < oo,

v = e, = (7.151)
sup 2/ y if p = oo,
j€Ng,mEeZ™

where V}%f has the same meaning as in (7.141). If M = 0 and f = p according
to (7.100) then we have (7.13) and hence by (7.101),

A
p7

Viuy® = p 0<p<oo, AER. (7.152)
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Definition 7.44. Let f € S'(R™) with (7.149). Let 0 <t =1/p < co. Then
M (t) = sup {x: Vf;"M < oo for some M € No} (7.153)
are multifractal characteristics of f and
sp(t)y=sup{s: fe€ B;OO(]R")} (7.154)

are Besov characteristics of f.

Remark 7.45. By (7.134) and the definition of K (¢, f) in (7.140) it follows that
for given p and M € Ny,

VidN <oo if VMM <oo, M<NEeEN. (7.155)

Again one can replace B, (R") in (7.154) by B, (R") for some ¢ or all ¢ with
0<q< o0

Recall that increasing means non-decreasing.

Theorem 7.46.

(i) Let f € S'(R") as in (7.149). Let A (t) and sf(t) be the characteristics
according to Definition 7.44. Then s¢(t) with 0 < t < oo is a continuous
increasing concave function in the (t,s)-diagram in Figures 1.17.1 or 7.2.1
with a slope of at most n. Furthermore,

sp(t) =N (t) +n(t —1), 0<t<o0. (7.156)

(ii) Let p be a Radon measure with (7.100) and let A, (t) be the multifractal
characteristics according to Definition 7.26. Then

() SN@E) if 0<t<oo (7.157)

with
A(t) = X)) if 0<t<1. (7.158)

Proof. It follows by the same arguments as in the proof of Theorem 7.28 that s¢(¢)
is increasing, concave, and hence, continuous. By the limiting embedding
n

s n s n . n
BplyR") = B, (R) if so— =si— . so2s, (7.159)

0 < ¢ < oo, [Trif, Section 2.7.1, p. 129], it follows that the slope of s¢(t) is at
most n. Now (7.156) follows from (7.151), (7.155), and Theorem 7.42. Finally, if
f = p is a Radon measure with (7.100) then both (7.157) and (7.158) follow from
(7.156) and Theorem 7.28. O
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Remark 7.47. We followed essentially [Tri03c] where one finds also a few additional
explanations. Some further assertions and references may also be found in Section
1.18. In particular by part (i) of the above theorem it is now clear what is meant
by part (i) of Theorem 1.199. We are now going to prove part (ii) of this theorem.
Recall that again |I'|, H%(T") and dimg I' are the corresponding Lebesgue measure,
the Hausdorff measure and the Hausdorff dimension of the set I' in R™. Some rel-
evant references may be found in Section 1.18. There we discussed also properties
of continuous increasing concave functions s(¢) in a (¢, s)-diagram. Recall that
increasing means non-decreasing.

Theorem 7.48. Let s(t) for 0 < t < oo be a real continuous increasing concave
function of slope smaller than or equal to n. Then there is an f € S'(R") with
(7.149) such that

sf(t) = s(t), 0<t< o0, (7.160)

where sf(t) is the Besov characteristics according to Definition 7.44. Furthermore
with T' = sing supp f and p = 1/t,
D=0 and  feBYR"). (7.161)
Let, in addition, s'(00) < n. Then
HYT) =0 if, and only if, d>n —s'(c0), (7.162)
and, in particular, dimy T’ = n — s’ (00).

Proof. Step 1. Let T be a d-set in R™ with 0 < d < n and g = H%I'. Then we
have
sty =n—-d)t—-1), pe B;gét)(R"), 0<t< oo, (7.163)

where again p = 1/t. The first assertion is covered by Proposition 7.32. Further-
more, it follows from (7.113) that X\,(t) = d(1 —¢) is a maximum (not only a
supremum). Then one gets the second assertion in (7.163) as at the end of the
proof of Theorem 7.28 again with a reference to Theorem 1.10. Let I, be the lift
according to (1.5), hence

Lg=(()79)", o€cR (7.164)
With f = I,u we have by (1.6) that
sit)=n—d)(t—1)—0, feBLIRY, 0<t< oo (7.165)

Hence one gets (7.160) for any straight line s(¢) of slope strictly between 0 and n.
An arbitrary admitted curve s(t) will be approximated from above by a sequence
of polygonal lines. This makes it necessary to have control of the dependence of
the quasi-norms of f = I,u in B;&Et) (R™) on d, o and t. For this purpose we first
furnish B (R™) according to (2.8), (2.9), (2.12) with the quasi-norm

1/ 1Bpoo (R)|| = Sup 29%(|(i0; F)¥ | Lp(R™)]l, (7.166)
J&lNo
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_B o=

sy(t)

Figure 7.2.3(a)

where we assume that (g, and hence also ¢, is fixed in what follows. Then for any
N > 0 and any ¢ with 0 < t < oo there is a constant ¢(V,t) (depending also on
o) with the following property: For any e with 0 <& <1, any d with 0 < d <n
and any o € R with |o| < N there is a d-set and a related measure p with

supp 4 C {x: [a] <}, |Lp|BUsDED @) < e(N1),  (7.167)

where again p = 1/t. We shift the proof of this technical assertion to the Remarks
7.49 and 7.50 below.

Step 2. As in Example 7.38 we assume 0 < dy < do < n. Let I'y = supp 1
with p = Hh [Ty a di-set and let 'y be a corresponding da-set with the related
measure ps and I'y NIy = (. Let

fi=1Isip1, fo=Ippuz and f=f1+ fo. (7.168)
Then we have for s¢, (t) and sy, (¢) the counterparts of (7.165) and
sp(t) = min (sy, (t), s5, (1)), 0<t< o0, (7.169)
as shown in Figure 7.2.3(a). Furthermore we claim that

sing supp f =1 Uy, Ilf \B;g;ﬂt) (R™)]| < e(N,t) (7.170)
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Figure 7.2.3(b)

if [o1] < N, |o2] < N. The latter follows from (7.167) and the monotonicity of the
fixed quasi-norms in (7.166). Since I, is an elliptic pseudodifferential operator one
has

sing supp I,g = sing supp g, g€ S (R™), (7.171)

[Tay91, §0.4 ]. But in this simple case one can prove this assertion directly. Then
one gets also the first assertion in (7.170). We iterate this procedure and get (7.160)
if s(t) is a polygonal line with finitely many breaking points. Then f is a finite
sum of terms of type (7.168).

Step 3. After these preparations we now prove the theorem. If s’(0c0) = n then
s(t) = a + nt for some a € R, and one gets s(t) = s¢(t) with f = 1,6 for some
o € R and the d-distribution. Hence we may assume s’(c0) < n and also without
restriction of generality s(1) = 0. We approximate s(t) by a sequence of concave
polygonal lines s7(t) according to Step 2 as indicated in Figure 7.2.3(b), j € N,
such that

s(t) < 7Tt < s7 (1), 0<t< o0, (7.172)

and
st)+277 < SI(t) < s(t)+277 if 0<t <2, (7.173)

whereas s7(t) for ¢ > 27 is a straight line of slope
s'(00) < (s7)/L(27) < n. (7.174)

We may assume that for fixed j all the (finitely many) counterparts of I'1, I's from
Step 2 have disjoint supports and this applies also to the singular supports of the
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resulting f7 € S'(R") with s;; = 7,
sing supp f7 Nsing supp fF =0 if j# k. (7.175)

Furthermore for fixed ¢t with 0 < ¢ < oo one can estimate the numbers o needed
in the liftings by I, as in (7.168) and indicated in Figures 7.2.3(a),(b). Since we
assume s(1) = 0 it follows by elementary reasoning that |o| < N(¢). Then we have
by (7.170) that

1F7 1B @®RM)| < 17 [BED R < e(t),  0<t< oo (7.176)

We may assume that all sing supp f7 are subsets of the unit ball. Let ) be a C*
cut-off function, identically 1 on the unit ball. Then

f=v> 277 € ByY(R") (7.177)

j=1
is the distribution we are looking for with (7.160), (7.161) and, if s'(c0) < n also
with (7.162) by (7.174) and the above construction. O

Remark 7.49. We have to justify (7.167). This will be done in this remark and
in the following one. We prove a little bit more than needed. First we construct
specific d-sets. Let @ = [0,1]™ be the unit cube in R". Then

for any d with 0 < d < n there is d-set T' in R"™ and a corresponding Radon
measure [ with
supp p=TCQ, p(@Q) =pT)=1, (7.178)
and
272 < (Q,) < 22 (7.179)

for any closed cube Q, centred at some point v € I' with sides parallel to the axes
of coordinates and of side-length r where 0 < r < 1.

In case of d = 0 one can choose the Dirac measure, and in case of d = n the
Lebesgue measure, restricted to @), hence the characteristic function of Q). So we
may assume 0 < d < n. Let 1 < 3 < oo such that n = »d. We divide @
naturally into 2" cubes with side-length 1/2. Let Q1,; where [ = 1,...,2", the
cubes concentric to these 2™ cubes with side-length 27*. By the mass distribution
procedure of fractal geometry, [Fal90, pp. 13, 14], one iterates this subdivision,
starting now with ()1, and gets a (totally disconnected) d-set I' and a Radon
measure p with (7.178) and

w(@) =27 = @274, 1=1,..., 2" (7.180)

Details about this self-similar construction may be found in [Fal85, Section 8.3].
Let Q7 be a cube of side-length 277% centred at some point v € I'. Of course,
v € Q;,; for some [. By the above specific construction it follows that

27 (2797) = 27 Q) < (@) < 2 (2797, (7.181)
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Let @, be a cube with side-length r, where 0 < r < 1, centred at some point
v eI, and let j € Ny such that

9= UHD* < p < 27, (7.182)
Then it follows from n = »d and (7.181) that
97 2npd < 9o U )=d < () < 2 27IdF < 92npd (7.183)

This proves (7.179). Of course one can replace the cubes @, by corresponding
balls of radius r (with constants depending only on n). Furthermore if T'; is the
intersection of I' with one of the above cubes () ;; where J € N, then one gets a
sub-fractal and the related measure p; has the total mass 277/". One has again
(7.179) with 0 < < 277 and supp I'y C Q. (for the selected 1). We choose
this (sub-)fractal in the first part of (7.167) and prove now the second part with
o = 0, hence

HM\B(" DE-D(RMY|| < e(t),  0<t< oo, (7.184)

where again p = 1/t, for some ¢(t) > 0 which is independent of d (and € > 0). It is
sufficient to justify (7.184) for the d-set I" we started from, hence (7.178), (7.179).
Recall that By (R") is quasi-normed by (7.166). We have

pi(0) = p(272) with (@) = polw) — po(2a) i j €N,

Let
[ ={zeR": dist (z,[) <277}, j € No, (7.185)
and . . ‘
IV ={zcR": 2797 < dist (2,T) <277}, j€N,. (7.186)
Then
j—1
I=T;uJI*"c{y: yl<e (7.187)
k=0

for some ¢ > 0 depending only on n. Let N; be the minimal number of cubes of
side-length 277 centred at I' needed to cover I'. Since u(I') = 1 it follows that
N; < 274 with j € N, where ¢ depends only on n. Concentric cubes with side-
length 3 - 277 of the above cubes cover also I';, hence

19| < |Ty| <3"279"N; < c279(n=d), (7.188)

where ¢ depends only on n. Let j € N (if j = 0 one has to modify appropriately
what follows). Then for z € R",

(s (@) =< [ (o =) n(an)

| | (7.189)
= 2" / ¥ (2(z—7)) p(dy).
I
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We have for any a > 0,

Ca

oY (27(x — 7)) | < (sipe_nper JEN VET, (7.190)
and hence for x € R"\I" and v € T,
oV (2 (z =) | < 2770 (1 + |z) 77 (7.191)
With ap > n and again ¢t = 1/p one gets
(s )Y |Lp(R™\I)]| < e(t) 27— (7.192)

Let k=0,...,5 —1,and 2 € I*, v € T with dist (z,v) ~ 27! where I = 0,..., k.
Then for any b > 0, ‘ ‘
lp¥ (29 (z — 7)) | < ep270 20 (7.193)

Then one gets for € T'¥ by (7.189) and, so far, b > n + 1, that

k
(g 7)Y ()] < ¢ 27— 3™ glb o=t

o Eree (7.194)
< ¢ 23(nb) gh(b=d)

=G 9i(n—d) 9—(j—k)(b—d)

with constants depending only on b and n. Similarly for € T';, getting (7.194)
with k& = j. Let p < co. Then one obtains by (7.188), (7.189), (7.192), (7.194) that

105 )" | Lp(R™)][7

j—1
< CQJ(nfa)p_F/F \(@jﬁ)v(fﬂﬂp dm—’_z/rk |(0; ﬁ)v(mﬂp dx
J k=0

j—1
< lgj(na)p + 2/ =dp|p | 4 gin=d)p Z 2(jk)(bd)p|1—‘k|‘| (7.195)
k=0

j—1
< [Qa‘(na)p 4 20— (e=1) 4 9= p=1) §° Q(jk)[(bd)Pn+d]]
k=0

if @ and b are chosen sufficiently large in dependence on n and p. Since ? ;1 =1-—t
one gets ‘
(05 )Y [ Lp(R™)|| < ¢ 2= (7.196)

and hence (7.184) where ¢ depends only on ¢ (and n). If p = co then one gets
(7.196) and hence (7.184) with ¢ = 0 from (7.192) and (7.194).
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Remark 7.50. Let B; (R") be quasi-normed according to (2.12) with respect to a
fixed system ¢ = {@x}72, in (2.8)-(2.10). Then

1
i) =@i(x) > @iulx), jeNy, zeR", (7.197)
1I=—1

p—1 = 0. We prove the following assertion:

Let N >0 and 0 <t =1/p < oco. Then there is a constant ¢(N,t) (depending also
on ¢ and n) such that for all s € R, all 0 < ¢ < o0, all 0 € R with |o| < N and
all f € B3, (R™),

1o f [ Bpg ”(R™)|| < e(N, 2) [Lf [ By (R™)]], (7.198)

where I, is the same lift as in (1.5), hence

s = (1 +1ePy2F) (7.199)

Afterwards one gets (7.167) as a consequence of (7.184) and (7.198) which com-
pletes the proof of Theorem 7.48. By (2.12), (7.197), (7.199) the assertion (7.198)
follows from
2\0/2F v n oj : 2\ n
1 (25©) L+ 1727 ) Ly @) < e(V,8)27 3 | (944af) 1R
I=—1
(7.200)
and hence from

(050 (1 + 1P /2 Frm) IEp(B)] < e )27 | fysa | L) (7.201)

with f; = (apj]?)v. But this is a matter of Fourier multipliers for analytic L,-
functions g € S'(R™) with compact support of § in balls of radius ¢27. It is sufficient

to deal with j € N and [ = 0 in (7.201). Let f7(x) = f;(277z). Then }7 has a
compact support in a standard ball and

i) =27"fi2d%),  jeN. (7.202)
With (&) = ¢o(€) — ¢o(28) and ¢;(€) = ¢(277¢) one gets
(e +16P279) (@)
= 27imin (p(278) (27 + p7eP) P T (279)) () (7209

=277 (p6) (2% + €)1 ©) @)

o/2
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and

[(est0 1+ 162)7 Fi@) " 1y

< 9oi—in/p

(66 (22 +1eP)* Fi©) Iy
< M2 IR | 3L, (R

(7.204)

< M 27| f5 | Lp(R™)]),

where the last but one estimate is a Fourier multiplier assertion with respect to

my(€) = p(€) (2% +|e)7* . jeN (7.205)

According to [Tri, Theorem 1.5.2, p. 26] the above multiplier constant M can be
estimated from above by

1 1
M < ||m; |W¥R" Nok=1 - 7.206
<oy WEED, N3k=1+ (o= o) ra0
where WJ(R™) are the classical Sobolev spaces normed by (1.4). By the support
properties of ¢ one gets for all j € N and all o with |o] < N that M < ¢(N,t),
hence (7.201) and finally (7.198).

Remark 7.51. The Remarks 7.49 and 7.50 justify (7.167) and complete the proof
of Theorem 7.48 and also of Theorem 1.199(ii). One may consult Section 1.18
and Remark 1.200 for a few further comments and some references. The definition
(7.154), now admitting —oo < sf(t) < oo, makes sense for arbitrary f € S’(R")
which are not necessarily compactly supported. The characterisation of all result-
ing curves s(t) = s¢(t) has been given recently in [Ved06]. The basic ideas for
proving Theorem 7.48 are quite simple: One lifts (7.163), gets (7.165) and ap-
proximates the given curve s(t) from above by concave polygonal lines. However
the justification of this approximation procedure, based on (7.167), is somewhat
cumbersome, fulfilling the two preceding remarks. On the other hand on this way
one can extract additional information such as (7.161), (7.162) and the following
one. Preparing for what follows we recall that a compactly supported non-negative
function f € Li(R™) can be interpreted as a (non-negative) regular measure fur,
where pr, is the Lebesgue measure.

Corollary 7.52. Let s(t) be a curve as in Theorem 7.48. Then there is a compactly
supported (reqular or singular) Radon measure p in R"™ with s, (t) = s(t) for all
0 <t < oo if, and only if, s(1) > 0.

Proof. According to Proposition 1.127 we have s,,(1) > 0 for any compactly sup-
ported measure. We prove the converse and suppose s(1) > 0. Then we may assume
that all line segments in the proof of Theorem 7.48 are generated by f = I, with
(singular) measures p and liftings I, with ¢ < 0. By (3.251) one can represent



332 Chapter 7. Fractal Analysis

I, as a convolution operator with positive kernel. Then I, € Ly (R") is positive.
The approximation procedure in the proof of Theorem 7.48 and the multiplication
with a non-negative cut-off function results in a compactly supported non-negative
distribution. But this is a measure. As for details of the last assertion we refer to
Step 2 of the proof of Theorem 3.48. g

Remark 7.53. In particular, s(¢) with s(1) = 0 can be represented as s(t) = s,(t)
where p is a compactly supported measure. But it is not clear whether such a
representation can be achieved even with a singular measure according to (7.100)
where I" is the support of p. But one has in any case (7.161) for I' = sing supp u.

Remark 7.54. For f € S'(R") which materialises the given curve s(¢) according
to Theorem 7.48 we got the extra information (7.161). If s¢(1) > 0 then f is an
Lq-function; if s¢(0) > 0 then f is even a real continuous function. It is one of the
favorite subjects of fractal geometry to study the graph of such functions in terms
of fractal quantities such as the Hausdorff dimension of the graph of f in R™!,
or diverse types of box dimensions etc. There is a huge literature and something
can be found in the books mentioned in Section 1.12.1. But it is not the subject
of this book. Nearest to us and related to Theorem 7.48 are the two recent papers
[Car05, Car06], where one finds also further references. In particular one may ask
for fractal properties of continuous, real, compactly supported functions belonging
for given s € R and 0 <t = 1/p < oo to the residual sets

R(R") = {f € Bj(R"), supp f compact, s = sy(t)} (7.207)

or
Ry(R™) = {f € S'(R"), supp f compact, s =ss(t)}. (7.208)

Of course it is always assumed that f is not C'*°, such that the curve s¢(t) exists.
Using the wavelet isomorphism according to Theorem 3.5 one gets

0 # RS(R™) G R3(R™), (7.200)

where the first assertion is also a consequence of (7.161). One of the main aims
of [Car05, Car06] is the detailed study of how bizarre the graphs in R"™" of real
continuous, compactly supported functions f can be and have to be if they belong
to the above residual sets.

7.3 Operators

7.3.1 Potentials and the regularity of measures

In Section 7.1.2 we dealt with the interrelations between Radon measures of type
(7.1), Bessel potentials and (truncated) Riesz potentials. This is one of the favorite
subjects of fractal analysis. One may consult the literature in the references given
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at the beginning of Section 7.1.2. Now we return to this subject in a modified way.
We always assume that p is a singular measure in R™,

F=supp pC{z: |z| <1}, 0<u®R")<oco, |I|=0, (7.210)

where |I'| is the Lebesgue measure of I'. Again let @y, where j € Ny and m € Z",
be the closed cubes in R™ with sides parallel to the axes of coordinates, centred
at 277m and having side-length 27771, As before we put

Hi = sup w(@Qjm),  Jj €No. (7.211)
me n
We have by (7.9)
i1 B R~ iy =D hy (7.212)
7=0

as a characterisation. In particular, p € B_" (R") if the right-hand side of (7.212)
is finite. Since

peC"R") = B (R")
for any measure p with (7.210) the assumption Z;’io p; < oo is a mild additional
restriction. It ensures that

2u(x) = Jup € By (B") — C(RY), (7.213)
where

Jog = (id - A)"2g, g€ S(R"), (7.214)
is a special Bessel-potential with the isomorphism (7.18). The last embedding in
(7.213) is covered by (4.25). Although the characterisations in Theorem 7.5, the
related applications in Section 7.1.2 and also the considerations about character-
istics of measures in Section 7.2.1 are rather satisfactory it comes out that a closer

look at the behavior of the partial sums of the (converging) right-hand side of
(7.212) provides an even finer tuning.

Definition 7.55. Let p be a measure according to (7.210) with Z;io pj < oo. Then

Zut)= > p, 0<t<l, (7.215)
j=|logt|
and
zu () = (Jnp)(z), z € R, (7.216)

where Jp, is given by (7.214).

Remark 7.56. It follows by (7.213) that z,(x) is a continuous function in R™. Tt
is the main aim to judge the regularity of u in terms of smoothness properties of
z,(z). Since p is a measure in R" with (7.210) it follows that

pj <e2nU o for 0< <, (7.217)
where c is independent of j, J, and u. In particular,

Hg ~ Hj+1s j € N07 (7218)
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although the measure p itself need not be doubling in the understanding of
(1.493). This supports (7.215). Obviously, Z,(t) is a positive increasing (means
non-decreasing) function on (0, 1] with

Z(1):;Ouj and Z(O):ltilngZ(t):O. (7.219)

As usual, A = 3" 9?/022 stands for the Laplacian in R™ and Al are the
differences in R" according to (4.32). Recall that log is taken to base 2.

Theorem 7.57.  Let u be a Radon measure in R™ according to (7.210) with
Z;io pi < oo. Let pj, Z,(t) and z,(z) as in (7.211) and in Definition 7.55.
(1) Then z, € C(R") is a positive continuous function in R"™. Furthermore there
is a positive number ¢ such that for all measures u, allz € R™, and all h € R™
with 0 < |h| < 1,
A7 2, (@) < ¢ Zu((h). (7.220)
(ii) Letl € N. Then there is a positive number ¢ such that for all measures p, all
x €R", all J € Ny and all h € R™ with 0 < |h| <1,

A za(@)] < ¢S+ elhl! S 2 py. (7.221)
j>J Ii<J

Proof. Step 1. By (7.213) and (7.19) with o = n and the positive kernels G,,(x)
according to [AdH96, p. 10] it follows that z,(x) is a positive continuous function.
We prove part (ii) in Step 2 and take it temporarily for granted. By (7.217) the
last term in (7.221) with [ = n+1 and |h| ~ 27 can be estimated from above by

cpy 270D N "ol ignlI=a) < e (7.222)
J<J
and incorporated in the first term on the right-hand side in (7.221). With J ~
|log|h|| one gets (7.220).

Step 2. We prove part (ii). For this purpose we represent p according to Theorem

3.26 as
p=> N, (7.223)
B.3,m

where @fm € S(R™) are the same functions as in (3.89), and by (3.88), (3.139),

A0 () =27 [ 1 (20 = m) i), (7.224)
In particular, 4
X)) < 27 p(Qjm), (7.225)

where ¢ is independent of j, m, 5 and u. Here we may assume that & in (3.66) is

chosen appropriately, otherwise @y, in (7225) must be replaced by a cube @,
concentric with @y, and side-length 4277 for some suitable b > 0. But this is
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immaterial and will be ignored. With (7.216) one gets
=y AN (w) 1@ (7.226)

Jjm>
B.3,m

unconditional convergence at least in S’(R™). The liftings Jn@?m and Dzl‘b?m
n (3.183), (3.187) with 2L = n, and based on (3.154), are of the same type
resulting in

T, @0 (2) =280 (2), jeNy, meZ", feNg, (7.227)

where ‘i)]ﬂ»m are of the same type as @me in Definition 3.29. For this purpose one

has to replace 1 + [¢]*F with 2L = n by (1 + |¢]?)"/? in (3.181), (3.186), which
does not change the arguments. In particular, for any o € Nij, ¢ > 0, and a > 0
there is a constant ¢ such that

D@7 (2)] < c27lel 2781 (1 4 |27 0 — )~ (7.228)

for all B8 € N, j € Ng, m € Z™ and x € R". By (7.225), (7.227) and (7.228) with
a = 0 one gets uniformly for all z € R" and J € N,

S N 1@ (@) <e Y 27 WQim) g 99

8,55 Jm B> Jm (14272 —ml)

With a > n and s > 0 the right-hand side converges uniformly and we have

> N () Il (@) <> py (7.230)

B,3>J,m j=J

With J = 0 it follows that (7.226) converges even absolutely (and hence uncondi-
tionally) in C'(R™). Furthermore one gets the first term on the right-hand side of
(7.221). As for the second term we use that for some ¢ > 0, all, say, C*° functions
® in R", all x € R" and all h € R" with || <1,

AL ®()| < clh]' S sup |DTa(y)], (7.231)
[yI=t

where the supremum is taken over all y € R™ with |z — y| < [|h|. This can be
proved by elementary reasoning, for example by induction with respect to [ € N.
Tt follows by (7.227), (7.228) and (7.231) that

jl
ST ()AL g0 (@) <cln! D 27 2];(Qjm) )
B,3<Jm B,j<Jm +‘ x—m|)
SC’|h‘lZQZjlu]‘.
i<J

This is the second term in (7.221). O

(7.232)
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Remark 7.58. This is an improved version of [Tri04e, Theorem 1]. In particular
we added now part (i) of the above theorem. On the other hand the basic idea to
use wavelet expansions of type (7.223) and (7.226) is taken over from [Tri04e]. We
add a discussion. If

Zde pj < oo for some 0<d<n, (7.233)
j=0

then one gets by the above arguments for d > [ € Ny,

|Afzu(x)| <cln' Y 29 p; < Jhl', 0<|h[ < 1. (7.234)
j=0

But this is not a surprise. In this case one can apply D* with |a| < to (7.226).
By (7.227), (7.228) one gets

z, € C'R™) = {f € C(R"): D*f € C(R™), |a| <1}. (7.235)
More interesting seems to be the case when
> 2tpy~ 2%y for some n>1eN. (7.236)
j<J

Then one gets by the same arguments as in Step 1 of the proof of the above
theorem,

1ALz ()] < eZu(|h), |h| < 1. (7.237)
If, in addition,
S wi~ps,  JEN, (7.238)
jzJ
then one gets
ALz, (z)| <cpy with |h| ~277 (7.239)

Remark 7.59. If one has (7.236) then one can reduce the n + 1 differences in
(7.220) to I differences in (7.237). But this effect is well known. Of interest for us
in connection with the above considerations are the equivalent norms in (1.12) for
the Holder-Zygmund spaces C*(R"™). There is the following generalisation.

Corollary 7.60. Let p be a measure as in Theorem 7.57 and let for some k € N,
somel € N with I <n, some 0 <e<27F and some 0 < <1,

Z,(2F) <52 Z,(t) forall 0<t<e. (7.240)
Then \Al (@)
zZulT n
sup Z" “h + 2 | Loo (R™)]
u(|R]) 7 941
ARz, (2))| (7241
h 1% n
~ sup + |12, [ Loo (R™) || < 00
Zu(|h]) !

where the suprema are taken over x € R™ and h € R™ with 0 < |h| < 1.
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Proof. By (7.220) the right-hand side of (7.241) is finite and can be estimated
from above by the left-hand side. As for the converse estimate we recall that

r=0

21
(ALS) (x) =271 (AL f) () + AL <Z arf(x+ rh)) , (7.242)
where a, € R are suitable numbers, [Trif, (46), p. 99]. Iteration gives

(ALF) (@) = 27 (AL, £) (z) + AL (Z " f(z+ rh)) . (7.243)

Denoting temporarily the norm on the left-hand side of (7.241) by ||z,]|; it follows
from (7.243) that

7. (2k¢
||zu||z<2”f(sup n(2'1)
o<t<e Zyu(t)

By (7.240) the factor of the first term on the right-hand side is smaller than 1.
Then one gets

)l + el (7244

lzulli < ¢ 12ulli41- (7.245)

Iteration by decreasing [, beginning with [ = n, and restricting first |h| to |h| >
0 > 0, with ¢ tending afterwards to zero, gives the desired result.

Example 7.61. The first examples to be tested might be the isotropic measures
according to Definition 7.18. Obviously, 1; ~ h(277) = h;. If ju is strongly isotropic
then (7.238) coincides with (7.58). Of peculiar interest are the d-sets with the
related measures u = H?|I" according to (7.97) where h; = 2774, We adopt here a
slightly more general point of view and assume that

pj~ 27990 €N, where 0<d<n, beR. (7.246)

Then one has both (7.236) with d < [ € Nand (7.238). Since always Z,(t) ~ Z,(2t)
one gets for t ~ 277 that

Zu(t) ~ g~ 277000~ logt”, 0 <t < 1/2. (7.247)
Now it follows from (7.239), or (7.220) combined with Corollary 7.60, that
ALz, (2)] < c|h|®-|log|hl|®, 0<|h|<1/2, x€R™ (7.248)
The same arguments apply to
pj ~ 279m b jeN, b> 0. (7.249)
Then one gets forn+1 <1 €N,
|ALz,(2)| < c|h|™ - |log|h||’, 0<|h|<1/2, z€R", (7.250)
and for t ~ 277,

Zu(t) ~ g~ 277" J0 ~ 7 logt]”, 0<t<1/2. (7.251)
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Finally in case of

i~ a>1, jeN, (7.252)
one has Y p1; < oo and also (7.236) for any ! € N. Now it follows that
|ALzu(x)| < cllog|h| '™, 0<|h]<1/2, z€R" (7.253)
and
Z,(t) ~ |logt|'~, 0<t<1/2. (7.254)

As mentioned above in case of isotropic measures according to Definition 7.18
one has p; ~ h(277) = h;. Further information about isotropic measures may
be found in Section 1.15. Especially we have the criterion in Theorem 1.155 and
the examples in Remark 1.154. A list with further standard and non-standard
isotropic measures and generating functions h may be found in [Bri03, Bri04]. In
particular, according to these examples there are singular isotropic measures with
(7.246), (7.249), (7.252). By (1.494) we may also assume that we have (7.210).
Otherwise we again followed [Tri04e] with some modifications. There one finds
also further information.

Remark 7.62. One may ask to which extent the assertions in Theorem 7.57,
Corollary 7.60 and Example 7.61 are sharp. In case of d-sets, hence (7.246) with
0 <d<nandb=0 one has

p=HIT e BL(R™) if, and only if, ¢ = oc. (7.255)
Then one obtains that
2y = Jup € BL ,(R™) if, and only if, ¢ = o0, (7.256)

and (7.248) with d <! € N and b = 0 is sharp. This assertion can be strengthened
as follows. Recall that C*(R™) = B3 (R™). As in Remark 2.30 we denote by
C*(R™) with s € R the completion of S(R") in C*(R"™) getting a genuine subspace
of C*(R™). Then one can strengthen (7.255) by

p=HYr € ¥ "(R™)\C™(R™) (7.257)

and one gets for z, in (7.256),

limsup |sup |k|~¢- ‘(Ahzu) M| ~1 (7.258)
|h|—0 Lyel

with d < [ € N. Since J,, is an elliptic operator one can restrict the supremum over
I in (7.258) for any fixed 7o € " by |y — 70| < & with v € T, € > 0. One may ask
whether this local assertion can even be strengthened by pointwise assertions and
whether these considerations can be extended to arbitrary measures covered by
Theorem 7.57. In other words, one may ask whether (7.220) and (7.241), (7.240)
have pointwise counterparts of type

AL 23] ~ Zu(Ihl), 0 <Al <1, (7.259)
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for some or for all v € I' = supp p with equivalence constants which are inde-
pendent of h. Of course, the first candidates to be tested are isotropic measures.
We refer in this context also to [Tri04e, p. 281]. To have a notation one could call
2, () the Bessel characteristics of p with v € I' = supp p. It might well be the
case that both Z,(t) and z,(y) play a more significant role in the study of fractal
and regularity properties of Radon measures in R™ than reflected by the above
assertions.

7.3.2 Elliptic operators: general measures

First we collect some notation and assertions obtained so far. Let

H?(R™) = H7 (R™) = B3 ,(R") = F5,(R"), o €R, (7.260)
be the distinguished Hilbert spaces now furnished with the scalar product
(f,9)me@n) = /R (id = A)72 f(z) - (id = A)72g() da. (7.261)
Again let for s € R,
Jo=(d—A)"%2  J,H(R") = H 7 (R"), (7.262)

be the usual Bessel potentials with the indicated isomorphic mapping properties
according to (7.18). This justifies in particular (7.261). Let tr, be the trace op-
erator and id, be the identification operator for Radon measures ; according to
(7.210) as introduced in Section 7.1.3. Let p1; be as in (7.211).

Proposition 7.63. Let p be a Radon measure in R™ according to (7.210) with
Yoo by < 00 Then

id" =id, otr, : H"2*R") — H"/*R") (7.263)

1s linear and compact. There is a positive number ¢ such that for all u,
o0
[id"|| < e py. (7.264)
j=0

If, in addition, 3777 u;/Q < 0o then
id":  H"R") < B, *(R") (7.265)
1s linear and compact.

Proof. Both (7.263), (7.264) and the compactness of id” follow from Theorem 7.16
with p = ¢ = 2 and s = n/2. If u satisfies the stronger condition ) u;/z < oo then

one can apply part (i) of Theorem 7.16 with p = ¢ = 2, s = n/2 to tr, and part
(ii) with p =2, ¢ =1, s =n/2 to id,. O
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Remark 7.64. For measures p according to the above proposition and the special
Bessel potentials J,, it follows from (7.262) that

A=J,oid" = (id — A)"20id": H"?R") — H"*R") (7.266)
0o 1/2

is a linear and compact operator. If, in addition, > j—o M <00 then one gets by
the above proposition and (7.18) that

A=J,0id": H"?R") — By*(R") (7.267)

and also
A=J,0id"*: H"?R") — H"?R")NC(R") (7.268)

are linear and compact. We used (1.203) in the latter assertion. We are now in a
similar situation as in Section 1.13.2. There we dealt with bounded C'*° domains
Q in the plane R? instead of R™ and with the inverse (—A)~! of the Dirichlet
Laplacian in € instead of J,,. Then Proposition 1.141 and Theorem 1.143 are
the counterpart of (7.263), (7.266), (7.268). According to Remark 1.144, Theorem
1.143 is covered by the reasoning and the references given there with exception
of the compactness of tr,, and part (iii) of this theorem. But these gaps are now
sealed by the above arguments with n = 2 and (—A)~! in place of Jo. It is the
next aim to prove the counterpart of Theorem 1.145 with R™ in place of bounded
C* domains Q in R? and J,, instead of (—A)~'. But n = 2 has some peculiarities
which are covered by the arguments and references given in Section 1.13.2. This
applies in particular to the observation that the largest eigenvalue ¢ in (1.470)
is simple and that the related eigenfunctions in (1.471) have no zeros. There are
no assertions of this type for general n € N. But furnishing H"™/?(R"™) with the
specific scalar product (7.261) one has a counterpart of the crucial observation
(1.468) which now reads as follows,

(Afrg) s = / F() g uldy), fe HYVARY, ge HV2R™). (7.269)

This can be justified by the arguments given in [Trie, Section 19.3, p. 257] and
[Trid, Sections 28.6, 30.2, pp. 226, 234], which will not be repeated here. Hence one
can generate the linear and compact operator A in H"/?(R™) according to (7.266)
by the scalar product of Lo(T', i) interpreted as a bounded symmetric quadratic
form in H"/?(R™). As a consequence, A is a non-negative self-adjoint compact
operator in H"/2(R™) and

IVAFIH™ 2 (R™)|| = ||ty f | L2 (T, ). (7.270)
Otherwise we use the previous notation. In particular, Z,(t) has the same meaning

as in (7.215) and the differences Al in R™ are given by (4.32). As before p; is
defined by (7.211).
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Theorem 7.65.  Let u be a Radon measure in R"™ according to (7.210) with
D im0 My < 00 and let

A=J,o0id" = (id — A)""/? o id". (7.271)

(i) Then A is a non-negative compact self-adjoint operator in H™?(R™), gener-
ated by the quadratic form (7.269). Let o, be the positive eigenvalues of A,
repeated according to multiplicity and ordered by decreasing magnitude and
let ug be the related eigenfunctions,

Aup = o), ug, ke N. (7.272)
Then
01> 09> >0, o — 0 if k— oo, (7.273)

and there is a positive constant ¢ such that for all measures p,
01 <c¢Z,(1) = cZuj. (7.274)
§=0

Furthermore, the u, are C* functions in R™\T.

(i1) Let, in addition, Z;io u}/Q < 00. Then uy, are continuous functions in R".
There is a positive constant ¢ such that for all p according to (7.210) with
Z;io u;/2 < oo, alx €R™, all h € R" with 0 < |h| <1 and all eigenfunc-
tions ug, normalised by |lug |Loo(R™)]| < 1,

Ok ‘Azﬂuk(m)’ < cZ,(lh]). (7.275)

Proof. Step 1. We prove part (i). By the above preparations it follows that A is
a non-negative compact self-adjoint operator, generated by (7.269). Furthermore,
(7.274) follows from (7.264) and (7.262) with 0 = —n/2 and s = n. Rewriting
(7.272) as

0, (id — A2y, = id,, o truy, (7.276)

one gets
(id — A)"2up =0  in D'(R™\I) (7.277)

and hence uy € C*°(R™\T').

Step 2. We prove part (ii). By (7.268) we have ur € C(R™). Normalised by
sup |ug(z)| < 1 it follows that the ugp in

opur = (id — A" 2upp, k€N, (7.278)

can be interpreted as uniformly bounded complex measures. We expand uyp as in
(7.223) and get in generalisation of (7.225) that

NG ()] < €27 1(Qjim), (7.279)

where ¢ is independent of j, m, 3, u and uy. But then one obtains (7.275) as in the
proof of Theorem 7.57. g
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Remark 7.66. This is a modified version of [Tri04e, Theorem 2]. One can replace
the right-hand side of (7.275) by the right-hand side of (7.221) or the corresponding
terms in Corollary 7.60 if (7.240) is satisfied. In Example 7.61 we discussed a few
special cases. Then we have the corresponding specifications of Z,,(|h|) on the
right-hand side of (7.275).

Remark 7.67. In Section 1.13.2 we considered the corresponding problem for the
operator B in Proposition 1.141 with the inverse (—A)~! of the Dirichlet Lapla-
cian in a bounded C* domain in the plane R? in place of J, in (7.271). One
can complement Theorem 1.145 by related counterparts of (7.274), (7.275). Some
assertions of this type may be found in [TriO4e, Theorem 3]. Of specific inter-
est might be the positive eigenfunction u(x) = u*(zx) of the largest eigenvalue g,
which is simple, according to (1.470), (1.471). This is the fractal counterpart of
Courant’s classical observation as described in Theorem 1.137. One may call u* ()
with v € I" the Courant characteristics of pu complementing the Bessel character-
istics z,(7y) at the end of Section 7.3.1, now restricted to the plane R?. One may
ask in modification of (7.259) under which circumstances one has

A (N| ~ Zu(h), v e, 0<|h <1 (7.280)

7.3.3 Elliptic operators: isotropic measures

Theorem 7.65 deals with general measures according to equation (7.210) with
Z;’io p; < oo and special Bessel potentials J,, such that the operator A in (7.271)

acts just in the critical Hilbert spaces H™/?(R™) in the notation of Theorem 1.73.
Now we assume that p is an isotropic measure according to Definition 7.18, which
includes (7.210) = (7.32). On the other hand we extend now the considerations
from J,, in (7.266), (7.271) to Jas according to (7.262) asking for operators B,

B, = (id— A)Soid*:  H(R") — H*(R"), (7.281)
where 0 < s < n/2. First we explain and ensure (7.281). We again assume that
H*(R") are the Hilbert spaces (7.260) furnished with the scalar product (7.261).
Furthermore if 1 satisfies the hypotheses of Theorem 7.22 then we have

tr,: HY(R"™) — Lo(T', p) (7.282)
for the trace operator and by Theorem 7.16,

id, :  Lo(T, p) — H*(R"™) (7.283)
for the related identification operator. Hence

id* =id, otr, : H(R") — H*(R"), (7.284)
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in modification of (7.263). Together with (7.262) one gets (7.281). With the same
references as there one has the counterparts of (7.269), (7.270),

(Bafr )1z / f() g u(dy), feHRY), geHRY), (7.285)

and

|V/Bos 1 @) = o, f [T )] (7:286)

Theorem 7.68. Let o be a strongly isotropic Radon measure according to Defi-
nition 7.18 with the generating function h and the inverse function H given by
(7.70). Let 0 < s <n/2 and

Z 21(n=29)p .~ 27 (n=29)p ;. J € Ng, (7.287)
j=J

where the equivalence constants are independent of J. Then By as introduced above
is a compact, non-negative self-adjoint operator in H*(R™). Let g;, be the positive
eigenvalues of B, repeated according to multiplicity and ordered by decreasing
magnitude,

0 >0y > >0, o, — 0 if k— oo. (7.288)

Then
p~ kT H (T2 keN. (7.289)

Proof. Step 1. By Theorem 7.22 the trace operator tr, in (7.282) is compact. Then
also its dual operator id,, in (7.283) is compact. It follows that both id” in (7.284)
and By in (7.281) are compact. Together with the above explanations one gets all
the assertions of the theorem with the exception of (7.289).

Step 2. We prove that there is a number ¢ such that
o < ckTYH (k™2 keN. (7.290)

So far we have (7.73) for the approximation numbers ay(tr,). By the duality (7.37)
and the well-known properties of the approximation numbers for dual operators,
[EAE87, Proposition 2.5, p. 55|, one gets

ap(id,) = ap(tr,) ~ E"Y2H(EYH)*"2 kel (7.291)

Using the multiplication property for approximation numbers according to (1.285)
and (1.293) one gets

0oy, = a2k (Bs) < c||Js||ag(tr,)? < k™ H (K1) (7.292)

By (7.96) we have H(t) ~ H(2t) if 0 < 2¢ < 1. Then (7.290) follows from (7.292).

Step 3. By the above considerations the converse of (7.290) follows from

ar(v/Bs) > ck™Y2H(E™Y)* "3, keN, (7.293)
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for some ¢ > 0. But here we are in the same situation as in Step 2 of the proof of
Theorem 7.22 with p = 2. Let as there M; ~ h; " and

M;
filx) = Zc]ﬂ*j(sfg)% (27(z — vj’l)) , ¢1€C, zeR™ (7.294)
=1

Then one gets by the counterparts of (7.87)-(7.89) and (7.286) that
|V/B.gs 1R

Now (7.293) follows from (7.295) in the same way as in Step 2 of the proof of
Theorem 7.22. O

Remark 7.69. We followed essentially [Tri04c]. We refer also to Section 1.15.2
where we dealt with the special case n = 2 and s = n/2 = 1 in the setting of
the operator B in (1.503). But there is no essential difference compared with B;
according to (7.281) in the plane R?. There one finds also further references. We
took the outcome g, ~ k£~ to introduce in Definition 1.159 what we called a Weyl
measure. Now we extend this notation from R? to R".

~ 27 DRYP || f | H (R ~ 1 (7.295)

7.3.4 Weyl measures

We extend the notation of Weyl measures from R? according to Definition 1.159
to R". References, results and explanations may be found in Section 1.16.

Definition 7.70. Let p with Z;O:O p; < oo be a Radon measure in R™ according to
(7.210), (7.211). Then p is said to be a Weyl measure if

o~k keN, (7.296)
for the eigenvalues of the operator A in Theorem 7.65.

Remark 7.71. According to Theorem 7.65 the operator A is non-negative self-
adjoint and compact in H™/ 2(R™) and its positive eigenvalues g, are ordered by
(7.273). Hence the question (7.296) makes sense. If n = 2 then one has an imma-
terial modification of Definition 1.159. There are the remarkable Theorem 1.161
and the disillusion originating from Proposition 1.163 that there might be sim-
ple natural necessary and sufficient conditions for measures ;1 to be Weylian. We
restrict ourselves here to a straightforward conclusion of Theorem 7.68.

Corollary 7.72. Any strongly isotropic Radon measure p according to Definition
7.18 is a Weyl measure.

Proof. By Proposition 7.20 we have (7.58). Since A = B,, ) it follows from Theo-
rem 7.68 that p is a Weyl measure. 0

Remark 7.73. This is the n-dimensional generalisation of a corresponding assertion
in Theorem 1.157(iii).



Chapter 8

Function Spaces on
Quasi-metric Spaces

8.1 Spaces on d-sets

8.1.1 Introduction

So far we dealt mainly with function spaces on R™ and on (Lipschitz) domains in
R"™, and, to a lesser extent, with spaces

By, (L, ), §>0, 1<p<oo, 0<g<o0o, (8.1)

on compact sets I' = supp p in R" according to Definition 1.178, introduced as
trace spaces

By (L) = tr, Bys U OI(R"), 0<1/p=t<1, (8:2)

where the Besov characteristcs s, of 1 are coming in naturally. We characterised
these spaces in Theorem 1.185 in terms of quarkonial representations. It is our
first aim to return to this subject in greater detail specifying I" to be d-sets in R"
with 0 < d < n, and the spaces from (8.1) to be

B, (T') = B, (T, ), s>0, 1<p<oo, (8.3)

notationally in good agreement with (3.196) and (7.69). Recall that a compact set
I’ in R" is called a d-set with 0 < d < n if there is a Radon measure p in R™ with

supp u =TI, p(B(y,r)~7r?, ~el, 0<r<l, (8.4)

where B(z,r) is a ball in R™ centred at € R" and of radius r > 0. Then (8.2),
(8.3) reduces to

Bi(T) = tr, Byt IHRY), s>0, 0<1l/p=t<]1, (8.5)
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using now the abbreviation (7.69). Details and references may be found in Remark
1.179 and also in Theorem 1.181, Remark 1.182. Furthermore, (8.3) is justified by
the well-known observation that for given I" any two Radon measures p with (8.4)
are equivalent to each other and equivalent to the restriction of the Hausdorff
measure H? in R” to I'. A short proof may be found in [Trid, Theorem 3.4, p. 5].
This gives the possibility to fix in what follows,

p=Ht = HYD, T compact d-set in R", 0<d < n. (8.6)

First we adapt in this Section 8.1 the quarkonial representations for the spaces
in (8.5), (8.6) to our later needs, complemented by intrinsic decompositions in
term of non-smooth atoms. However it is the main aim of Chapter 8 to develop
a new approach to function spaces on abstract quasi-metric spaces. This can be
done on a large scale. But we are more interested in presenting basic ideas than
in the most general formulations and spaces. For this purpose we rely on the
snowflaked transform as described in Section 1.17.4, especially Theorem 1.192,
Remark 1.193, transferring the spaces from (8.3) to some classes of abstract quasi-
metric spaces. This will be done in Sections 8.2-8.4, including some applications,
returning in detail to what we indicated roughly in Section 1.17.6. (One may also
look at Section 1.19). In the following Chapter 9 we describe a different approach
to spaces on arbitrary compact sets in R". One can combine this approach with
general snowflaked transforms which apply to huge classes of abstract quasi-metric
spaces. But this will not be done. In this Chapter 8 we follow essentially [Tri05c].

8.1.2 Quarkonial characterisations

In Section 1.17.3 we described quarkonial characterisations of the spaces (8.1),
(8.2) for rather general measures g according to (1.515). Now we specify these
considerations to compact d-sets in R" according to (8.4), (8.6) and to the related
spaces in (8.3), (8.5). We adapt this approach to our later needs. For 6§ > 0 let

I's ={x eR": dist (z,T") <} (8.7)

be a d-neighborhood of the compact d-set I' in R™. Let ¢ > 0 be fixed (later on
¢ will be the same number as in Theorem 1.192, in particular 0 < ¢ < 1). We
now modify the construction at the beginning of Section 1.17.3 as follows. Let for
k € Ny,

(Ym0 o and  {gbmyit (8.8)

be (appropriate) lattices and subordinated resolutions of unity with the following
properties:

(i) For some ¢; > 0,

|’yk’m1 — ’yk’mﬂ > ¢ 27K, k € Ng, m1# mao. (8.9)
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(ii) For some ko € N, some ¢ > 0 and d; = 927k,
My,
5 c | B (ykxma*f(k“ko)), k € N, (8.10)
m=1

where again B(x,r) are R"-balls centred at € R™ and of radius r > 0.

(iii) Furthermore, 1)*™ are non-negative C* functions in R” with
supp ¥*™ c B (’yk’m,Q_E('H'kO)) , keNg; m=1,...,M;, (811)

| DR (z)| < en2FFlel keNy; m=1,..., M, (8.12)

for all multi-indices o € N{j and suitable positive constants ¢, and
M,
Y yFm@)=1, keNp, wzels,. (8.13)
m=1

Since I' is a compact d-set we may assume that M ~ 2°*¢. Furthermore, (8.13)
can be extended consistently to a corresponding resolution of unity in R™. As usual

we put
B

AP = APy vel' and fJeNy, (8.14)
and abbreviate
Bjm = B (y¥™,27°F) kEeNo; m=1,...,M,. (8.15)
Definition 8.1. Let I' be a d-set in R™ according to (8.4), (8.6) and let € > 0.
(i) Let {’y’“’m}ffil and {wk’m}i\fil be as above. Then
e Up = {wg’m: B eNP, ke N mzl,...7Mk} (8.16)
with
PR (Y) = HEBrm) 1V (y — BB Ry yer,  (8.17)
and for s >0, 1 < p < oo,
eUpP = {(B-qu)jm : BENG, k€ No; m=1,..., My} (8.18)
with the (s,p)-B-quarks on T,
(B-aw) = HE (Brom) ™7 0™ (1), v €T (8.19)

(i1) Let
y:{y,fme(C:ﬂeNS,keNO;mzl,...,Mk} (8.20)



348 Chapter 8. Function Spaces on Quasi-metric Spaces

and 1 < p < oco. Then
1/p

th=qv: wigll= > [P <oop. (8.21)
B.km

Remark 8.2. As before, C is the complex plane. This is the adapted version of
corresponding definitions in Section 1.17.3 in the specification of (1.574). We fixed
now the number g in Definition 1.183(ii) and replaced (1.570), (1.571) with ¢ = p
(and o = 0) by (8.21). This is possible if ky € N in (8.10), (8.11) is chosen
appropriately. In particular one may assume that we have for some ¢ > 0 the
exponential decay

‘wg’m(y)‘ <c27¥l BeNI, keNy m=1,..., M. (8.22)

The (s, p)-B-quarks (3-qu) — are the modifications of the corresponding build-
ing blocks in Definition 1.183, (1.574) and Theorem 1.185. Of course, (8-qu)k
depends on s and p, but this will not be indicated. By (8.4) one can replace

g™ () by 2y — ATk (y) (8.23)

and
(B-qu)f,, by 27 KETAPIFRIBl (y Ry pkim ), (8.24)

But the above version might be more transparent when snowflaked transforms are
applied. On the other hand if one prefers the right-hand sides of (8.23), (8.24)
then one can choose kg = 1 in (8.10), (8.11). But this is immaterial.

After these preparations we characterise now the trace spaces from (8.5) in terms
of the above building blocks in specification and modification of Theorem 1.185.
As far as traces are concerned we refer also to Section 7.1.3. As before L, (T, u)
with 1 < r < oo are the usual complex Banach spaces normed by (1.523), (7.35).
Specialised to the above d-sets furnished with the canonical measure (8.6) we write
simply L, (I") (in good agreement with (8.5)), normed by

1/r
1 1L (T) | = ( / f(v)l’”H%(dv)) | (8.25)

Theorem 8.3. Let I' be a compact d-set in R™ with 0 < d < n according to (8.4),
(8.6). Let B3(T') be as in (8.5). Let e > 0 and let (8-qu)y,, be the (s,p)-G-quarks

and Eg be the sequence spaces as in Definition 8.1.
(i) Then By(T') is the collection of all f € L1(I') which can be represented as

(o] Mk

F) =203 v (B (), 1G] < o0, (8.26)

BENY k=0m=1
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v € T (absolute convergence being in Lq(I")). Furthermore,
1£ 1B (D) ~ inf |6, (8.27)

where the infimum is taken over all admissible representations (8.26).
(ii) Let, in addition, 0 < s < 1. Then there is a linear and bounded mapping

fov)={an}: B — 8, (8.28)
such that
F) =3 v (f)- B-a)pn(y), el (8.29)
B,k,m
with
1 1By M) ~ v(f) 16, (8.30)

(equivalent norms where the equivalence constants do not depend on f).

Proof. Part (i) with ¢ = 1 and the modified (s, p)-B-quarks as indicated on the
right-hand sides of (8.23), (8.24) is covered by Theorem 1.185 and the references
and explanations in Remark 1.186, specialised to d-sets and (8.5). In particular,
the series in (8.26) converges absolutely in Ly (T') if [[v [(}|] < oo. Then it follows
that (8.26) and (8.29) converge unconditionally in the spaces considered. The step
from € = 1 to € > 0 is a technical matter adapting formulations and normalising
factors. If 0 < s < 1 then one can apply Theorem 1.181 and Remark 1.182. One
has a common extension operator

extp 1 Bi(I) — Bt =DHR™), g =extrf, (8.31)

where again 0 < 1/p =t < 1. By Theorem 1.39 and Corollary 1.42 one gets the
frame representation

9=> i > (g, \Iffm) (B9 km, (8.32)

BEND k=0 meZn
where (8-qu)gm are (o, p)r-f-quarks in R" with s+ (n —d)t =0 < L € N, and

1/p

lg 1Bz @M~ (3 |(9: 92 (8.33)

B,k,m

(equivalent norms). We always assumed that the covering (8.10) and the related
resolution of unity in (8.11)—(8.13) can be naturally extended to corresponding
coverings according to (1.98) and Definition 1.36 (modified obviously in case of
general € > 0). Then the restriction of (8.32), (8.33) to I' results in (8.29), (8.30).

0
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Remark 8.4. One may doubt whether the above proof deserves to be called a
proof. We simply reduced the above theorem to previous assertions in Chapter 1
where we referred in turn to [Trie]. However we tried to give in Chapter 1 careful
formulations which may justify the introduction of the spaces B,(I") simply by
(8.5) (a tiny little bit against our intention that part 2 of this book from Chapter 2
onwards should be independent of Chapter 1).

Remark 8.5. Decompositions of type (8.29), (8.30) are called frame representa-
tions. This may justify calling e-U5” in (8.18) a frame consisting of normalised

(s, p)-B-quarks.

8.1.3 Atomic characterisations

We consider atomic decompositions for the spaces B,(I") as introduced in (8.5)
where again I' is a d-set in R" according to (8.4), (8.6). First we deal with smooth
atoms obtained by restriction of corresponding atoms in R” to I'. Smooth atoms
in R™ have been described in detail in Section 1.5.1 including some references. Let

$s>0, 0<1l/p=t<l, o=s+(n—-dit<NEeN, (8.34)

as in (8.5). Let again € > 0 and By, ,, be the same balls as in (8.15). Then a?’"ﬂ
defined on R", is called a smooth (s,p)-atom, more precisely a smooth (s, p)-e-
atom, on I if

supp alkim C Bim keNg; m=1,..., My, (8.35)

and
ID°al™(2)] < He(Bm)i»~ 4,  z€R" |o| <N, (8.36)

where the latter can also be written as

D™ ()] < c2 ks —lal) = pgek(e=j—lal) 4 e R ol < N.  (8.37)

In particular it follows from Definition 1.15 that alkim are also smooth (o, p)-
atoms in R" with respect to the balls By, without moment conditions. Again
the replacement of the mesh-length 2=% by 27* is immaterial and the right-hand
sides of (8.36), (8.37) are the correct normalising factors.

Proposition 8.6. Let T' be a compact d-set in R"™ according to (8.4), (8.6). Let
B (T) be the spaces introduced in (8.5). Let € > 0. Then By(T") is the collection
of all f € L1(T") which can be represented as

oo My,

FO) =33 Memap™ (), €T, (8.38)

k=0m=1
where af#m are smooth (s, p)-e-atoms on I' according to (8.34)—(8.36) with

A={\m €C: keNy; m=1,..., M} (8.39)



8.1. Spaces on d-sets 351

and

oo My 1/p
I 16°0 = (Z > Akm|p> < o0, (8.40)

k=0m=1

(absolute convergence being in L1(T)). Furthermore,
1£ 1B5 (@) ~ inf [|X|6,°]], (8.41)
where the infimum is taken over all admissible representations.

Proof. Step 1. If f is given by (8.38), (8.40) then it follows by (8.35), (8.36) (or
(8.37)) with o = 0, that the right-hand side of (8.38) converges absolutely in L,(I")
and hence in Li(I"). Then it converges unconditionally in B, (I'). Extending the

right-hand side of (8.38) to R™ then alli’m(ac) from (8.35) and (8.37) with 0 < N
are correctly normalised (o, p)-atoms in By, (R") and it follows from Theorem 1.19
and (8.5) that

I 1By @I < e[IA16,°]- (8.42)

Step 2. In case of quarkonial decompositions it is quite clear that restrictions of
corresponding representations in ng(]R") to I' result in optimal representations
for B;(T") of type (8.26), (8.27). This optimality is not so obvious for atoms.
However one can derive optimal atomic decompositions of type (8.38) from optimal
quarkonial decompositions (8.26), (8.27), rewriting the latter by

2, & ol o v (B-qu)h,, (7)
f) :Z Z Z 2 Wil | - Z S 2=<"lnl |y |
k=0m=1 \neNg peng el " (8.43)
oo My .
=33 k),
k=0 m=1

where 0 < &’ < €. Here A\, refer to the first brackets and af#m to the second ones.
Since ¢’ > 0 one obtains that

IX el < ellv el (8.44)

We have (8.22) and corresponding estimates for D)™™ with & < e, where we
may assume that ¢’ < & < e. Then one gets (8.35) from (8.11), and (8.36) (or
(8.37)) from (8.19) (or (8.24)). Hence a{i’m are (s, p)-e-atoms. By (8.44) any opti-
mal quarkonial decomposition gives an optimal atomic decomposition. O

Remark 8.7. Despite the technicalities at the end of the above proof the outcome
is not a surprise: the reduction of smooth atomic decompositions for By (R") to
I' gives smooth atomic decompositions for B;(l"). On the other hand compar-
ing (s,p)-B-quarks (B-qu)k — according to (8.19) with the corresponding atoms
in (8.35), (8.36) (or (8.37)) then there is the following difference. Although the
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functions (B-qu)k = originate from the surrounding R™ they can be regarded as
intrinsic building blocks for the spaces B (I") as described in Theorem 8.3. But
one can hardly accept the restriction of a{i’m with (8.35), (8.36) to I' as intrinsic
building blocks. Especially (8.36) has no intrinsic meaning. In general it is not
clear what a better adapted substitute of (8.36) may look like. But if 0 < s < 1
there is a satisfactory solution of this question which we are going to discuss now
and which will play a decisive role in the theory of function spaces on d-sets and
on some related abstract quasi-metric spaces developed later on.

Definition 8.8. Let I' be a compact d-set in R™ according to (8.4), (8.6). Let
e>0, l<p<oo, 0<s<l. (8.45)
Let
Bin,={vel: |[y—+"" <27} keNy; m=1,....,Mp, (8.46)

be the intersection of the balls By in (8.15) with T, where the lattices {*™} Mk |

have the same meaning as in (8.8)~(8.10). Then a Lipschitz-continuous function

a?’m on I is called an (s,p)*-atom, more precisely an (s,p)*-e-atom, if for k € Ny

andm=1,..., My,

supp ar™ C By, (8.47)
s_ 1
o™ ()] < HE (BE,) "7, yel (8.48)
and s—1 1
laf™ (v) — ™ (0)] < HE (BE,,) * 7 v — 4 (8.49)

with vy €T, 6 € I

Remark 8.9. To avoid any misunderstanding we remark that |y — 6] = o,,(7,0)
is the usual Euclidean distance in R™. These (s, p)*-atoms are the intrinsic coun-
terparts of the smooth (s,p)-atoms according to (8.35), (8.36) with |o| = 1. In
particular, the restriction of any smooth (s, p)-atom to I' is an (s, p)*-atom on I'.

It is the main aim of this Section 8.1.3 to prove the counterpart of Proposition
8.6 for spaces B, (I") where 1 < p < oo and 0 < s < 1 with (s, p)*-atoms in place
of (s,p)-atoms. For this purpose we need some preparation. First we recall that
By(T') with 1 < p < co and 0 < s < 1 can be equivalently normed by || f|B,(T')]|.
with
s f() = FO)F
1wz = [1seraan+ [ VIO wauan w50

I'xI’

with p = H{ for short. We refer to [JoW84, Chapter V]. In particular, alkim €
B, (T") for the above (s, p)*-atoms for all 1 < p < 0o and 0 < s < 1. Let

0<c <o and 0<c3<eq (8.51)
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be four given numbers and let I" be a d-set with
supp I' € {z: |z| < 1}, c1 < pl) <c (8.52)
and
csr? < p(B(y,7)) < egr? foryeT, 0 <r < diam T, (8.53)

in specification of (8.4), (8.6). We denote the extension operator ext, from The-
orem 1.181 in the sequel by extr (since p is now fixed by (8.6)). Then it follows
from the proof of [JoW84, Theorem 1, p. 103] that the norm of extr,

extr:  B3(T) — BS(R") = BS (R"), (8.54)

0<s<l1l, O0<l/p=t<l, o=s+(n—dt, (8.55)

can be estimated from above uniformly for all d-sets I' with (8.52), (8.53). The
corresponding constants may depend on c1, co, c3, ¢4, but not on other peculiarities
of I". We use this observation in the proof of the following assertion.

Proposition 8.10. LetI" be a d-set in R™ according to (8.4), (8.6). Let for0 < r < 1,
B'(r)y={y€el: |[y=1% <r} for some ~°€T, (8.56)

and
B@2r)={z eR": |z -7 <2r}. (8.57)

Let s,p, 0 be as in (8.55) and let

feB3() with supp fC B'(r). (8.58)
Then
1 1B, (D)7
~ o SP p ‘f(’y) - f(a)‘p (859)
o [ persan s [ ) pas),
~v,6€ BT (2r)
Furthermore,
I1£ 1By (D) ~ inf ||g |BF (R")]], (8.60)

where the infimum is taken over all
g€ By(R"), g|l'=f, suppgC B(2r). (8.61)

The equivalence constants both in (8.59) and (8.60) are independent of BY (r) and
of [ with (8.58).
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Proof. Step 1. We prove (8.59) where we may assume r = 2~* for some k£ € N.
Then

1) - 1O NORFIOI
IOV IO @ n(as) ~ 1O~ IO () w(as)
o=l A [y =4
, (;(;)E e (8.62)
+ [ oswr [ ML, wan,
yEBT(r) |[y—6|>2-F
The inner integral over |§ —~| > 27 is equivalent to
L
ZQ(k—l)(d—l—Sp) 2d(l—k) ~ kap — T_Sp. (863)

=0

Then (8.59) follows from (8.50) and (8.62).

Step 2. We prove (8.60) with (8.61) where we may assume v° = 0 in (8.56), (8.57)
and r = 2% for some k € N. Obviously, B' (27F) is again a d-set with total mass
p(BY(27F)) ~ 277 Let

Dy: z+— 2%z, zeR", (8.64)
be a dyadic dilation mapping in particular the d-set BY(27%) onto the d-set
Ty = DpBY(27%) with the measure j, = 2" o D' (8.65)

Here the image measure p* = po D! is multiplied with the factor 2°¢ compen-
sating the total mass p*(I'y) ~ 274, We may assume that all these d-sets Iy, fit
in the scheme of (8.52), (8.53) for some c1, ¢a, ¢3, ¢4 which are independent of k.
Let f/,

F'GN) =10, y=27% with 4 €Ty, (8.66)
be the transferred functions with (8.58). Then it follows by (8.59) with r = 2%
that

1 1B, (D)7

(N1 — (8T P
~ o [ e )+ s [T TN a as)

Fk XFk

T(IN . £1SI\|D
~ 2h(p=d) / L' (Y)IP e (dy') + / |f(7,)_5,fd£ip) 1 (') e (d6")
I i XTh 7
~ 2KEP=d) ) 7| B (T ||P
(8.67)
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where all equivalence constants are independent of £ € N and f with (8.58). We
apply (8.51)—(8.55) and get

1 1BATR)] ~ inf g |BS (R (3.68)
where the infimum is taken over all
g € BJ(R") with ¢'|Ty=f" and supp g’ C{z: |z]<2}. (8.69)
As in (8.66) we put
g (') =g(x) with z=2""2 2’| < 2. (8.70)
By (2.28), (2.29) we have
g 1B (R™)| ~ 24 =2/9) | g/ | B (R)]| = 25C=4/P) |/ [BSR™)[.  (3.71)
Now (8.60), (8.61) follows from (8.68) and (8.67), (8.71). O

It is the main aim of this Section 8.1.3 to find intrinsic atomic decompositions
of some spaces B (I') replacing in Proposition 8.6 the smooth atoms in (8.38) by
the intrinsic non-smooth atoms according to Definition 8.8. We use the previous
notation. In particular M}, has the same meaning as in (8.15), (8.46) and || |10
is given by (8.39), (8.40).

Theorem 8.11. Let I' be a compact d-set in R™ according to (8.4), (8.6). Let B, (')
with 1 < p < o0, 0 < s <1, be the spaces introduced in (8.5). Let € > 0. Then
By (') is the collection of all f € L1(T') which can be represented as

oo My,

FO =33 Memat™(®),  veL, AL < oo, (8.72)

k=0m=1
where a'li’m are (s,p)*-e-atoms according to Definition 8.8. Furthermore,
1F IBSD)]| ~ inf |50 (8.73)
where the infimum is taken over all admissible representations (8.72).

Proof. According to Remark 8.9 the representations (8.38) with the smooth (s, p)-
e-atoms are special representations of type (8.72) resulting in (8.41). Hence it
remains to show that this representation can be extended to all (s, p)*-e-atoms.
As remarked after (8.50) the above (s, p)*-e-atoms belong to B, (I"). We claim that
they are normalised building blocks. In particular there is a number ¢ > 0 such
that

lag™ | By(D)|| < ¢ (8.74)

for all (s,p)*-e-atoms. We give a direct proof of this assertion in Remark 8.12
below. But this is not a surprise when comparing (8.36) for |a| =0 and |a| =1
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with (8.48), (8.49) resulting in the same normalising factors. Furthermore for dif-
ferent values of s the corresponding (s, p)*-e-atoms differ only by their normalising
factors. As a consequence one gets for the above (s, p)*-e-atoms

k,m 5 3 5—35
lag™ [By(D)|| < ¢ HE (B ) ¢ ~ 1%, (8.75)

where 7 = 27°F and 0 < s < 5 < 1. We apply Proposition 8.10 to allf’m. Then it
follows that there are functions

arm € BJ(R") where 6 =5+ (n—d}t, 0<s<35<1 (8.76)
such that for r = 27¢k,
A |T = af™, SUpp agm C {z € R™ ¢ |z — 4™ <17} (8.77)
and
| akm | BS (R™)]] < ca 1% = ¢ 2MO7)%, (8.78)

where ¢; and ¢y are positive constants which are independent of r, § with s < 5 < 1
and the atoms af™. Then gy, are non-smooth atoms for Bg(R") according to
Definition 2.7. Now it follows from Theorem 2.13 and (8.5) that one has for some
c> 0,

£ 1By @)1 < e [|A16,°] (8.79)

for any representation (8.72). O

Remark 8.12. We give a direct proof of (8.74). We rely on (8.59) with f = alkim
and 7 ~ 27°F_ Tt follows from (8.48) that

[ RO ) < e (8.80)
B (r)

and from (8.49) (assuming that B (r) is centred at the origin) that

[ V28

~v,6€BT(2r)

< eplomtrd / v = 81077 u(dy) u(dd)
~v,6€ BT (2r) (881)

<ertoird [ [a0m9rd uas) u(ay)
v <err [6]Zerr

< r(s—l)pfd 7ﬂ(lfs)p 7ﬂd ="

This proves (8.74).
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8.2 Quasi-metric spaces

8.2.1 d-spaces

Let X be a set. A non-negative function o(z,y) on X x X is called a quasi-metric
if it has the following properties:

o(z,y) =0 if, and only if, r =y, (8.82)

o(z,y) = o(y, x) forallz € X and all y € X, (8.83)
there is a real number A > 1 such that forallz € X,y € X, z € X,

o(z,y) < Alo(x, 2) + o(2,y)] - (8.84)

If A =1 is admissible, then p is called a metric. We discussed in Section 1.17.4
some basic properties of quasi-metric spaces and gave relevant references which
will not be repeated. According to Theorem 1.187 for any quasi-metric o there
is an equivalent quasi-metric p in the understanding of (1.582) and a number ¢
with 0 < g9 < 1 such that g° with 0 < & < g is a metric. Then we have (1.583)
and it makes sense to generate a topology on X taking the balls

B(z,r)={y € X : o(z,y) <7}, reX, r>0, (8.85)

as a basis of neighborhoods. More details may be found at the beginning of Section
1.17.4, especially in connection with Theorem 1.187 and Remark 1.188.

One of the most remarkable properties of quasi-metric spaces is the existence of
snowflaked mappings onto subsets in R”. In the second part of Section 1.17.4 we
gave a description including relevant references. Now we return to this point in a
modified way. Furthermore we shall illustrate snowflaked transforms in the next
Section 8.2.2. But first we fix some notation. Let

On on(x,y) =z —yl, zeR", yeR", (8.86)

be the natural metric in R". We reserve now the notation d-set to (non-empty)
sets I in R™ according to (8.4), (8.6) furnished with the Euclidean metric g,,. Then

(T, 0,, HE), IrcR” 0<d<n, (8.87)

becomes a compact complete metric space. Similarly one can complement (X, o)
consisting of an (abstract) set X and a quasi-metric p, furnished as indicated above
with a topology, by a Borel measure p, getting a quasi-metric space (X, 0, 1).
However instead of the specifications according to Definition 1.189 resulting in
Theorem 1.192 and the explanations given in the Remarks 1.190, 1.191, 1.193,
we prefer now the opposite order of reasoning. But of course what has been said
in Section 1.17.4 and the references given there remain the background of what
follows.
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Definition 8.13. Let (X, o, ) be a quasi-metric space and let d > 0.

(i) Then (X, o, ) is called a d-space if there is a number ¢ with 0 < e <1 and
a bi-Lipschitzian map H,

H: (X,0%, 1) onto (T,0,,Hi), do=dJe, (8.88)

of the snowflaked version (X, 0%, 1) of (X, 0,1) onto a d.-set T’ in some R"
according to the above explanations such that p ~ Hfff o H (image measure).
(ii) The above d-space is called regular if

p=HzoH and |H(x)-H(y)|=c(x,y), z€X, yecX. (889)

Remark 8.14. We give some explanations. First we recall that to be a d.-set must
always be understood as in (8.87) with d. in place of d. We always exclude d = 0.
One may include d = n in (8.87). But this is immaterial because one can interpret
[ in such a case as a subset of R"*1. In particular T is a compact set in some R™.
As for the above bi-Lipschitzian map H we have

H: X—R" with HX =T (8.90)
and
on (H(z),H(y)) = [H(z) = H(y)| ~ ¢*(z,y), z€X, yeX, (8.91)
for the e-power ¢° of p. In particular, ¢° is equivalent to a metric. Furthermore,
p(B(z,r) ~r=rl zcX, 0<r<l1. (8.92)

This justifies calling (X, 0, 1) a d-space. It is complete and compact, and the
measure is doubling. Usually one begins with these properties as definitions and
proves afterwards that there exist bi-Lipschitzian maps of the indicated type.
We refer for details and the relevant literature to Section 1.17.4. For a given d-
space (X, o, ) there exist many bi-Lipschitzian maps H of the indicated type for
different values of € and into different spaces R". We call H a Euclidean chart or
e-chart of (X, o, 1) and later on it will be indicated as

(X, 0, H):  H(X,0,1) = (T, 0, HF). (8.93)

In case of regular d-spaces according to (8.89) we transfer the Hausdorff measure
and the Euclidean distance from the d.-set to (X, g, ). This is reasonable if one
deals with smoothness larger than 1. Up to Lipschitz-smoothness, or e-Holder-
smoothness the ambiguity of equivalent measures or equivalent quasi-metrics does
not matter very much. But the situation is different for higher smoothness. We
return to this point later on in Section 8.4.2. Then it will also be clearer what is
meant by these cryptic comments.
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Figure 8.2.2

8.2.2 Snowflaked transforms

The remarkable Theorems 1.187 and 1.192 pave the way to export function spaces
and wavelet frames from R, domains in R", or fractals in R", to other abstract
quasi-metric spaces. For this purpose the underlying building blocks must be ro-
bust enough to survive to be distorted and exported via snowflaked transforms to
other quasi-metric worlds. One may consult Section 1.19 for a discussion of the
underlying philosophy and Section 1.17.6 for a first description how to proceed.
This will be done in Section 8.3 below. But first we wish to shed some extra light
on snowflaked transforms and their impact on function spaces.

Example 8.15. We begin with the well-known construction of the classical snow-
flake curve or Koch curve (1906; Niels Fabian Helge von Koch, 1870-1924, Sweden,
[Koch06]), adapted to our purpose. In the plane R? the snowflake curve I’ can be
constructed as indicated in Figure 8.2.2 as the closure of the sequence of points

Py, where keNy and [=0,...,4". (8.94)
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Hence Py = (0,0); Po,1 = (1,0);

Pio=Poo; Pii=(1/3,0); Pro=(1/2,1/2V3); Pis=(2/3,0); Piy= Pou;

(8.95)
and so on. On the other hand we subdivide the closed unit interval X = [0,1]
successively into 4% intervals with endpoints zj; = [ - 47 where [ = 0,...,4".
Then we map X continuously onto T,

H : X =T with H(mk’l) =P, (8.96)
where k € Ng and [ = 0,...,4"%. This can be done iteratively without contradiction
since

Pijiai =Py where 1=0,...,4" (8.97)
in agreement with (8.96). Let

log4 1 log3
= d = = . 8.98
log 3 a K d log4 ( )

Recall that d is the Hausdorff dimension of I'. Furthermore H{ is the Hausdorff
measure in R? restricted to I' and as in (8.86) the usual Euclidean metric in R? is
denoted by o,.

Proposition 8.16. Let d and n be as in (8.98). The metric space (X, o, j1) consisting
of the interval X = [0, 1], the metric

o(z,y) =z —y[", 0<z<y<l, (8.99)

and the Lebesgue measure u, is a d-space according to Definition 8.13(1) with re-
spect to the bi-Lipschitzian map

H: (X,0,1) onto (F,QQ,’H%), (8.100)

where the Koch curve I' and H have the same meaning as above.

Proof. We check (8.88) with ¢ = 1. First we remark that
w(B(z, 7)) ~ 1, reX, 0<r<l, (8.101)
for balls in the metric space (X, g, ). Furthermore by (8.96),

|H(xp1) — H(xg-1)| = |Prg — Prg1| =377 =477k

(8.102)
= 0(Tk1, Thi-1)
where [ = 1,...,4F, and one gets by geometrical reasoning
|H(z) — H(y)| ~o(z,y), 0<z<y<Ll (8.103)

Now (8.101) and (8.103) prove (8.100). O
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Remark 8.17. This example has been considered first in [Ass83]. As indicated
briefly in Section 1.17.6 and considered in detail in Section 8.3 below we use
mappings of type (8.100) to shift the function spaces covered by Theorem 8.3 from
d-sets to (abstract) d-spaces. Even in the above simple case X = [0,1] furnished
with the non-standard metric ¢ = o} where g, is the Euclidean metric, and the
Lebesgue measure p, this way seems to be more effective than a direct approach
whatever it may look like.

Remark 8.18. Let p,, be as in (8.86) and let p, be the Lebesgue measure in R".
Let 0 < e <1 and let X; = [0,1]. Then it follows by Theorem 1.192 that there is
a bi-Lipschitzian map H,

H: (X1,05,11) onto (F,QN,H;EE), d. = 1/e, (8.104)

of the snowflaked version (X1, 05, 1) of (X1, 0;, 1) onto a de-set T’ in some RY .
Of course, (X1, 01, 1t1) is a 1-space (maybe formally interpreted as a subset of R?
to be consistent with (8.87)). But one may also begin with

(Xv 0, ﬂ) = (legi{vﬂ'l)v 2 > 0. (8105)

Then it follows by the above considerations that (X, o, 1) is a d-space according
to Definition 8.13(i) with d = 1/s. (If 3¢ > 1 then one may choose ¢ = 1/ and
d. = 1). One can use these comments to establish the following observation.

Example 8.19. Let

a=(a1,...,an) with 0<a; < - <a, < oo, Zaj:n, (8.106)
j=1

be an anisotropy in R" according to (5.10). We equip the closed unit cube X,, =
[0,1]™ in R™ with the anisotropic quasi-metric

Oon(@,y) =& —yla where |a] = sup|ap|'/**. (8.107)
k

This is in good agreement with the anisotropic rectangles Q,, as described at the
beginning of Section 5.1.5. Then

(Xn, 0% > ,un) with e=a; and e =a1/ay, (8.108)

where £ = 1,...,n, is a metric space (since ¢ < 1 and ¢, < 1). It might be
considered as the snowflaked version of (X, 0, ftn). Let XF = [0,1] where k
indicates that it is the unit interval with respect to the coordinate z;. Then one
has in obvious notation the product

(Xns 05 tin) = [ [ & (XF, 055, 1) (8.109)
k=1
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of the (one-dimensional) spaces in (8.104) with the bi-Lipschitzian maps
Hy : (XF, 0%, 1) onto (Fk,gNle‘f’;) . (8.110)

Since €1 = 1 one may assume that H; is the identity. Otherwise T'* are dj-sets in
some RM* with d), = 1/er = ag/ay. Let

H=(Hy,... Hy), d=Y dy, N=Y N (8.111)
k=1 k=1

Proposition 8.20. Let X,, = [0,1]" be the closed unit cube in R"™. Let o be the
anisotropy (8.106) and o,, ,, be the related quasi-metric according to (8.107). Then
H, given by (8.111), is a bi-Lipschitzian map

H: (Xn, 004, tin)  onto (T, oy, HE) (8.112)

of the indicated snowflaked version of (Xn, 04 s Hn) onto a compact d-set in some
RY with d = n/a;.

Proof. We have (8.111) with (8.110). By (8.106) and di = ay/a; it follows that
d =n/ay. Then one gets (8.112) with

r= H @T*  being a d-set in R (8.113)
k=1

with N given by (8.111). O

Corollary 8.21. The above quasi-metric space (X, Qam,/.lm) is an n-space accord-
ing to Definition 8.13(i).

Proof. This follows immediately from Definition 8.13 and the above proposition
with € = ay identifying H in (8.112) with H in (8.88). O

Example 8.22. We illustrate Proposition 8.20. Let n = 2 and X, = [0,1]2. Let
according to (8.106), (8.108),

a;  log3 log 4
— = d ]_ = 2. .].].4
=2 as  log4 and o ( + log 3 (8 )

Then one can identify Hs in (8.110) with the bi-Lipschitzian map in (8.100) of
(X%, 072, 1) onto the Koch curve in the plane. Together with the identity H; it
follows in this case that H = (Hy, Hz) in (8.112) maps X5 onto a cylindrical d-set

in R® with d = 1 + }ggg (a number between 2 and 3) based on the Koch curve in

the plane cylindrically extended in the third direction in R*. In the general case
each of the maps Hy, in (8.110) with k& > 2 produces in some R* a bizarre fractal
curve which is a connected dj-set. Then I' in (8.113) is the cartesian product of
these wired curves producing a connected fractal surface in RY.
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8.3 Spaces on d-spaces

8.3.1 Frames

Recall that we reserved the notation d-set to concrete sets I' in R™ according to
(8.4), (8.6) whereas d-space refers to abstract quasi-metric spaces (X, g, ft) as intro-
duced in Definition 8.13. We discussed in Remark 8.14 in detail where the notation
comes from and which decisive role is played by the snowflaked bi-Lipschitzian map
H in (8.88). Now we wish to shift in this way the resolution of unity as described
at the beginning of Section 8.1.2 and in particular in Definition 8.1 from the d.-set
on the right-hand side of (8.88) to the d-space (X, g, it). Although, relying on the
above preparations, it is more or less a technical matter that some (notational)
care is necessary. For this purpose we repeat, adapt and complement previous
notation. For a given d-space (X, g, 1) we call

(X, 0,u; H) or (X;H) forshort, (8.115)

for an admitted bi-Lipschitzian map H according to (8.88) a corresponding Eu-
clidean chart or e-chart. In particular we have (8.90)-(8.92). As there (and in
(8.85) with p = p) we now reserve the notation

B(z,r)={y e X, o(z,y) <r}, zeX, r>0, (8.116)

for balls in (X, o, ) whereas corresponding balls on d-sets I' in R™ are indicated
by an extra I,

BY(y,r)={6eT: |y—4| <}, ~el, r>0, (8.117)
where |y — 4| = o,,(7, d) is the Euclidean distance of that R™ in which I is located.

Proposition 8.23. Let (X, o, 1) be a d-space according to Definition 8.13. For any
k € Ny there are lattices and subordinated resolutions of unity

(P e X and (PR (8.118)
such that for some ¢y > 0 and ca > 0 (which are independent of k),
Q(ack’ml , xk’m"’) > 2_k, k€ Ny, mq # ma, (8.119)
M,
X = |J Brm with By =B(a"" c27%) for keN, (8.120)
m=1

whereas Y*™ are non-negative functions on X with
supp Y™ ¢ Bi.m, keNyg, m=1,..., My, (8.121)
and

My,
Z YEm(z) =1 where x € X, ke Np. (8.122)
m=1
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Proof. This follows from the corresponding assertions for d-sets in some R" as
discussed at the beginning of Section 8.1.2 and the existence of e-charts according
to (8.88), (8.91). O

Remark 8.24. The above proposition is quite obvious if one relies on the existence
of e-charts. But the assertion itself is known on a larger scale and it is a cornerstone
of the analysis on homogeneous spaces according to Definition 1.189(i). One may
also consult [HaY02] and the references given there. By the above arguments it
follows that one may assume that

My ~2%  and  P™ € Lip®(X), k€ Ny, (8.123)

and m = 1,..., M. Here Lip°(X) is the Banach space of all complex-valued
continuous functions on X such that

N [f(z) = f(y)|
[|f [Lip=(X)| = 21612 |f(x)| + il;}; o (,1) < 00. (8.124)

Let e-Wr and 5—\111‘1”’ be the frames as introduced in Definition 8.1 and Remark 8.5
now with respect to d.-sets in some R" as needed in connection with (8.88). We
wish to transfer these frames from d.-sets I' with d. = d/e to d-spaces. Let now

Y™ (7) = HiE(BE ) 71V (y — yFm)ByRm(y), 4 e, (8.125)
with
Bi,, =B 27, keNg; m=1,..., M, (8.126)

be the adapted version of (8.17) or (8.23). Let (X; H) be an e-chart of the d-space
(X, 0, 1) according to Definition 8.13, (8.115). We put

Y (@) = (¢,’§’m ° H) (z) =yy™(Hz), wz€X. (8.127)

Here we assume that there is a one-to-one mapping of 5 € Ny onto | € Ny such
that [ = 0 if 8 = 0. In particular one may choose wg’m = %™ as the functions
in (8.121), (8.122). Furthermore one may assume v5™ = Hz*™ in (8.118), (8.8)
(with respect to the d.-set T').

Definition 8.25. Let (X, 0,1) be a d-space according to Definition 8.13 equipped
with an e-chart {X; H} as in (8.115), (8.88).

(i) Let
g-wrz{wgvm: BN, ke No; m:17...,Mk} (8.128)

with (8.125), (8.126) be a corresponding e-frame (8.16) with respect to the
above d.-set I'. Then

H-Wy = (e-Up) o H = {%’“m: l € No, k € No; m:l,...,Mk} (8.129)
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with (8.127) is called an H-frame. Let s > 0 and 1 < p < co. Then
H-9Y = {(l—qu)i(m : 1€Ng, keNg; m=1,..., M} (8.130)
with the (s,p)-l-quarks on X,
(qu)io, (2) = p(Brom) 7 4" (2), @€ X, (8.131)

are the related H-(s,p)-frames.
(i) Let
v={vl, €C: 1€Ny, k€No; m=1,..., My} (8.132)
and 1 < p < oco. Then

1/p

X = v ekl = Y Wil <ooyp. (8.133)

p
l,k,m

Remark 8.26. This is the direct counterpart of Definition 8.1 with respect to the
above d.-set I'. Then ¢ in (8.16), (8.18) cancels out when H with (8.88), (8.91) is
applied. One can organise the one-to-one map between § € N{j and [ € Ny such
that

[P ()] < e 27" e Ny, keNo; m=1,..., My, (8.134)

for some ¢; > 0, ¢ > 0 and some n > 0 (for example n = 1/n) which are
independent of I, k,m and x € X. Furthermore, by (8.126), u = ’Hl‘fg o H and the
above mapping one has

M (BE,,) = 4 =7 ~ p(Bjom )4~ v~ 277D, (8.135)

Hence the (s,p)-l-quarks in (8.131) are the transferred (s/e,p)-G-quarks on the
d.-set T' according to (8.19).

8.3.2 Spaces of positive smoothness

We summarise the procedure of the preceding Section 8.3.1. The starting point is
an e-chart (X, o, u; H) consisting of a d-space (X, g, ) and a bi-Lipschitzian map
H (8.88) onto a d.-set I in some R" mapping

H{zFm} = {yFm} T, (8.136)

an arbitrary admitted lattice (8.118)—(8.120) onto an admitted (approximate) lat-
tice on the d.-set I" in some R™ where we may assume that (8.8)—(8.10) is satisfied.
Afterwards one transforms via H ! the e-Up frame and the e-WiP frame from the
de-set T to X including the indicated normalisations. By Theorem 8.3 we have for
these d.-sets intrinsic descriptions of the spaces B, (I') with s > 0 and 1 < p < 00
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in terms of e-W1” frames according to Definition 8.1. This can be naturally trans-
ferred via e-charts (X, o, u; H) to arbitrary d-spaces (X, 0, 1). If 1 < r < oo then
L,.(X, o0, 1) has the usual meaning furnished with the norm

1/r
1 1L (X, 01| = ( /. f(x)ru(dx)) | (8.137)

This is the counterpart of (8.25). If (X, o, i) is a regular d-set according to Defi-
nition 8.13(ii) then H in (8.88) gives the isometric map

1 1L (X, 0 )l = / (F o H™Y) ()| HE (dv). (8.138)

In analogy to Theorem 8.3 we use L1(X, o, ) as the basic space.

Definition 8.27. Let (X, g, u; H) be an e-chart of the d-space (X, 0, 1) according
to Definition 8.13 and (8.115). Let s > 0 and 1 < p < oo. Let the H-(s,p)-
frame H-U " and the sequence space Eif be as introduced in Definition 8.25. Then
By (X, 0,5 H), or B (X; H) for short, is the collection of all f € L1(X, o, ) which
can be represented as

oo oo My

F@)=> 3" v, (equ)i, (@), (V6] < oo, (8.139)

=0 k=0m=1
x € X (absolute convergence being in L1(X, o, ). Furthermore,
I£1B5(X; H)|| = inf [lv |6 (8.140)

where the infimum is taken over all admissible representations (8.139).

Remark 8.28. This definition imitates Theorem 8.3. The (s, p)-l-quarks (I-qu); |
originate from the (s/e,p)-B-quarks (8-qu)i =~ including the correct normalising
factors in (8.19) as mentioned in (8.135). In particular, the absolute convergence
of (8.139) in L1(X, e, u) is not an additional assumption but a consequence of
I je ) < oo.

Remark 8.29. The above definition is consistent with what we know so far. If
(X,0,1) is a d-set (', 0,,HE) in some R™ and if H = id is the identity then
B;(X; H) = B;(T') according to the above definition and Theorem 8.3. But other-
wise one can introduce on (I, o,,, H{; H) many scales of spaces B, (X; H) which do
not originate from trace spaces according to (8.5). For example, a Lipschitz diffeo-
morphism H of R™ onto itself preserves the property to be a d-set but destroys the
differentiability assumptions (8.12) on which Definition 8.1 and Theorem 8.3 rest.
Nevertheless as we shall see later on, in this particular case all spaces B, (X; H)
coincide if 0 < s < 1. But this is not necessarily the case if s > 1 (one may think
of Hélder-Zygmund spaces C* = BS, ., with s > 1 on pieces of hyperplanes).
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Theorem 8.30. Let (X, o, p; H) be an e-chart of the d-space (X, o, 1) according to
Definition 8.13 and (8.115). Let B;(X; H) be the spaces as introduced in Defini-
tion 8.27 where s > 0 and 1 < p < co.

(i) Then B;(X;H) is a Banach space. It is independent of all admissible H -
(s,p)-frames H-U according to Definition 8.25 and

Bi(X,0,u; H) = B:/*(T, 0, H{) o H (8.141)

where d. = d/e.
(i1) In addition let 0 < s < e. Then there is a linear and bounded map

frvlf)={vn(H}: BUX;H)— L), (8.142)
such that
F@) =Y vhu(f) - (bqu)iy,,  z€X, (8.143)
l,k,m
with
I 1By (X H)|| ~ [lv(f) 6| (8.144)

(equivalent norms where the equivalence constants are independent of f).

Proof. Here (8.141) means

IF 1By(X: H)I| ~ || o H™Y|By/*(D))|

. [EeBX;H), (8.145)

is an isomorphic map between the two spaces involved. Otherwise part (i) follows
from Theorem 8.3, Definition 8.25, Remark 8.26 and (8.135), (8.136). Part (ii) is
covered by Theorem 8.3(ii). O

8.3.3 Spaces of arbitrary smoothness

Chapter 8 is a modified and adapted version of [Tri05¢]. In this paper we extended
the above theory of spaces of positive smoothness on d-spaces to corresponding
spaces of arbitrary smoothness. Basically this is a matter of duality of the spaces
B;(X; H) according to Definition 8.27 and Theorem 8.30. But some care is nec-
essary which will not be repeated here. We give a brief description referring for
details and proofs to [Tri05¢, Section 4.3].

Definition 8.31. Let (X, o, u; H) be an e-chart of the d-space (X, 0, 11) according
to Definition 8.13 and (8.115). Let B, (X; H) be the spaces introduced in Defini-
tion 8.27. Let 1 < p < oco. Then

D(X;H) = (] By(X; H), (8.146)
s>0

naturally equipped with a locally convex topology.
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Remark 8.32. By well-known embedding theorems D(X; H) (including its locally
convex topology) is independent of given p. In particular the topology of D(X; H)
can be generated by countably many norms of the Hilbert spaces B3 (X; H),

IfIB*(X;H)|l, keN, 0<s1<s3< <8 — 00 (8.147)

if k — oo.

Proposition 8.33. Under the above hypotheses, D(X; H) is a nuclear locally convex
space. It is dense in all spaces By(X; H) with s > 0,1 <p < 00, and in all spaces
L. (X, 0,u) with1 <r < oo.

Remark 8.34. This gives the possibility to introduce the dual space D'(X; H) of
D(X; H) with the usual (weak or strong) topology and to interpret f € L,.(X) =
L,.(X, o, ) as a distribution f € D'(X; H) by the dual pairing

/ f(z p(dx), feL.(X), geL.(X), (8.148)
1<r<oo, ! . =1.
Definition 8.35. Let (X, 0,p; H) be an e-chart of the d-space (X, 0, ) according to
Definition 8.13 and (8.11 ) Let1 <p<oo and s <0. Then
S/v s/ ! 1 1
Bi(X; H) = (Bp, (X,H)) . (8.149)

according to the dual pairing (D(X; H), D'(X; H)).

Remark 8.36. Again we refer to [Tri05¢] for discussions and a justification of the
definition and of the assertions. Furthermore we derived there some properties of
the spaces B, (X; H) with s < 0. The corresponding spaces with s = 0 can be
introduced by complex interpolation,

B)(X;H) = [B3(X;H),B,*(X; H)] 0 < s < so, (8.150)

1/2°

where the outcome is independent of s and even of the e-chart H if s is sufficiently
small, hence

B)(X) = [B;(XLB”(X)]UQ? 1<p< oo, (8.151)

p

in terms of the spaces B, (X) = B;,(X) according to Definition 1.194. This will
be discussed in the following Section 8.3.4.

8.3.4 Spaces of restricted smoothness

For a d-space (X, g, i) according to Definition 8.13 there may be many incommen-
surable Euclidean charts or e-charts (X, o, u; H) with (8.93), (8.115). The situa-
tion is quite similar to that of Riemannian geometry furnishing suitable topological
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spaces (Hausdorff spaces) with atlases of Riemannian charts creating incompatible
smoothness structures (Riemannian geometries) on the same basic space. However
if the underlying structure or space one is starting from has a natural (limited)
smoothness up to some (restricted) order then this should be respected by any
impressed higher, maybe C'°*°, smoothness via local charts. In case of d-spaces and
related e-charts this suggests having a closer look at spaces B, (X; H) if s > 0 is
small or (including the sketched extension in Section 8.3.3 to s < 0) if |s| is small.
So far we introduced d-spaces in Definition 8.13 by assuming that there is a num-
ber € with 0 < & <1 and a bi-Lipschitzian map H with (8.88). But as explained
in Remark 8.14 the justification of this somewhat brutal procedure comes from
Section 1.17.4, especially from Theorem 1.192 and Remark 1.193. In particular,
if (X,0,1) is a d-space in the understanding of Definition 1.189 and if ¢y with
0 < gp < 1 has the same meaning as in Theorems 1.187, 1.192 then (X, o, ut) is
also a d-space according to Definition 8.13 and for any € with 0 < € < g¢ there
are bi-Lipschitzian maps H in (8.88). Recall that we have (8.92). Under these
circumstances one has the intrinsically introduced spaces

By (X), 1<p<oo, 1<q<oo, [s|<eg, (8.152)

according to Definition 1.194. By Theorem 1.196 they are compatible with corre-
sponding spaces on d-sets in R". Now we wish to establish the counterpart of this
assertion for the above spaces By (X; H). We use the abbreviation

By(X)=B5,(X), 1l<p<oo, [s<e, (8.153)

for the spaces in (8.152) with p = ¢. We rely on intrinsic atomic characterisa-
tions of the spaces in question. For this purpose we transfer the intrinsic atomic
decomposition for the spaces B,(I') on d-sets in R™ according to Theorem 8.11
to d-spaces. The number £ > 0 in Definition 8.8 will now be identified with ¢ in
(8.88). Otherwise we transfer Definition 8.8 now for d.-sets I', where d. = d/e ,
to X = H!T in the same way as this has been done in Definition 8.25 in case of
frames.

Definition 8.37. Let (X, 0,1) be a d-space according to Definition 8.13 equipped
with an e-chart {X;H} as in (8.115), (8.88). Let By be the same balls as in
(8.120) and let Lip®(X) as introduced in (8.124). Let 0 < s < ¢ and 1 < p < oco.
Then a};’m € Lip®(X) is called an (s,p)-e-atom if for k € Ng and m =1,..., My,

supp a’;(’m C Bi,m, (8.154)
™ (@) < p(Bm)i 7, zEX, (8.155)

and . . L
o™ (x) —aX™ (y)] < g (Bem) "7~ 4 0 (,y) (8.156)

withz e X, ye X.
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Remark 8.38. This is the direct counterpart of Definition 8.8. By (8.88) it follows
that

aY"=af™oH,  keNy m=1,... My, (8.157)

are the transferred (s/e, p)*-e-atoms from the d.-set I' on X including the correct
normalising factors according to (8.135) (with © —1 in place of s/¢). Just as in
(8.39), (8.40) we put

)\:{Aka(C: kENo;TRZI,...,Mk} (8158)

and
oo My 1/p
X161 = (Z > Akml”> (8.159)
k=0 m=1
in modification of (8.133).

Theorem 8.39. Let (X, o, p; H) be an e-chart of the d-space (X, o, ) according to
Definition 8.13 and (8.115). Let 1 <p < oo and 0 < s <e. Then B;(X; H) is the
collection of all f € L1(X, o, ) which can be represented as

oo My

F@) =33 v ay™ (@), 1650 < oo, (8.160)

k=0m=1

x € X (absolute convergence being in L1(X, o, p)), where the a];(’m are (s,p)-e-
atoms on X according to Definition 8.37. Furthermore,

1F 185 (X H)| ~ inf [l [5-°] (8.161)
where the infimum is taken over all admissible representations (8.160).

Proof. We have (8.88) with the d.-set I, (8.141) now with s < € and (8.157). Then
the above assertion follows from Theorem 8.11 applied to Bf,/ (). O

Corollary 8.40. Under the hypotheses of Theorem 8.39, especially 1 < p < oo and
0 < s < e, the spaces B;(X; H) are independent of H. Furthermore,

B, (X; H) = B;(X), l<p<oo, 0<s<e, (8.162)
where B (X) are the spaces according to (8.153), (8.152) and Definition 1.194.

Proof. The independence of B;(X; H) of H is an immediate consequence of the
above theorem. The above intrinsic atomic characterisation coincides with a cor-
responding atomic representation of the spaces B;(X) in [HaY02, Theorem 1.1].
We refer also to [Yang03, Lemma 2.3]. O
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Remark 8.41. This assertion extends Theorem 1.196 from d-sets to d-spaces. In
Section 8.3.3 we outlined briefly how to extend the spaces B, (X; H) from s > 0
to s < 0 by duality. By [HaY02, Lemma 1.8, p. 18] there is a counterpart for the
spaces B, (X) as introduced in Definition 1.194,

S ! —S ]- ].
(By(X)) =B, (X), —e<s<e 1<p<oo, p+p’ = 1. (8.163)

Then one gets by (8.149) and (8.162) that also
By (X;H) = B,(X), —£<s<0, 1<p<oo. (8.164)

As for the interpolation mentioned in (8.151) we refer to [HaS94, Theorem 7.7].
(The formulation given there is in terms of homogeneous spaces. But the arguments
apply also to the inhomogeneous spaces preferred here.)

8.4 Applications

8.4.1 Entropy numbers

Entropy numbers of compact operators have been introduced in Definition 4.43.
Further information may be found in Section 1.10. We dealt several times with
entropy numbers of compact embeddings between function spaces, Theorem 1.97
(bounded domains in R™), Section 4.4.1 (relations to other numbers), and Theorem
5.30 (anisotropic spaces). We now complement these assertions by looking briefly
at compact embeddings between the above spaces B;(X ; H). Again we express
equivalences by ~ as explained in (1.307), (1.308).

Theorem 8.42. Let (X, o, p; H) be an e-chart of the d-space (X, o, ) according to
Definition 8.13, (8.115) and let By(X;H) with s > 0,1 < p < oo be the spaces
introduced in Definition 8.27. Let

0 < 59 < 81 < 00, 1< p1 < oo, 1< py < o0, (8.165)

and
51 — d/p1 >S9 — d/p2 . (8166)

Then the embedding
- 1X s . s .
id*: By (X;H) — B2(X;H) (8.167)

18 compact and
2

er(idX) ~ k= for keN. (8.168)
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Proof. By (8.141),
H: fw— foH: B;/E(l", QmHgE) — B;(X;H) (8.169)

is an isomorphic map where T is a d.-set in some R". Recall that d. = d/e. Then

id¥ = Hoid o H ! (8.170)
with
.. s s
id": B3/E(D) — B32/E(D). (8.171)
Hence,
en(idX) ~ep(id) ~ k=0 keN, (8.172)

where the latter equivalence is covered by [Trid, Theorem 20.6, p. 166] (here &
cancels out). O

Remark 8.43. The corresponding assertion for arbitrary bounded domains in R™
may be found in Theorem 1.97.

8.4.2 Riesz potentials

In Section 7.1.2 we discussed mapping properties of Bessel potentials and (trun-
cated) Riesz potentials in R™ in relation to singular measures. There one finds also
some references especially about the close connection between Riesz potentials and
fractal analysis. Now we return to this subject in the context of d-spaces. But first
we describe some results in connection with d-sets.

Let I' = (T, 0,,, H{) be a compact d-set in R™ according to (8.4), (8.6). Recall that
0,(x,y) = |z — y| is the usual metric in R". Let I,

(L)) =/F by f(;ﬁi% HE(dS), 0<x<d, (8.173)

v € T, be Riesz potentials on I'. These operators have been studied in detail
in [Zah02, Zah04]. It comes out, in particular, that IL is a positive self-adjoint
compact operator in Lo(T"). Let

M>XA> >N > —0 if k— oo, (8.174)

be the positive eigenvalues of I. repeated according to multiplicity and ordered
by magnitude. Then
A~ k¥ keN. (8.175)

We refer for details and proofs to [Zah02, Theorem 3.3, Corollary 3.4] and [Zah04].

We developed in [TrY02] a corresponding theory for d-spaces (X, g, 1) in the orig-
inal version of Definition 1.189 without using the existence of e-charts as in Defi-
nition 8.13. This direct (long and complicated) approach resulted in the following
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assertion. For any sr with 0 < »r < d there is an equivalent quasi-metric g,,, 0 ~ 0,,,
such that the Riesz potential I,

wpw=[ 0 . eex, (8.176)

x 0L (z,y)

is a non-negative self-adjoint compact operator in Lo (X) with (8.174), (8.175) for
its positive eigenvalues (not excluding that I;¥ may have a non-trivial kernel). But
it was not clear to which extent one can or has to replace a given quasi-metric
o by an equivalent one to get the above result. However even in the Euclidean
case (8.173) it seems to be doubtful whether one can replace the Euclidean metric
0,(7,9) = |y — 4] by an arbitrary equivalent quasi-metric o(v,d) (which might
be non-continuous) if one wishes to get the above assertion. We discussed this
situation by some examples in [TrY02, Remark 3.8]. This is the point where the
reqular d-spaces according to Definition 8.13(ii) enter the scene transferring d-
sets (or better d.-sets) according to (8.88) not only isomorphically onto related
d-spaces but isometrically in the understanding of (8.89). It seems to be that

a substantial analysis on d-sets in R™ should be based on the Fuclidean metric
and related Hausdorff measures and a substantial analysis on (abstract) d-
spaces should be based on their reqular images according to Definition 8.13(ii).

The following assertion may also serve to support this opinion.

Theorem 8.44. Let (X, o, u; H) be an e-chart of the reqular d-space (X, o, ) accord-
ing to Definition 8.13(ii) and (8.115). Let 0 < s < d. Then the Riesz potential I;X

En@=[ L0 adn, aex (8.177)

is a positive self-adjoint operator in Lo(X) with (8.174), (8.175) for its positive
etgenvalues.

Proof. We adapt (8.173) to (8.88), (8.89), hence
(o)) = [

d—
[y =9] -

where T is the d.-set in (8.88). By (8.89) and (8.138) it follows that H and H !

generate unitary maps between Lo(I") and Lo(X) = Lo(X, o, ) (denoted again

by H and H~1). We claim that I in (8.177) and I£/E in (8.178) are unitarily

equivalent,

. H(ds), yerl, (8.178)

IJ=Hol_, oH " (8.179)
For this purpose we apply f € La(X) to the right-hand side,
F(H16)

Holf OHflf z) = 7
Hotlol @ = [ 27 0

Hie (d9). (8.180)
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We transform the integral over I' into an integral over § = Hy. Using (8.89) it
follows that the right-hand side of (8.180) equals

f() B ()
/X \Hx—Hy|dZ” H(dy) _/X oz, y)i—> p(dy). (8.181)

This proves (8.179). Hence I is unitarily equivalent to I}:/E on the d.-set I'. Then
the theorem follows from (8.173)—(8.175) where € > 0 cancels out. O

8.4.3 Anisotropic spaces

Let @ = (a1, ...,ay) be an anisotropy in R™ as introduced in (5.10) and used in
Example 8.19. Let

By*(R™) = B5(R™), l<p<oo, s>0, (8.182)
be special anisotropic spaces as introduced in Definition 5.1, complemented by
C>*(R") = BZL(R"),  s>0. (8.183)

These spaces can be normed by (5.6) and as in Theorem 5.8, Remark 5.10. On
the other hand we snowflaked X,, = [0,1]" in Example 8.19, Proposition 8.20 and
Corollary 8.21 anisotropically onto a compact d-set in some RY with d = n/ai,
illuminated by Example 8.22. By Theorem 1.192 and Definition 1.189 one can
extend this procedure from X, to R™. In modification of (8.112) one gets a bi-
Lipschitzian map H,

H: (R", 0%, ) onto (T on,HE), (8.184)

where T is a closed (but not compact) d-set in some RY with d = n/a; in the
understanding of (8.4), (8.6) where compact is replaced by closed. There is also
an obvious counterpart of Corollary 8.21 saying that (R", g, ,,, itn) is an (closed,
complete, but no longer compact) n-space. We take all this for granted. We also
assume that there are immediate counterparts of the spaces B;(F) as trace spaces
according to (8.5) and their quarkonial and atomic characterisations according to
the Theorems 8.3, 8.11 (the latter restricted to 0 < s < 1). The only point where
some additional care might be needed is the question where the corresponding
series converge. There is no immediate substitute of L;(X) serving in the compact
case as the largest space in which everything happens. This point can be settled,
but we do not discuss the details. This applies also to the natural extensions of
Definition 8.27 and Theorem 8.30. Then one gets spaces

BS(R™ H) = BS(R™, 0, pin; H) = B/ (T, o, Hi/ ) 0 H, (8.185)

with s > 0, 1 < p < oo, which also deserve to be called anisotropic. The question
arises as to how these spaces are related to the spaces in (8.182).



8.4. Applications 375

Proposition 8.45. Let o = (ai,...,a,) be an anisotropy in R" according to
(8.106). Let By*(R™) and B;(R"; H) be the above spaces. Let 1 < p < oo and
0<s<ai. Then

By*(R") = B, (R™; H). (8.186)

Proof. (Outline). We apply (the extended) Theorem 8.39 to the n-space (R",
Qo> M H) with 1 < p < oo and € = ;. Then we have the atomic decomposition
(8.160) based on the atoms a’;(’m in Definition 8.37. By ¢ = ¢, , with (8.107) it
follows that the balls By, in (8.120) can be identified with the rectangles Q¢,,
at the beginning of Section 5.1.5. Furthermore p = pu,, is Lebesgue measure and
|Q¢,.| ~27%". Since d = n and € = a, one gets for the atoms in Definition 8.37,

supp ay™ C eQf., X =R", (8.187)
|a§(’m(a@)\ < 2*’9(5*”/?)’ T c Rn7 (8188)
|a’§(’m(x) -~ al)cém<y)‘ < g kls—n/p)tenk gyp |2, — yr|a1/ar. (8.189)

Let 0 < s < 0 < a;. We claim that for some ¢ > 0 and all a";{’m7
la’™ |Bg(R™)|| < c2k=2)., (8.190)

We apply (5.6) with & = (o1,...,04,) in place of §, where o,a, = o according to
(5.24). Since o, < 1 we may choose M, =1 in (5.5), (5.6). We split the integral
over t € (0,1) into an integral over (27%% 1) and an integral over (0,27%%"). Let

. . . . k
e, be the unit vector in x,.-direction. Then one gets for a = a X’m,

1
|t lat+ o) alLy®)

Q—kap (8191)
< CQkozra'Tp 2—kp(s—n/p) 2—kn

”pdt
t

— 6214:(075);0
and

g—kar

—0 n dt

7P [lal- + ter) — a|Lp(RY)”
0

g—kar

—k(s=n/p) k—k/— dt
< 2 s—n/p)ptaikp 9—n t Uv‘ptpal/ar
= t (8.192)

0
o—kar

— CQ—ksp—I-alkp / t(al—a)p/aT dt
0

t

_ Cle(a'—s)p.
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This proves (8.190). We take it for granted that the theory of non-smooth atoms
for the isotropic spaces Bj(R") according to Definition 2.7 and Theorem 2.13
can be extended to the anisotropic spaces B, ®(R™). Then (8.190) is the direct
counterpart of (2.26). Now (8.186) follows from Theorem 8.39 and the anisotropic
counterpart of Theorem 2.13. g

Remark 8.46. The anisotropic spaces B,,*(R") and F;*(R"™) according to Defini-
tion 5.1 have a long and rich history. There are decompositions in terms of smooth
atoms as described in Theorem 5.15. Also the theory of wavelet frames for isotropic
spaces as developed in Section 3.2 has a counterpart for some of these anisotropic
spaces. We refer to [HaTa05]. There is hardly any doubt that decompositions of
the isotropic spaces BIS,(R") in terms of non-smooth atoms according to Theorem
2.13 have anisotropic counterparts, which we took for granted in connection with
(8.190). On the other hand based on the anisotropic distance g, ,, in (8.107) one
gets by the snowflaked bi-Lipschitzian map (8.184) the spaces in (8.185) which
also deserve to be denoted as (non-standard) anisotropic spaces. According to
Proposition 8.45 they coincide with the spaces B;’Q(R") if 0 < s < 1. But this is
presumably not the case if s > @1 and one gets non-standard anisotropic spaces
based on counterparts of Definition 8.27.



Chapter 9

Function Spaces on Sets

9.1 Introduction and reproducing formula

9.1.1 Introduction

Chapter 8 dealt with spaces B;(F)7 $>0,1< p < oo, on compact d-sets in R"
and their snowflaked counterparts B, (X; H) on d-spaces according to Definition
8.27 and Theorem 8.30. We avoided any additional complication caused by more
general compact sets I' in R™ or by introducing more general spaces, say, B, (")
and their snowflaked counterparts. In some sense we now return to this subject, at
least as far as spaces on arbitrary closed sets I in R™ are concerned, but based on
a new approach employing the technique of wavelet frames according to Section
3.2. As in Chapter 8 we restricted ourselves also in Section 3.2 to the simplest case,
say, the spaces Bj(R") in (3.69). Now we are interested in more general spaces
and in a new method with a reproducing formula as the crucial ingredient. We
follow partly [TriO6b].

9.1.2 Reproducing formula

We rely on the same notation as in Section 3.2.1 adapted to our purposes. Let
R}, be as in (3.65) and let k be a non-negative C*° function in R™ with

supp k C {y e R": |y| <2J*E}QR1+ (9.1)

for some fixed € > 0 and some fixed J € N (one may choose J = n once and for
all), and
Z E(x —m) =1 where z € R™. (9.2)
mezn
Let
K (x) = (277 2) k() where z €R" and (eNj, (9.3)
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e kfm(x) = kP29 —m) where j €Ny and meZ". (9.4)
Obviously kfm(m) > 0. Let w be a C* function in R™ with
supp w C (—m,m)" and wlx)=1 if |z| <2, (9.5)
and for the same J € N as before let
WP (z) = Z(Z_)leg: Pw(x), rzeR", pBeNg, (9.6)
and
QO (z) = Z (WP (m) e m=, x e R™ (9.7)
mezn

With the same function ¢g as in (3.78) and ¢(x) = po(x) — ¢o(2x) we introduce
for 8 € N{,

(P2)V(E) = o(6) Q7 (),  €€eR™,
(@h)V(€) = p(€)Q%(6),  €eR™, (9.9)
and for r € Ng, 8 € Nj, m € Z™ and £ € R",

- (2rx — if j =
(I)ﬂW(l.):{ F( T m) mwy=r,

’ . 9.10
Jm Y (29 —m) ifr<jeN. (9.10)

Comments and properties of these functions may be found in Section 3.2.1. In
particular we have @fnz € S(R™). If r = 0 then we put @f,;f = ‘b?m in good
agreement with (3.89). The usual dual pairing
Bir __ojn B,r ! (mmn
X =2 (r.e07),  feS®, (9.11)
makes sense, where € No, r < j € Ny, f§ € N and m € Z". If r = 0 we put
8,0 \B . co
Nim (f) = A3, (f) which coincides with (3.96).
Theorem 9.1. Let K be a C* function in R™ with
supp K C {y: |yl <2/7°} (9.12)

where J € N and € > 0 have the above meaning. Let K7 and K, with v € N{,
r € Ny and 1 € Z" be the obvious counterparts of (9.3), (9.4). Then

= Y MK KL (2),  zeR™ (9.13)

B,j>rm

unconditional convergence being in S(R™). For any s >0, M >0, b > 0, there is
a positive constant ¢ = ¢, arp (depending on k and K) such that

’Af;; (KZZ)’ < c27el 9= #IBl9=G=nM (1 4 |y — 20—7)0  (9.14)

for all admitted B,~; j,r; m,l.
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Proof. Step 1. First we prove (9.13), (9.14) with » = 0 and I = 0, hence, for
K7(z) = (2772)YK(x) where v € Njj. By Theorem 3.21, (3.96) = (9.11) with
r =0 and (3.89) = (9.10) with » = 0 we have

K'(z)= Y XN (K" k). (x), z€R" (9.15)
B.3,m
Nj (K7) = 27" | KW o, (2y—m)dy, jEN, meZ'.  (9.16)

In case of j = 0 one has to modify appropriately here and in what follows. Let
A € N and s > 0. We claim that there is a constant ca . such that

Vv
‘Da (@@) (5)‘ <ean20 for |a| <24, BENI, £eR".  (9.17)

This follows from (9.9), based on (9.5)-(9.7), Stirling’s formula according to
(3.117), (3.118) applied to B! and (3.124). One gets that for any b > 0 and any
2 > 0 there is a constant ¢ ;. such that

‘@@(y)‘ <epn 2P (14 Jy))7 forall f€ N and y € R™ (9.18)

Recall that ¢(§) = 0 if |¢] < 1/2. Then one has for any L € N,

(@0,)V(6) = ¢ fgfﬁ Q) = PP, £eR".  (9.19)

and hence _
oy (y) =AM (y),  yeR?, (9.20)

L ~
where AL = (2?21 8‘2;) is the Lth power of the Laplacian. Here @'1?4 has the
J

same properties as @']?4. In particular we have (9.18) with 5@ in place of @'g/[.
Then it follows by partial integration that

| @E R @@y —mydy =2 [ K@y —may. 021

By (9.16), (9.18) with ®7, in place of ®7,, and (9.12) one obtains that

N (K] < em b2l g0 [ (1 iy — ) Py
ly|<27 (9.22)
< ¢/ 29(ntb=2L) 9—cly| 9|5 (1+ |m|)°.
First we choose b > 0, » > 0, then L € N, which are at our disposal. We get (9.15)
with 4
NG (K| < c2mehlg=8l 9= (1 4 |m)) =0, (9.23)

hence (9.14) with r =0 and [ = 0.
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Step 2. Let r =0 and [ € Z". Then it follows from (9.15), (9.16) that

Kg,l( r) = K"(x—1) Z >‘ (K7) k]ﬂerQJz( )
fam , (9.24)
= > N (KK ()
B,3;m
and
N K" =2" [ KY(y—1)®" (27y —m)dy
e E) =27 [ K= 82y = m) 0
This proves (9.13) and (9.14) with r = 0. Let r € N and [ € Z". Then
K:,z( T) = ng (2"z) Z >‘ ]+rm(95)
B,3;m
K0 (9.26)
Z >\] rm O,l) k]m(x)
B,j>r,m
and for j > r one gets by (9.25), (9.11),
N BG) = 2070 [ Ky = 1) 8, (27T —m) dy
’ R (927)

= /\?g(KZz)
If 7 = r then one has to replace @5\3/[(2@ —m) by @?(2’”3/ —m). This proves (9.13)
and (9.14) with r € Ny and [ € Z".

Step 3. By (9.14) and the properties of kfm it follows that (9.13) converges in any
norm

sup (1 +[a]*)7/? | Dg()] (9.28)
z€R”,|a|<L
with ¢ > 0 and L € N. Hence (9.13) converges unconditionally in S(R™). O

Remark 9.2. One can replace the summation over j € Ny in (3.97) by a corre-
sponding summation over r < j € N with » € N. This follows from the proof of
Theorem 3.21. Then one gets (3.99) with )\]’8,,:(]‘) according to (9.11) in place of

/\?m( f). Hence the representation (9.13) is not a surprise. The estimate (9.14) is
the main point of the above theorem. The assumption (9.12) is convenient for us.
It produces the factor 27¢17l in (9.14). But otherwise the above arguments work
also for more general (compactly supported sufficiently smooth) functions K. In
particular one can represent the above functions k(z) or k(z —[) with [ € Z" by
finer grids which is similar to the typical assertion for the scaling function

O(x) = Z am ®(22 —m), xr € R, (9.29)

m=—0o0



9.2. Spaces on Euclidean n-space 381

in the multiresolution analysis briefly described in Section 1.7.1. This results in
the following observation.

Corollary 9.3. Let k be a compactly supported C>® function in R™ generating the
resolution of unity (9.2). Let kg(x) = 27 k(z) where 3 € Njj. Let N € N. Then

there are complex numbers )\fm such that

= Z Y N, ks(@z—m), zeR", (9.30)

BENT j=N meZn

unconditional convergence being in S(R™). For any » >0, M >0, b > 0, there is
a positive constant ¢ = ¢,y (depending on k and N) such that

NG| < c27IPl2=IM (1 4 |in|)=°. (9.31)

Proof. For this purpose one has to modify the arguments from Step 1 of the proof
of the above theorem. One can start expanding the first k(27 z) in place of K7 (x)
n (9.15). 0

9.2 Spaces on Euclidean n-space

9.2.1 Definitions and basic assertions

As said in the above Introduction 9.1.1 it is one aim of Chapter 9 to extend the
considerations in Section 3.2 from the special spaces B,(R") in (3.69) to more
general B-spaces and F-spaces. For this purpose one has first to generalise Defi-
nition 3.13. As before, );,, denotes a cube in R™ with sides parallel to the axes of
coordinates, centred at 27/m with side-length 277! where m € Z" and j € Ny.
Let x;jm be the characteristic function of Q.

Definition 9.4. Let 0 >0, s€ R, 0<p <00, 0< qg< oo and

A:{Afmec:ﬁeN&jeNmmeZ”}. (9.32)
Then
b ={X\: |52 < oo} (9.33)
with
a/p\ V4
A B3] = sup 2018l Zzﬂs n/p)a (Z Afmp> (9.34)
j=0 meLn
and

i = A ISRl < o0} (9-35)
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with
1/q

INIf5ell = sup 221 1S ™ " 2750 N0 x50 () |Lp(R™) (9.36)
PENy j=0mezn

with the usual modification if p = oo and/or q = co.

Remark 9.5. This is the generalisation of Definition 3.13. It is immaterial whether
20101 is taken with respect to an {,-quasi-norm or an {.-norm. In contrast to
Definition 1.17 and Theorem 1.39 we insert now the normalising factors in the
sequence spaces. We have

by = forls seR, 0<p<c0. (9.37)

S S 3
Furthermore, b;,¢ and f,:¢ are quasi-Banach spaces.

Again we use standard notation. In particular, L,(R™) with 0 < p < oo are the
usual Lebesgue spaces in R quasi-normed by (2.1). Let wy(z) = (1 + |2]?)7/?
with ¢ € R. Then Lo (R", w,) is the weighted Loo.-space in R"™ normed by
lws f | Loo(R™)]|. As for the use of Loo(R™, w,) one may consult the end of Re-
mark 2.12.

Definition 9.6. Let k be a non-negative C° function in R"™ with (9.1) for some
J €N (one may fix J =n) and (9.2). Let kfm as in (9.4). Let p >0, 0 < g < o0,
and s > 0.
(i) Let 0 <p < oc. Then B5 (R™) is the collection of all f € L,(R"™) which can
be represented as
F=> Nk, Aebyp, (9.38)
B,3,m
absolute convergence being in L,(R™) if p < oo and in Loo(R",w,) with
0 <0 ifp=o0. Let

1f 1B (R™)|| = inf [|X |65l (9-39)

where the infimum is taken over all admissible representations (9.38).
(ii) Let 0 < p < oco. Then §,,(R") is the collection of all f € L,(R"™) which can
be represented as

f=>5 Nk Ae fue (9.40)

gm Vimo pq >
B,4,m

absolute convergence being in L,(R™). Let
1] 185 (R = inf [N ]£521], (9-41)

where the infimum is taken over all admissible representations (9.40).
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Remark 9.7. To avoid any misunderstanding we remark that the absolute conver-
gence of (9.38) is a consequence of A € by, and not an extra requirement. Similarly
for (9.40).

Theorem 9.8. The above spaces B5,(R") and §3,(R™) are quasi-Banach spaces.
They are independent of o and k (equivalent quasi-norms). Furthermore, for all
admitted s, p, q,

By (R") = Lp(R"),  §pe(R") = Ly(R"), (9.42)

and
me (p,q) (Rn) — SZq(Rn) — ;,max(p7q) (Rn) (943)

Proof. Step 1. Let o > 0 be fixed. The continuous embedding (9.43) follows from
a corresponding inclusion for the underlying sequence spaces which may be found
in [Trid, Proposition 13.6, p. 75]. We prove (9.42). By (9.43) it is sufficient to deal
with the first inclusion. Let 0 < p < 1. Then it follows from (9.1), (9.3) and (9.34)
that

P
Z )\fm P20z —m)| da

P
> Xk LEn| <3 [
B3

B.j.m
<ec Z 9—in 9—¢lBlp Z |A?m\p (9.44)
<X [bze|P Z 9—¢lBlp—jsp,
B3

Since € > 0 and s > 0 one gets (9.42). Similarly if 1 < p < co. Then it follows by
standard arguments that 87 (R") and §; (R") are quasi-Banach spaces.

Step 2. We prove that the spaces B, (R") are independent of ¢ and k. Let K be
a second non-negative C*° function in R" satisfying (9.1), (9.2) with K in place
of k and let K fm be the related counterpart of (9.4). Let

=Y v K)(x vebse (9.45)

pq >
~,7l

be the corresponding representation which makes sense by Step 1. We insert (9.13)
in (9.45) and get

=> Xk () (9.46)

B.3,m
with

=> Z S ovl N, (9.47)

YyENG r=01lezZn
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Let v, = 0if r <0 and let t = j — r. Then it follows from (9.14) that

9i(s=n/p) 9|8 ‘)\]ﬁm|

<o o nI S ST o0/ Y 9 (1 [y — 28]
5 t=0 leZ"

1/p

<d 22*5|’Y| Zg(jft)(sfn/p)p Wl 9—tM"p (1+ |m — 2t”)*b/1’
¥ t,l

(9.48)
where s > 0, M” > 0, b’ > 0 are at our disposal. We take the ¢,-quasi-norm
with respect to m € Z". The related factor at the right-hand side of (9.48) can
be estimated independently of 2!/ (choosing b’ > 0 sufficiently large). Then the
summation over [ € Z" gives the desired £,-blocks for the coefficients v/} , ;. Af-
terwards one can do the same with respect to ¢; and the summation over j at the
expense of M"” > 0. Since € > 0 one gets

S, 5,0 S,
[A b I < el [bpg | < cllv [bp2l (9.49)

for any ¢ > 0 and any s > 0. This proves the independence of the spaces B, (R")
both of ¢ and of k.

Step 3. We prove that the spaces §;,(R") are independent of ¢ and k. We need
some preparations. Recall that for locally integrable functions in R",

(Mg)(z) = sup |Q| " /Q g()ldy,  zeR", (9.50)

is the Hardy-Littlewood maximal function, where the supremum is taken over all
cubes @ centred at z. Let 0 < p < 00, 0 < ¢ < 00, and 0 < w < min(p, ¢). Then
there is a constant ¢ such that for all such functions g;,,, with j € No, m € Z",

1/q 1/q
> (M]gjm]™) (- LR < e [ D lgim()] | Lp(R")
Jjm J,m
(9.51)
This vector-valued maximal inequality goes back to [FeS71]. A short proof may be
found in [Tor86, pp. 303-305]. As for the use of (9.51) in the context of F-spaces
and further references one may consult [Trivy, p. 89] and [Trid, p. 79]. Let x, be

the characteristic function of the cube of side-length 27" with r € Ny centred at
the origin. Then it follows from (9.50) that for some ¢ > 0 and all r € Ny,

(Mx;)(z) > ¢ min [1,277" [z ~"], x € R"™. (9.52)

We compare X j,, with My, as needed in (9.47) in connection with f;.¢ according
to (9.36). Only the case r < j is of interest. With 2 = 27/m one gets by (9.52)
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that

(Mx)(2)"* > ¢ min [17 (2727 m — 2—Tl‘—n)1/wj|
. (9.53)
> ¢ min [17 |m — QJ*T”*n/w} .

This estimate remains valid for all € R" with x;,(2) = 1 on the left-hand side
of (9.53) and the same right-hand side. With ¢ = j — r one gets

Xom(@) < ¢ (1+|m—210)"" (My; 1) (@), 2 cR™ (9.54)
With v, = 0 if 7 < 0 one obtains by (9.47) and (9.14) in analogy to (9.48),

275 20NNT | xjm (@)

<0 Y2 Y S 20 (M) 2 (1 2
ol t=0 lez™

S C/ZQ_EI’”X
S
1/q
s W e ” —bv”
22(7 R q\y;ttﬂq (Mxj—g0) () 27" (1+ m —2"]) !
tl
(9.55)

where 3 > 0, M > 0, b > 0 are at our disposal. It follows for 0 < ¢’ < ¢ that
1/q

2401 322N, [T (2)

im
\/q (9.56)
< e 2 I D D2 (M) (@)
¥ Jym
Application of (9.51) with g;p, = 2jS‘V;Y,m‘ij gives for 0 < ” < &’ that
1/q
2N 27T [ () [ Lp(R™)
j,m
\/q (9.57)
<y 2 IS Tads Oy () [Lp(R")
v Jsm

Since € > 0 one gets by (9.36),

ML < el Izl < ellvfal (9.58)
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for any ¢ > 0 and any s > 0. This proves that the spaces §,, (R™) are independent
of p and k. O

Remark 9.9. The independence of B, (R") and §;,(R") of o looks a little bit
curious at first glance. It comes from the estimates (9.49), (9.58) which in turn are
based on (9.14), where ¢ depends on s. In a slightly different but nearby context
we estimated in[Trie, (2.81), p. 23] corresponding constants. This suggests that ¢
in (9.14) can be replaced by ¢12°2* with ¢; > 0, ¢o > 0, independent of . Hence
equivalence constants of B, (R") and §,,(R") based on Definition 9.6 with large
o are of type c¢1 2°2¢ compared with, say, 0 in place of o.

9.2.2 Properties

Again let

1 1
o, =N -1 and Opg =N . -1 9.59
() )+ = intova) )+ (9.59)

where 0 < p < 00, 0 < ¢ < oo. Let B; (R™) and F;, (R") be the spaces as
introduced in Section 2.1.3.

Tl};eorem 9.10. Let B, (R") and F,,(R"™) be the spaces according to Definition 9.6.
Then

B, (R") = By, (R") if 0<p<oo, 0<g<oo0, s> 0p, (9.60)
and
og(R") = F, (R™) if 0<p<oo, 0<g<o00, §>0p, (9.61)
interpreted as subspaces of S'(R™).

Proof. We described in Theorem 1.39 quarkonial representations of the spaces
Bp,(R™) and F; (R") with a reference to [Trie]. The building blocks kfm in (9.38),
(9.40) differ from the B-quarks (B-qu);m, in (1.107) only by unimportant techni-
calities. In particular, the normalising factors 277(5="/P) are incorporated now in
the sequence spaces according to Definition 9.4. Hence, the above theorem follows
from Theorem 1.39. g

Remark 9.11. The above building blocks k?m in (9.4) coincide with correspond-
ing functions in Definition 3.17, complemented by the dual system @fm in (3.89).
Furthermore, the spaces in (9.37) are essentially the same as the spaces by¢ in
Definition 3.13. In addition to the above theorem we have for the spaces B,,,(R")

the frame representation in Theorem 3.21(ii) with the coefficients )\fm(f) in (3.96).
One can expect that this frame representation can be extended to all spaces
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B;,(R™) with s > o, and all spaces F},(R") with s > 0,,. But it is doubtful
whether there are corresponding frame representations for the spaces

B, (R") with 0 < s <o, and R™) with 0 <s < gy, (9.62)

Pl
with optimal coefficients depending linearly on f. If 0 < s < ¢, (in particular
0 < p < 1) then the d-distribution belongs to all spaces By (R") and Fj, (R").
Hence these spaces are incomparable with the spaces 87 (R") and g, (R") which
are subspaces of L,(R™) according to (9.42). But they are related to other spaces

playing a role especially in approximation theory. We give a brief description and
outline some assertions.

Let as before,
(AL)(@) = flz+h) = flz),  AFF'=ARAG, (9.63)
where z € R", h € R", | € N be the usual iterated differences and

wi(f, 1) = sup ||AL £ |L,(R™)]], 0<t<oo, 0<p<oo, (9.64)
Ihl<t

be the related modulus of continuity. Let
1/p

d g = [ [Iehp@ran] L ren o<p<oe, (069

[n|<t

x € R", be the same ball means as in (1.377). By Theorem 1.116 the spaces
By, (R™) and F;, (R") with p, g, s restricted as in (9.60), (9.61), can be charac-
terised in terms of w;(f, ), and some means di,uf of the above type. By the above
comments and also by Remark 1.117 these characterisations cannot be extended
to s < g, or s < gpe. But on the other hand, the quasi-norms (1.379), (1.381),
(1.383) make sense (with u = p) if f € L,(R™). At least B-spaces of this type have
some history. .

Definition 9.12.

(i) Let 0 <p < o0, 0<qg< o0, 0<s<l€N. Then By, (R") is the collection
of all f € Ly(R™) such that

1 1/q
d
17185, Dl = £ 1Lo® + | [enatrog )] <oe (@60

0

(with the usual modification if ¢ = c0).
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(ii) Let 0 <p < o0, 0<qg<o00,0<s<le&N. Then F; (R") is the collection
of all f € Ly(R™) such that

1 1/q
n n —S8 dt n
£ [FpgR™) e = [If [Lp@R™)[| + /t iy, f () ) | Lp(R™)|| < o0
0
(9.67)
(with the usual modification if ¢ = c0).

Remark 9.13. For 0 < p < 00, 0 < ¢ < 0o one can complement (9.60) by

B, (R") = B; (R") = B3, (R")  if s> 0y, (9.68)

(equivalent quasi-norms, also with respect to [ in (9.66)). This follows from The-
orem 1.116(i). In case of the F-spaces one has Theorem 1.116(iii). For 0 < p <1,
0 < g <ooand with r =1, u = p in (1.382), (1.383) one can complement (9.61)
by

Fi (R") = 35, (R") = F5,(R")  if 5> 0y (9.69)

The study of the spaces B;, (R") for all admitted p, g, s goes back to [StO78]. In
particular they are independent of I € N with s < [ in (9.66). One can prove this
assertion using (7.242). This applies also to the independence of F; (R") of I in
(9.67). We refer also to [Del.93, Ch. 2, §10] and [DeS93] as far as the B; -spaces
are concerned. A new approach to these spaces were given in [Net89] and [HeN04]
including atomic characterisations. We wish to apply in particular [HeN04, Theo-
rem 1.1.14]. Restricted to the above situation one gets for the parameters e, e_
and r as used in this theorem that e, = e_ = s, and r with r < p for the B-spaces
and r with < min(p, ¢) for the F-spaces. This results in s > 0 for the B-spaces
and in
1 1
s>n . — for the F-spaces.
<m1n(p, q) p)

Under these restrictions the quasi-norm in (9.67) coincides essentially with corre-
sponding quasi-norms in [HeN04, Theorem 1.1.14] (discrete version). This gives the
possibility to apply the atomic characterisations according to [Net89] and [HeN04]
with the following outcome.

Proposition 9.14.
(1) Let 0 < p <00, 0<g<oo. Then

B, (R") =%, (R") for s > 0. (9.70)

(ii) Let 0 <p < oo, 0 < g <oo. Then

Fi, (R") = §5,(R™) fors>n (min(lp 0 ;) : (9.71)
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Proof. By [Net89], [HeN04, Theorem 1.1.14] and the above comments one has for
all these spaces B; (R") and F; (R") atomic characterisations as in Theorem
1.19 but based on atoms without moment conditions according to Definition 2.5.
On the other hand shifting the normalising factors 277(*="/P) from the sequence
spaces to the building blocks k?rm both (9.38) and (9.40) are corresponding atomic
decompositions in B3, (R™) and §;,(R™). The additional summation over 3 does
not matter since one has the extra factors 218!, In particular one gets

1f [Bpg (R™)[| < cl|.f B3, (R™)]] (9.72)

and an F-counterpart. As for the converse one can argue as in the proof of Theorem
2.13. One expands arbitrary atoms a,; with r € Ng, [ € Z" by the smooth atoms
2i(s=n/ p)kfm. Afterwards one can control the coefficients in the same way as in
Step 2 of the proof of Theorem 2.13. We do not go into detail. But one gets in the
same way as there the converse of (9.72) and its F-counterpart. O

Remark 9.15. We admit that the above proof is somewhat sketchy and that some
details must be considered more carefully. Nevertheless we have characterisations
in terms of the quasi-norms (9.66) for all spaces B;, (R") with s > 0 in contrast to
B, (R™) where s is restricted by s > 0,,. By the above considerations s = o, is a
natural breaking line for B-spaces. For the F-spaces the situation is more compli-
cated. On the one hand one has according to Theorem 1.116(iii) characterisations
in terms of ball means for all spaces Fj (R") with s > 0,,. On the other hand
(9.67) applies to all spaces §5,(R") covered by (9.71). In case of 1 < p < oo one
may choose r = u = p in (1.382) and (1.383). Then the spaces in (9.71) coincide
with 5 (R"™). Together with (9.69) one gets for 0 < p < 00, 0 < g < oo that

1 1
F: (R") =% (R")=F5 (R") if s> — .
pa(R7) = Fg(BY) = Fpg(R) 30 > m <min(p7 q) maX(Lp))
Obviously no equivalent quasi-norms of type (9.67) can be expected for the spaces
F3,(R") if s < 0. The recent paper [ChS05] indicates that such a characterisation
in terms of ball means is also impossible if 0, < s < g, (in particular 0 < g < p).
We refer also to Remark 1.117. These observations suggest that

F,,(R") # F5 (R™) if0<p<oo,0<g<oo,0<8<0pg, (9.73)
as subspaces of L,(R") or, if in addition s > o, as subspaces of S"(R"). Of course,
0<g<p<oo, op < 8 < Opgs

is the most surprising case in (9.73). Comparing the atomic decompositions for
F;,(R™) in Theorem 1.19 with the indicated atomic decompositions for the spaces
in (9.71) (without cancellation conditions) then it follows from (9.73) that the
cancellation conditions for the spaces F;, (R") with s < 0, are indispensable. We
refer also to Remark 1.20.
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This settles a long standing question.

In particular, s = opq is a natural breaking line for equivalent quasi-norms
in Fy (R™) of type (1.383), (9.67) and also in connection with cancellation
conditions of type (1.60), (1.72) for atoms.

By (9.1) all building blocks kfm in (9.4) are non-negative. This paves the way to
an immediate counterpart of Theorem 3.48 dealing with the so-called positivity
property of function spaces according to Definition 3.46. Now we identify A;q(R")
in Definition 3.46 with one of the spaces in Definition 9.6.

Theorem 9.16. All spaces B, (R") and §,,(R") in Definition (9.6) have the pos-
ity property.

Proof. One can follow Step 1 of the proof of Theorem 3.48 based on k]@m >0
mentioned above.

Remark 9.17. By Theorem 3.48(ii) the spaces B, (R") and F}, (R") with s < o,
do not have the positivity property. Then it follows from the above considerations
that the representation in Theorem 1.39 cannot be extended to these spaces.

9.3 Spaces on sets

9.3.1 Preliminaries and sequence spaces

Let 1 be a Radon measure in R" according to (1.515) with compact support
I' = supp p. We dealt in Sections 1.17.2, 1.17.3 with the spaces

B3 (T, p) = try, Baf s 0-DUR™), o< 1/p=t<1, (9.74)

on I', defined in the indicated way as trace spaces, where s, is the Besov charac-
teristics of u. Here s, p, ¢ are naturally restricted by

s>0, 1<p<oo, 0<g<oco. (9.75)

By Theorem 1.185 one has a satisfactory quarkonial representation for these
spaces. In Section 8.1 we specified and detailed this approach to d-sets I" in R"
with g = HYT and ¢ = p in (9.74). In particular there are several good reasons
to restrict p by 1 < p < oo, where one defines spaces Bz‘jq(l",,u) with s > 0 as
traces of corresponding spaces ng(R") with ¢ > s > 0. In this case the un-
derlying spaces By (R") admit atomic or quarkonial representations where the
corresponding building blocks need not satisfy cancellation (or moment) condi-
tions. Such representations can be shifted from R™ to I resulting in corresponding
representations for the trace spaces. We refer to Theorems 1.185 and 8.3. This pro-
cedure does not work in a satisfactory way if the building blocks, say, atoms, in the
underlying spaces ng(R") have to satisfy some cancellation conditions. This is
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the caseifp<land 0 <o < n(; —1), Theorem 1.19. Nevertheless something can
be said. We refer to [Trid, Section 20]. But the outcome is not really satisfactory
and by this type of reasoning there is apparently no way to get counterparts of
quarkonial representations as in Theorems 1.185, 8.3. Now the situation is much
better if one replaces the above spaces By, (R") where one is starting from by the
spaces B7 (R") or §7 (R") according to Definition 9.6. All building blocks kfm
are non-negative and there is no trouble with required cancellations. Even better,
there is no need to define B, (I, ;1) and §5, (', 1) as traces of suitable spaces on
R™. All this can be done directly on I" following the scheme of Definition 9.6 and
Theorem 9.8. It is the main aim of this Section 9.3 to discuss these new possibilities
and to compare the outcome with previous results.

Definitions 9.4 for sequence spaces and 9.6 for function spaces can be extended to
sets M in R"™. Two cases are of interest for us. First M = Q is a domain (= open
set) in R", and secondly,

M =T =supp ;4 compact, IT| =0, (9.76)

is the support of a Radon measure p in R", where |I'| is the Lebesgue measure of
I'. We assume that

0<puR") =pul)<oco and peC?7(R"), 0<o<n. (9.77)

Here C*(R") = B3, (R™) are the Holder-Zygmund spaces (extended to s < 0).
Let @Qjm be the same cubes as recalled at the beginning of Section 9.2.1 with sides
parallel to the axes of coordinates, centred at 277m and with side-length 2771,
Let

Wi = su%) 1(Qjm), J € No. (9.78)
mezn
Then _
p€C(R™) if, and only if, sup 2/"")p; < oo, (9.79)
Jj€No

where 0 < o < n (equivalent norms). This follows from the p-property of the
spaces C~7(R"™) according to Theorems 1.131 and 7.5. In terms of the Besov char-
acteristics introduced in Definitions 1.165, 7.26 one has

—n < s,(0)=sup{—0c: peC7(R")} <0. (9.80)

One may also consult Figure 1.17.1. One could adopt a different point of view
furnishing a given (non-empty) compact set I' in R" with a Radon measure p
satisfying the doubling condition such that

supp p =1 compact, 0 < u(l) < oo. (9.81)

This is possible. We refer to [VoK87]. But as always in this book we give preference
to measures over sets. For M C R" (either a domain © or a compact set I') we
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abbreviate

ZMJ = > where j € No. (9.82)

m meZ™,Qjm NM#AD

Now we adapt Definition 9.4 to sets M. Let again X, be the characteristic func-
tion of Qjm.

Definition 9.18. Let 0 >0, s e R, 0 <p <00, 0 < g < oco. Let M C R" and

A:{Afme((}:ﬂeN&jeNmmGZ”witthmﬂM;«é@}. (9.83)
Then
bi2(M) = {A: [[A[BS2(M)] < 00} (9.84)
with
a/p\ /4
BN = sup 207 3o (Z % |P> (9.85)
BEN 7=0 m
and
{/\ [Afpal (M) < oo} (9.86)
with
- 1/q
M, . .
I3 1f5 00 = sup 228 | [ 5252 )| IR 05)
0 j=0 m

with the usual modification if p = co and/or ¢ = o0

Remark 9.19. This is the modification of Definition 9.4 we are working with. There
is an immediate counterpart of (9.37). But the above definition is by no means
obvious. We add a discussion. One may ask what happens if one replaces L,(R™)
in (9.87) by L,(T', 1) quasi-normed by (7.35) in case of M =T" with (9.76), (9.77).
In case of a domain M = € one may ask what happens if one replaces L,(R")
by L,(£2) naturally quasi-normed by (4.1). Let temporarily f5:¢* be the spaces
originating from (9.87) with L,(I", ) in place of L,(R"™) and let I" be a d-set
according to (7.97) with 0 < d < n. Then

d
sok — o) = hge(T), 0<p<oo, s—o—  + ” (9.88)

PP PP D
We indicate a proof of this assertion. It follows by Proposition 1.33 that one can
replace the characteristic functions xjm, of the cubes Q;n, with Qj, NT # 0 in
(9.87) by the characteristic functions of balls centred at I of radius ~ 277, covering
I', and having for each j € Ny pairwise distance > ¢277 for some ¢ > 0 and all j €
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No. But then (9.88) follows from (7.97) and the counterpart of (9.37). But if p # ¢
then it is not so clear whether the spaces f;;¢* and f7:¢(I') are related. Maybe at
least in case of isotropic measures according to Definition 7.18 the sequence spaces
Jpe&! might be the better choice when it comes to §-spaces. Following the above
arguments one would need a p-counterpart of the vector-valued maximal inequality
(9.51). This is available in the case of d-sets and covered by [GaM01, Theorem
3(ii), p. 473]. Furthermore, the recently discovered close connection between d-sets
in R"™ and Muckenhoupt weights in [HaPi05], [Pio06], suggests to have a closer look
at spaces of type (9.87) where Lebesgue measure py, is replaced by wuy with a
Muckenhoupt weight w. For corresponding vector-valued maximal inequalities one
may consult [Kok78], [AnJ80] and [GaR85]. As for B-spaces and F-spaces based
on Muckenhoupt weights we refer also to the literature in Remarks 1.48, 6.4, 6.17,
especially to [BPT96, BPT97, Ry01, Rou02, Bow05, BoH05]. We stick here to
Definition 9.18 adding first a few assertions originating from the geometry of M.

Definition 9.20.

(i) A domain in R™ is said to be interior regular if there is a positive number c
such that |QN B| > ¢|B| for any ball B centred at 9Q with radius less than
1.

(ii) A compact set T in R™ is said to be porous if there is a number 1 with
0 < n < 1 such that one finds, for any ball B(x,r), centred at x € R"™ and of
radius r with 0 < r < 1, a ball B(y,nr) with

B(y,nr) C B(z,r) and B(y,nr)NT = (. (9.89)

Remark 9.21. Interior regularity of domains plays a role in connection with atomic
decompositions of function spaces in non-smooth domains. We refer to [ET96, p.
59] and [TrW96]. So far we used the porosity condition in Remark 2.32 and (2.119)
in the context of pointwise multipliers in function spaces. There one finds also some
references. In particular, any d-set I' with d < n is porous. Furthermore if T" is
porous then |I'| = 0.

Proposition 9.22.

(i) Let M = be an interior regular domain in R" and let X5, be the charac-

teristic function of @jm N where @jm 18 a cube with side_s parallel to the
azes of coordinates, centred at 277m and of side-length 279%2. Let p < oo.
Then the right-hand side of (9.87) with ﬁzm in place of Xjm 15 equivalent to
the quasi-norm (9.87) with M = (intrinsic characterisation).

(ii) Let p < oo and let M =T be a compact porous set in R™. Then f,.2(T) is
independent of q, in particular,

s2(T) = b%e(I). (9.90)

pq
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Proof. Part (i) follows from Proposition 1.33(i). As for part (ii) we first remark
that again by Proposition 1.33 the cubes @, can be replaced by balls of radius
277 centred at I having pairwise distance > ¢277 for some ¢ > 0 and all j € Ny.
For each such ball one can choose a sub-ball according to (9.89) of radius 12~/
where one may assume in addition that each sub-ball has a distance to I' of at
least ¢/ 277 for some ¢’ > 0. All these sub-balls have a controlled overlapping, one
may even assume that all these sub-balls have pairwise disjoint supports. Then
one gets (9.90). O

Remark 9.23. In particular, if the domain M = (2 is interior regular then one can
replace Xjm in (9.87) by the characteristic function X of @ and L,(R™) by
L,(£2) (equivalent quasi-norms).

9.3.2 Function spaces

Again M denotes either a domain €2 in R" or a compact set I' in R" originating
from a measure p with (9.76)—-(9.80). To unify our notation we agree on L, (M, p) =
L,(2) it M = Q is a domain. If the domain © is unbounded then we need again
Loo(R™, w,) being the collection of all f with wsf € Loo(€2) where wy(z) =
(1 + |z[?)7/2. Let kfm be the same functions as in (9.4) and let b52(M) and

sl (M) be the sequence spaces according to Definition 9.18.

Definition 9.24. Let 0 < p < oo (p < oo for the §-spaces), 0 < ¢ < oo and o > 0.
Let either
M =Q domain in R" and s >0, (9.91)

or
M=T with pweC°R"), 0<o<n, s>o/p, (9.92)

according to (9.76)~(9.79). Then B5 (M, 1) is the collection of all f € Ly(M, 1)
which can be represented as
M,j .
F=3 0N KL Xebnp(M), (9.93)
B,j m

absolute convergence being in L,(M, ) (with the modification Lo (Q,w.,.), 5 <0,
if p =00 and Q is an unbounded domain). Let

1] B (M, p)|| = inf |[A o572 (M)]] (9.94)

where the infimum is taken over all admissible representations (9.93). Similarly
Spg(M, 1) is the collection of all f € L,(M, ) which can be represented as

M,j s
F=220 0 "Nk NE frt(M), (9.95)
By m
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absolute convergence being in L,(M, u). Let
1S [85q (M, )|l = inf [[A[fro2 (M) (9.96)

where the infimum is taken over all admissible representations (9.95).

Remark 9.25. This is the direct counterpart of Definition 9.6, including the com-
ments in Remark 9.7. Obviously, in case of domains M = 2 one would prefer to
write B, () and §5,(€2).

Theorem 9.26.

(i) The above spaces B, (M, p) and §,,(M,p) are quasi-Banach spaces. They
are independent of o and k (equivalent quasi-norms). Furthermore for all
admitted s, p,q,

%Zq(Ma :u) — LP(M7 u)’ ;S)q(Ma :u) — LP(M7 H) (997)
and
%;,min(p,q) (M7 M) - g;q(Ma U) - %157 max(p,q) (M7 /J“) (998)
(ii) Let, in addition, T' in (9.76) be porous according to Definition 9.20(ii). Then
oq(Ts 1) is independent of q, in particular,
Spa(Lip) = By, (T, ), 0 <p< oo (9.99)

Proof. We prove the first inclusion in (9.97) in case of M =T" with (9.76)—(9.79).
Let p < oo. Then one gets in analogy to (9.44),
P r
< 27Oy "
" . 9.100
< /2 ¢elblp 9=i(n—0) g—jsptjn B \b;bo(l")ﬂp ( )

< 2Pl AR ),

I'j
Z Xk Ly (T, )

J € No. By (9.92) one gets the first inclusion in (9.97). If p = oo then one has to
modify in an appropriate way. All other assertions in part (i) can be obtained in
the same way as in the proof of Theorem 9.8. Part (ii) follows from Proposition
9.22(ii). O

Remark 9.27. Let M = Q be a domain in R". Let 0 < p < 0o (p < oo for the
S-spaces), 0 < g < oo, s > 0. Then it follows from Definitions 9.6, 9.24 that
the spaces on ) are restrictions of the corresponding spaces on R™ in the usual
interpretation,

11 1B, (D = inf [lg [B5, (R[], gl2=F, (9.101)

as subspaces of L,(€2). Similarly for the §-spaces. Then one gets from Theorem
9.10 and Definition 4.1 of the spaces B, (€2), F;, (€2) that

B5,(Q) =B,,(Q)if s >0, and F,,(Q) = F,;,(Q) if s > 0pg. (9.102)
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Remark 9.28. In case of compact sets I' with (9.76), (9.77) we have also the trace
spaces By, (', ) according to (9.74), (9.75). If ' is a compact d-set with 0 < d <n
then one gets by Proposition 7.32,

B3, (T, p) = tr, Bsf=D/P(R™), =KD € C77(R™) (9.103)
with ¢ = n — d. It follows by Theorem 9.10 and Definitions 9.6, 9.24 that
s _ s+(n—d
B, (T, ) = B3 =D/P( 1), >0, 1<p<oo, 0<g<oo. (9.104)

In other words, the spaces introduced in Definition 9.24 are more general, extend-
ing the considerations in particular to 0 < p < 1. On the other hand, any d-set
with 0 < d < n is porous, [Trie, Proposition 9.18, Remark 9.19, pp. 139/140],
and one gets (9.99). This makes clear that Definition 9.24 for sets I' with (9.76)
is very reasonable in case of B-spaces, but somewhat doubtful when it comes to
F-spaces. Finally we refer to the two recent papers [DHY05, HaY04] where one
finds a theory of B-spaces and F-spaces based on measures p in R™ satisfying
(9.79). Tt relies on reproducing formulas and similar techniques as described in
Section 1.17.5 and Definition 1.194. It is not clear how these spaces are related to
the spaces introduced in Definition 9.24.

Remark 9.29. In Section 1.17.5 we mentioned several methods and proposals for
introducing function spaces on general structures, say, beyond R" and domains
in R"™. The references given there will not be repeated here. In the preceding
chapters we dealt several times with questions of this type. In particular the trace
spaces in (9.74), (9.75) have been discussed in some detail in Sections 1.17.2, 1.17.3.
Specified as d-sets in R" as in (9.103) and restricted to ¢ = p these spaces served as
basic spaces to be transferred via snowflaked transforms to abstract d-spaces. This
was the main subject of Chapter 8. However the snowflaked transform works on
arbitrary spaces (X, o, 1) of homogeneous type. One may consult Theorem 1.192,
Definition 1.189 and the references given in Remark 1.193. On this basis one can
use, say, the spaces B3 (', 1) as basic spaces subject to snowflaked transforms to
introduce corresponding spaces on some abstract spaces (X, o, 1) and to develop
a respective analysis generalising Chapter 8. But nothing has been done so far.
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Notational Agreements

. If there is no danger of confusion (which is mostly the case) we write A}

. A formula in terms of A} -spaces refers both to the corresponding assertion

with A = B at all occurrences and with A = F at all occurrences (if not spec-
ified differently). Usually formulas where B-spaces and F-spaces are mixed
will be written down explicitly.

pq’

S S S o 3 q S S S S 3 3
By, Fyys ap, - (spaces) instead of A3 . By ., Fy . a5 . .... Similarly for

Qum, Avm, Qum (functions, numbers, cubes) instead of ay m, Av,m, Qum etc.
Inconsequential positive constants, denoted by ¢ (with subscripts and super-
scripts), may have different values in different formulas (but not in the same
formula).

a; S by and a; < b; with j € J (where J is an index set) means that there
is an inconsequential positive constant ¢ such that a; < cb; for all j € J.
Furthermore, a; ~ b; indicates equivalence, a; < b; < a;.

5. Domain = open set (in R" etc.)

10.

Optimal in the context of inequalities, equalities or equivalences must always
be understood up to inconsequential positive constants.

When quoted in the text we abbreviate Subsection k.l by Section k.l and
Subsubsection k.l.m by Section k.l.m.

In connection with real functions in R, increasing (decreasing) means non-
decreasing (non-increasing).

References are ordered by names, not by labels, which roughly coincides, but
may occasionally cause minor deviations.

The number(s) behind # in the References mark the pages where the corre-
sponding entry is quoted (with exception of [Tric)—[Trie]).
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BF(’V77’)7 363 b;f’ 256
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Numbers, relations
a+ = max(a,0)

p = max(1, p)

0y, 307

3, 0n, 280, 288

IT|, Lebesgue measure of set T’
HYT), 121

dimpy I', 121

Op, Opg, 13, 128
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i, 89, 92, 305, 333
11y, 92, 101, 314

Symbols

1ip,, 81, 101, 298
Viml 321

VM, 322

ak(T), ek(T), 56, 228
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algorithm, method, 219

analysis, Gabor, 186

analysis, multiresolution, 26, 381

analysis, multiresolution,
anisotropic, 249

analysis, time-frequency, 186

anisotropy, 237

atom, 12

atom, anisotropic, 245, 375

atom, boundary, 215

atom, (s,p), 350

atom, (s,p)*, 352
atom, (s,p)*-¢, 352
atom, (s,p)-¢, 350, 369
atom, (&p)K,L, 12
atom, (s,p)% 1, 245
atom, (s,p)e.r, 15
atom, (s,p)k, 130
atom, (s,p)s, 63

atom, (s,p)?, 16, 131

ball means, 72, 74, 387
basis, Haar, 29

basis, Schauder, 28
basis, unconditional, 29
Besicovitch, 78

characterisations by differences, 72

characteristics, Besov, 93, 101, 121,
260, 314, 323

characteristics, Bessel, 339

characteristics, Courant, 93

characteristics, multifractal, 93, 101,
314, 323

class, Muckenhoupt, 273

condition, ball, 146

condition, porosity, 146

cone, positive, 84

convergence, local, 153

convergence, unconditional, 14, 34,
153, 270

convergence, absolute, 133, 17

Courant, R., 87

curve, Koch, 359

curve, snowflake, 359

d-set, 91, 96, 313, 315, 357

(d, ¥)-set, 97

d-space, 113, 358, 363

d-space, regular, 358, 373
decomposition, Whitney, 208, 209
Deutsche Mark, Zehn, 125
differences, iterated, 198
differences, symmetric, 319
dimension, Fourier, 303
dimension, Hausdorff, 121
distance, anisotropic, 241
distribution, radial, 288
distribution, tempered, 3, 4, 127
domain in R", 58, 194

domain, interior regular, 393
domain, Lipschitz, 64, 195

embedding, compact, non-compact,
197 (proof)

embedding, constants, 231

embedding, limiting, 284

embedding, sharp, 58, 77, 40, 43,
258

embedding, weighted, 266, 279
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envelopes, 77, 39 k-wavelet, 147, 154, 268
envelope, continuity, 50 king, of function spaces, 122
envelope, growth, 48, 52 Koch, 359

Euclidean chart, 119, 358, 363

e-chart, 358, 363, 369 . ..
Laplacian, Dirichlet, 86

e-frame, 364

lattice, approximate, 21, 109
Fin F5,, 170 iocal.me.ans, 9j 2{17
formula, Stirling, 168 ocalisation principle, 269
Fourier transform, 4, 129 localisation, refined, 207
frame, 24, 169
frame, dual, 169, 174 p-property, 81, 83, 298

frame representation, 350

function, admissible, 53

function, Courant, 92

function, Gauss, 186

function, Lipschitz, 195

function, strictly increasing, 95, 307
function, scaling, 26

mass distribution, 316
maximal function, 5, 384
mean smoothness, 238
measure, diffuse, 96
measure, doubling, 96
measure, Hausdorff, 121
measure, isotropic, 95, 307

T-function, 168 measure, lacunary, 316

GauB, C.F., 125 measure, Radon, 80

Gausslet, 125, 186 measure, strongly diffuse, 96

Gausslet, (s,p)-3, 187 measure, strongly isotropic, 96, 307

g-philosophy, 124 measure, tame, 315

guy, bad, 122 measure, Weyl, 99, 344

guy, good, 125 method, transference, 256, 286
modulus of continuity, 387

h-set, 96 molecules, 171

H-frame, 365 Muckenhoupt class, 273

H-(s, p)-frame, 365 multiplication algebra, 136

homogeneity property, 132 multipliers, pointwise, 136
index-shifting, 19
index set, main, 209
index set, residual, 210

Nash, J., 79
non-smooth, 78

inequality, Carl, 58 not dense, 145

inequa]ity7 maximal, 384, 393 Nullstellenfreiheit, 87

information map, 219 number, approximation, 56, 68, 228
interpolation, 69, 272 number, entropy, 56, 61, 228, 258,
interpolation, entropy, 57 372

isomorphic, 157 number, sampling, 219
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operator, compact, 56

operator, extension, 65, 108, 349

operator, identification, 88, 103,
304, 342

operator, restriction, 64

operator, trace, 82, 104, 106, 303

operator, universal extension, 66

p-norm, 55

para-basis, 203, 214
porous, 146, 393
positivity, 190, 390
potential, Bessel, 190, 301
potential, Riesz, 301, 372
property, Fatou, 273
property, Fubini, 290
property, Weyl, 98

quark, (s,p) k-3, 21, 22
quark, (s,p)-0, 110, 347
quark, (s,p)-l, 365
quasi-metric, 112, 357
quasi-norm, 55

rearrangement, 42, 44
reproducing formula, 377
resolution of unity, 4, 129, 21, 110

sampling method, 219
scaling property, 205

set, residual, 332

sheep, black of calculus, 122

smoothness, dominating mixed, 25
smoothness, generalised, 25, 53, 55

smoothness, pointwise, 184
smoothness, variable, 53, 55
smoothness, varying, 184
snowflaked version, 114
space, anisotropic, 374
space, Besov, classical, 4

space, Besov, classical anisotropic,

235
space, Besov, anisotropic, 256
space, Besov, homogeneous, 273
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space, Besov, weighted, 268

space, dual, 88, 150, 248

space, Hardy, 4, 217, 240

space, Hardy, anisotropic, 240

space, Holder-Zygmund, 3, 15, 76

space, Holder-Zygmund, anisotropic,
243

space, of homogeneous type, 113

space, Lipschitz, 364

space, Lorentz, 156

space, modulation, 187

space, quasi-metric, 112, 357

space, radial, 287

space, resilient, 125

space, Schwartz, 4, 127

space, sequence, 273

space, Sobolev, 3, 76

space, Sobolev, anisotropic, 239

space, Sobolev, classical, 2

space, Sobolev, classical anisotropic,
235

space, Sobolev, fractional, 3

space, Sobolev, weighted, 267, 285

space, tailored, 108

space, two-microlocal, 185

space, weighted, 264

space, Zygmund, 156

support, singular, 121, 322

system, dual, 163

theorem, Paley-Littlewood, 2, 240,
268

theorem, representation, atomic, 63

theorem, representation, quarkonial,
22, 111

theorem, representation, smooth
atomic, 13

theorem, representation, wavelet,
33, 154

theorem, representation, wavelet
frames 37, 39

transform, snowflaked, 119, 125, 359

transform, snowflaked, anisotropic,
362
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ultra-distribution, 265

wavelet, 26, 147, 203

wavelet, basis, 27, 154

wavelet, Daubechies, 31, 204, 253
wavelet, father, 26

wavelet, Haar, 28

Index

wavelet, in domains, 209, 214
wavelet, Meyer, 31, 160, 254
wavelet, mother, 26

wavelet, smooth 30

wavelet system, main, 210
wavelet system, residual, 210
weight, 263

Weyl, H., 86

window, 186
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